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Preface to Third Edition 


The further additions now made to this evidently acceptable text have 
been carefully chosen so as to make it cover practically all examina¬ 
tions at the General Certificate Advanced Level in Pure Mathematics. 
The new chapter relates to Second Order Differential Equations, 
Hyperbolic Functions, Reduction Formulae and Probability. 

Apart from the worked examples throughout the book there are 
now over 900 problems practically all of them taken by permission 
from London University and Northern Matriculation Board examina¬ 
tion papers. Examples worked out in the text are marked L.U. when 
taken from those of the former body. Although, in the interests of 
keeping the book to a moderate compass, there is no exposition of 
formal geometry, a set of 100 problems on plane and solid geometry 
is provided. 

The author hopes that the book will continue to find favour in 
Grammar Schools, High Schools, Technical Colleges and Univer¬ 
sities both in Britain and in many parts of the Commonwealth, and 
that his explanations together with the liberal provision of Examples 
worked in detail, will commend it to students working alone. 

His grateful thanks are due to the Senates of the London and 
Durham Universities and to the Northern Universities Joint Matricu¬ 
lation Board for their kind permission to use problems from their 
examination papers; and he would also like to express his indebted¬ 
ness to his colleague Mr. P. McKenna, B.Sc., and to his son Michael 
for their assistance with the proof-reading. Some minor errors— 
gratifyingly small in number considering the complicated nature of 
the printing—have now been rectified, but the author would be glad 
of any comment or suggestions which teachers and students care to 
send to him care of his publishers. 

Sunderland , Joslph Bi.aki y 

September 1962 
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ADDENDUM 


to page 448, after line 3 


Particular function 

cosh .r 
sinh .y 
sech 2 -y 
sech x tanh .y 
cosech .y coth a 
coscch 2 X 


Integral 

sinh x 
cosh x 
tanh x 

- sech x 

- cosech x 

- coth .Y 


General function 

cosh (ax -f- b) 

sinh (ax + b) 

sech 2 (ax -f b) 

sech (ax + b) tanh (ax -!- b) 

cosech (ax + b) coth (ax a. b) 

cosech 2 (ax -f- />) 


Integral 

(i/a) sinh (ax + b) 
(i/a) cosh (ax +\b) 

(I /a) tanh (ax b) 

- (1/a) sech (ax -f b) 

- (1/a) cosech (ax 4- b ) 

- (1/a) coth (ax 4- b) 


CORRIGENDA 


Page 437, line 1 2: for 

read 

Page 464, line 22 : for 

read 


2 cosh .v (cosh x - 1) 
2 cosh (cosh 2 .y- 1). 

-inx"*- 1 = du 

- nix m ~ l dx= du 
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CHAPTER I 


Quadratic Expressions and Equations in One 

or More Variables 


Numbers. Before proceeding to algebraic methods it is necessary 
to become conversant with the various types of numbers with which 

mathematical reasoning is concerned. 

Consider a straight line that can be extended indefinitely in either 
direction. On this line choose a point 0 to represent zero and, using 
a suitable scale, mark off to the right one, two, three units, etc., to 
represent the positive numbers 1,2, 3, etc., respectively. The negative 
numbers -1, -2, -3, etc., will be similarly marked to the left of 0 

along this line. 

Any point on this line will represent a number according to the 
chosen scale, and any such number is known as a real number. 

Real numbers are subdivided into two groups, (i) rational numbers, 

(ii) irrational numbers. 

A rational number is any number that can be expressed as the 
quotient of two integers (whole numbers). Thus i, — 2‘-, etc., are 
all rational numbers. 

An irrational number is a real number that cannot be expressed as 
the quotient of two integers. Thus y/3, V 7 > n are examples ot 
irrational numbers. 

Generally a real number which forms neither a terminating nor 
a recurring decimal when put in the decimal form is an irrational 

number. 

Now consider the equation 

x 2 + 2x + 2 = 0, 
i.e. (* + l) 2 + 1 = 0. 

From this (* + l) 2 — ”b 

.*. x+l = ± \/(-0> 

x = -1 ± V(-l)* 

The quantity VC" 1 ) found in this result is usuall y denoted b Y the 

letter /, which is the first letter of the word ‘imaginary’ and numbers 
involving y/{- 1) = i are sometimes known as ‘imaginary numbers’, 
though this is not a very suitable term; any number of the form 
a + ib, where i = VC -1 )and a and b are real numbers is k nown as a 
complex number. 
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INTERMEDIATE MATHEMATICS 

Definitions. (1) A quadratic expression in x is an expression of the 
form ax 2 + bx + c, where a , b , c are constants. 

(2) A quadratic equation in a single variable x is an equation of the 
second degree in x of the type ax 2 + bx -f- c = 0, where a , b y c are 
constants, or an equation that can be reduced to this form. 

In attempting the solution of any quadratic equation in a single 
variable .x it is important to try first the method of factorisation. 
This entails the initial clearing of fractions by multiplying through 
the equation by the L.C.M. of the denominators of the fractions. 

Next all terms are transferred to the left-hand side (L.H.S.) of the 
equation and like terms collected together, so that the equation will 
now appear in the form 

ax 2 -f bx c — 0. 

Then the L.H.S. is factorised where possible and each of the linear 
factors in .x is equated to zero, giving a solution (or root) of the given 
equation. If time permits, the roots obtained should be verified in 
the original equation as shown in the following example. 


Example. Solve the equation 

3 

(-V - 3) (x 


+ 


0 . 


3(a- - 4)(* - 1) 
i.e. 3(.x 2 - 5a- + 4) 
i.e. 3 a- 2 - 15a- + 12 


Check . x = 5/2 L.H.S. = 


x 


L.H.S. = 


to 


- 4) (x - 1) 

Multiplying through the given equation by (x - 1)(a- - 3)(.x - 4) 
clear fractions 

4(.x - l )(.x - 3) + 5(x - 3)(.x - 4) = 0, 

4(a= - 4.x + 3) + 5(.x 2 - 7 a- + 12) = 0, 

4.x 2 + 16.x - 12 + 5.x 2 - 35.x + 60 = 0, 

.*. 4.x 2 - 34.x + 60 = 0, 

.*. 2a- 2 - 17.x + 30 = 0, 

i.e. (2.x - 5) (.x - 6) = 0, 

.*. 2.x — 5 = 0 or x — 6 = 0, 
i.e. .x = 5/2, or 6. 

3 -_-1- + JL 

-1/2 -3/2 3/2 

-6 + 8/3 + 10/3 
— 6+18/3 =■ -6+6=0, 

3 _ 4 5 

3 2 5 

= 1 - 2 + 1 = 0 . 

A second-degree (quadratic) equation in one variable always has 
two roots, a third-degree equation (cubic) in one variable always has 
three solutions, a fourth-degree equation (quartic) in one variable 
has four roots, and so on. 

When the roots of an equation involve i = v / (— 1) they are said to 
be complex numbers, and otherwise they are real roots. If two roots 
ot an equation are equal they are said to be coincident. 
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QUADRATIC EQUATIONS 


Thus ihe roots of a quadratic equation in one unknown can be real, 
coincident, or complex numbers, and it is to be noted that complex 
number roots can be shown to occur in pairs. 

When a quadratic equation, which has been manipulated into the 
form ax 2 + bx + c = 0, cannot be solved by factorisation it will be 
solved by means of the formula obtained as follows: 

ax 2 bx + c = 0.(1) 

Dividing through (1) by a 

+ -x + - = 0 
a a 


x 2 + -x = — . 
a a 

Completing the square of the L.H.S. by adding the square of half the 
coefficient of x to each side 




b V(b 2 ~ 4ac) 

2 a 2 a 

—b ± V(b 2 — 4ac) 
la 


Note. It can be shown, as follows, that the quadratic equation 
ax 2 + bx + c «= 0 cannot have more than two roots ( a is not zero, i.e. 
a * 0). 

If possible let the equation ax 2 + bx + c = 0 have three roots «, p, y 
which are different. 

Since each of these roots must satisfy the equation ax 2 + bx + c «= 0, 
it follows that 

fla 1 + b a + C = 0.(2)- 

ap* + Zip + c = 0.(3). 

ay* + by + c = 0.(4)- 

(2) - (3) gives a(« a - P 2 ) + - P) “ 0 

i.e. a( a - P) (« H- P) + - P) = 0 

therefore since a + p by hypothesis 

a(« + P) + 6 = 0.(5). 

Similarly from (3) and (4) 

a(P + Y) + *-0. (6) 
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( 5 ) _ (6) gives a(« - y) = 0 , which is impossible since a 4 = 0 and by 
hypothesis a 4= y. 

Hence there cannot be three different roots. 

From the previous formula it can be seen that the roots of the given 

quadratic will be: 

(i) real if b 2 ^ 4 ac, 

(ii) complex numbers if b~ < 4 ac, 

(iii) coincident if b 2 = 4 ac, 

(iv) rational if b 2 - 4 ac be a complete square. 

Examples: (i) Find to two decimal places the roots of the equation 

2x- - lx 4-4 — 0. 

(ii) Find the roots of the equation 5x 2 - 4x 4- 2 = 0. 

The solutions of the equation ax 2 4- bx 4- c = 0 are given by 

-b ± \/(6 2 - 4 ac) 


x = 


2 a 


(i) In this case a = 2, b = - 7, c = 4, 

-(-7) ± V[(-l) 2 -4x2x4] 


7 ± V(49 - 32) 


x = 


2x2 
7 ± 4123 


7 ± Vll = _ 

4 ^ 

11 123 2-877 

— or 


(using square root tables) 


4 4 

= 2-78 or 0-72 to two decimal places. 

(ii) In this case a = 5, b = — 4, c = 2 

-(-4) ± \/[( — 4) 2 - 4 x 5 x 2] 

• x = ---—- 

2x5 

4 ± V116 - 40] 4 ± \/( - 24) 

10 


10 

4 ± 2 V 6 x V~l 

10 


2 + V 6 x V - 1 


Note. Since the result in (ii) involves %/ - 1 it cannot be worked any 
further. 

Theorem. If a and p (a > p) be the roots of the equation 
a. y 2 -f bx •- c = 0, to prove that a 4- p = — bja , «m/ ap = c/a. 
From the previous formula 


a = 


-h 4 - x /( b- - 4ac) 
2 a 


P = 


— b — \/{b 2 — 4 ac) 
2 a 


a + P = -*_+ V'(i= 

2a 


4ac) j — b — \/(b 2 — 4ac) 


2a 


-26 


-6 


2a 


a 
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—b -\- \^{b 2 — 4ac) 

2a 

{-b) 2 - W{b 2 - Aac)} 2 
4 a 2 


b 2 - (b 2 - 4 ac) _ 4 ac _ 
4a 2 4a 2 


-6 - \/(6 2 - 4ac)| 
2a I 


c 

a 


Otherwise: the equations 

ax 2 + bx + c = 0.(1). 

and (x - a)(* - (3) = 0.(2) 


will have the same roots and are known as equivalent equations , and 
the coefficients of the various powers of x in the two equations must 
be proportional. 

Expanding equation (2) it becomes, 

x 2 -(a+(3)x + ap = 0..... -(3). 

Comparing equations (3) and (1) 

1 = __ (a + P) = «P 

a b c 

a + (5 = -b/a\ .(4) 

= c/aj 

Note. If it be required to form an equation whose roots are a, and Pi, 

where aj and Pi are functions of the above roots a and P, the required 

equation will be, from (3) above, 

X 2 — («i + P,)X + ct,Pi = 0.(5) 

and the quickest method usually is to find both (a, + p,) and ajPi in 
terms of a ■+• p and ap, and then use the results (4) to obtain them in terms 
of a, b , c. The values thus found will be used in equation (5) and the result 
simplified so that there are no fractions involved. 

It is advisable to remember the following: 

a* + p2 = (a + p) 2 - 2ap. 

a* + p 3 = (a + P) (a 2 - aP + p 2 ) = (« + P) [(« 2 + 2ap + p 3 ) - 3apj 

= (a + P) [(a + p) 2 - 3aP]. 
a« + p« = (a 2 + p 2 ) 2 - 2« 2 P 2 

= [(a + P) a - 2ap] 2 - 2a 2 p 2 (using value of a 2 4 p 2 ) 

11 = « -f P 

« P “ ap 

! 1 a 2 + p 2 _ (a + p) 2 - 2aP 

a 2 + p* = a 2 p 2 a 2 p 2 

Example (l.u.). If a and P be the roots of the equation ax 2 4 bx 4- c 
= 0, prove that a(* + P) = -b, aa .p = c. 

Form the equation whose roots are (i) 1 /*, 1 / P; (ii) a + 1 /«, P + 1 /P. 
giving the coefficients in each case in terms of a, b, c. 

The first part of the question has already been proved. 








6 


INTERMEDIATE MATHEMATICS 


Let a, and p t be the roots in each case. Then the required equation is 

A' 2 - (a, 4- P,).V + a t p, = 0. 

,. x . „ 1.1 * + p -bid -b 

a p a p +c/a C 

n 1 1 a 

a l Pi — ~ — ! — > 

a p c /a c 

therefore required equation is 

i.e. cx 2 4- bx -f a — 0. 

(ii) «, + p, = (a + I /a) -f (p + 1 /p) = (a + P) + (1 /a + 1 /p) 

b b . 

— — - — (using part (i)) 

= - b(a 4- c) fac. 

»i3i = (« -b l/a)(3 4- 1/P) = «P 4- a/p 4- P/a 4- 1 /(ap) 

= .3 + 85 + •- 

ap ap 

_ «, + + 1 

ap ap 

_ c ^ b"/a- - 2c/a a 

a c /a c 

= + b* 4- c» - lac /b 2 la* - 2c/a = b* - 2ac \ 

V c/a ac J 

therefore required equation is 

v 2 _ * _ b(a : c)\ ^ a- -b b 2 4- c 2 - 2 ac _ 

1 ttc ) ac 

i.e. acx- 4- b(a 4- o).v 4 a 3 4- 6 2 4- c 2 - 2ac = 0. 

Example (l.u.). Show hat the roots of the equation 

-v 2 - 2(a - 2)x + 2 a - 10=0 

are real if 'i be r eal. 

in< t.ie p -i.ible values ot a, when the roots of the equation differ by 6. 
IT is of the equation ax 2 + bx + c = 0 are real if b 2 > 4 ac 
the. -e the roots of a 2 - 2 (a - 2)a- -{ 2a - 10 = 0 are real if 

[2(a - 2)] 3 > 4(2a - 10) 
i.e. if 4(a 2 - 4a -r 4) > 4(2a - 10) 
i.e. if a 2 - 4a 4- 4 > 2a - 10 
i.e. if a 2 - 6a 4- 14 >0 

l,c * (a — 3)- 4- 5 >0 (complete square of a portion) 
i.e it a be real, since the square of a real quantity is always positive. 
Ltt a and P ^ the roots of the given equation, then 

a 4 p = 2(a - 2).( 1 ) 

*3 = 2a — 10.(2) 

and a — p = 6. 






QUADRATIC EQUATIONS AND EXPRESSIONS 

( 1 ) + (3) gives 2a = 2*3 + 2 .*. a = a + 1 

(1) - (3) gives 2p = 2a - 10 .*. (J = (a - 5). 

Using these in (2) 

(a + l)(a - 5) = 2(a - 5) 

.*. (a 4- I)(a - 5) - 2(a - 5) =0 
i.e. (a - 5)(a + 1 - 2) =0 
.\ (a - 5 )(a - 1) = 0 

a = 1 or 5. 


Theorem. To find the condition that two quadratic equations should 
have a common root. 

Let a be the common root and the two quadratic equations be 


a x x 2 + b x x + c x = 0. 

a 2 x 2 + b 2 x + c 2 = 0. 

where a is not zero. 

Hence a^ 2 4- b x a. 4- c x = 0. 

a 2 a 2 + b 2 a + c 2 = 0. 

(3) x c 2 gives fliC 2 a 2 + b x c 2 a + c x c 2 = 0. 

(4) x c x gives a 2 c x a. 2 4- b 2 c x a. 4- c x c 2 = 0. 

(5) — (6) gives ( a x c 2 — a 2 c x ) a 2 4- (b x c 2 — ^ 2 c i) a = 0* 

(b x c 2 - b 2 c x ) 

i.e. a = —-—— 

a x c 2 — a 2 c x 

(3) x a 2 gives a x a 2 a. 2 4 - a 2 b x cl + a 2 c x = 0. 

(4) x a x gives a x a 2 <x. 2 4- a x b 2 a. 4- a x c 2 = 0. 

(7) — (8) gives ( a 2 b x — a x b 2 )a 4- ai.c x — a x c 2 = 0 

_ (a 2 c x — a x c 2 ) _ _ (Qi c 2 ~ a 2 c i) 
a a 2 b x — a x b 2 a \bi ~ a zb x 

Equating these results for a, the required condition is 

b x c 2 — b 2 c x _ a x c 2 — a 2 c x 
a x c 2 — a 2 c x a x b 2 — a 2 b x 
i.e. (a x b 2 — a 2 bJ ( b x c 2 — b 2 c x ) = ( a x c 2 — a 2 c x ) 2 


( 1 ), 

( 2 ), 

(3) , 

(4) . 

(5) . 

( 6 ) . 


(a 4= 0) 

....(7). 

....( 8 ). 


Theorem. To find the condition that the quadratic expression 
ax 2 4 - bx 4- c shall be positive, and also the condition that it shall be 

negative, if b 2 > 4 ac. ... 

There are two cases to be considered, (i) when a is positive, 
(ii) when a is negative, and in both cases a and p are taken to be t ic 
roots of the equation ax 2 4- bx 4- c = 0, so that 

ax 2 4- bx 4- c = a(x - a) (x - p) 

where a is taken as being greater than p. 

Case (/). a positive. 

When x > a, (x — a) is positive and (x — P) is positive 

/. a (x - a) (x - p) = ax 2 + bx -\- c is positive. 
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When x < (3, (x — a) is negative and (x — [3) is negative 

a(x - a) (x - (3) = ax 2 + 6x + c is positive. 

When a > x > {3, (x — a) is negative and (x — (3) is positive 

a(x - a) (x - (3) = ax 2 + 6x + c is negative. 
Thus if a be positive, ax 2 4~ bx + c is positive for x > a or < (3, 
and negative for a > x > (3. 

Case (//). a negative. 

As in Case (i), if a be negative, ax 2 + bx 4- c is positive for 
a > x > (3, and negative if x > a or < (3. 

This method is best shown in the following tabular form. 


Size of 

X 

i 

i 

Sign of j 
a 

_1 

Sign of 
x — a 

Sign of 

(x - P) 

Sign of ax 2 4- bx 4- c 
= a(x — a) (x — (3) 

x > a 

+ 

+ 

4- 

4- 

x < (3 

+ 

— 

— 

4- 

a > x > p 

4- 

— 

4- 

— 

x > a 

— 

4- 

4- 


X < (3 

— 

— 

— 

— 

a > x > (3 

— 

— 

1 

"T 

4- 


'Iheoreni. To find the maximum or minimum value of the quadratic 
function ax 2 -f bx + c. 

Note. I he square of any real quantity is always positive, and it is 
assumed that all quantities dealt with arc real unless otherwise stated. 

Case (i). a positive. 

ax 2 i bx -f c = a ^x 2 -f ^x -\- 

= a[(x -f b/2a) 2 -f {c/a - b*/4a 2 )]. 

(complete square of x-portion) 

Since (x -4 b/2a)- is a complete square, it must be positive and it will 

have its least value when x — —b/2a. In this case the value of the 

quadratic expression will be a minimum and this minimum value 
will be 

a( c - b * \ 4ac ~ b ~ 

\a 4a* J 4a * 

Case ( ii ). a negative. 

As in Case (i) it can be seen that the maximum value occurs when 
x = —b/2a and this value is 
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4 a 

Note. In the case of an equation involving the sum of a number of 
squares equal to zero, the only real possible solutions are given by equating 
to zero each one of the squares (since the square of a real quantity can 
only be positive). 

Thus, if x 2 + y- + z 3 = 0, and x, y, z be real, then * = 0, y = 0, 
z = 0 simultaneously. 


Theorem. To find the limits between which fix) /-p(x) must lie, where 
f{x) and also <p(x) is either a quadratic in x or linear in x, one at least 
being a quadr tic expression (or function ). 

Note. In all cases of this description, x is taken to be real, whether this 
fact is stated in the question or not. 

Equate the given fraction to k and clear the fractions thus obtain- 
ing’a quadratic equation in x. Next state the condition (an inequality) 
that the roots of quadratic equation in x shall be real, thus obtaining 
a certain quadratic in k greater than zero. From this inequality the 
limits for k can be found by using the results of k when ak- bk + c 
has to be positive, and when it has to be negative. 

Note. When an inequality is divided through by a negative quantity the 
sign of inequality must be changed, e.g. 3 > 2, but - 3 < - 2. 


Example (l.u.). Show that, for all real values of x, the expression 


lies between 3 and i. 
Let 


x 3 - 2x + 4 
x 2 + 2x + 4 

x 2 - 2x + 4 


.'. x 2 - 2x + 4 
i.e. x 2 (l - k) - 2(1 + k)x + (4 - 4k) 
Since x is real 


kx 2 + 2 kx + 4k 
0 . 


4(1 + k) 2 
i.e. (1 + k) 2 
i.e. 1 + 2k + k 2 
i.e. -3k 2 + 10A: - 3 
i.e. -{k - 3)(3 k - 1) 


> 4(1 - k)(4 - 4k), 

> 4(1 - k) 2 , 
>4-8 k + 4k 2 , 

> 0 , 

> o. 


/ b 2 > 4ac in equation\ 
\ ax 2 + bx + c = 0 / 


If A: lies between 3 and i the L.H.S. of the above inequality is positive 
and for all other values of k the L.H.S. is negative. Hence, for real values 
of x, the expression (x 3 - 2x + 4)/(x 3 H- 2x + 4) must lie between 
3 and J. 


Example. Show that the function 


(2x - l)(x - 2) 
x - 1 


can take all values. 
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Let 




2a 2 - 5a + 2 = kx - k, 
i.e. 2a 3 — (5 4- A)a + (2 + A) = 0. 

Since x is to be real (5 + A) 2 > 8(2 + k ), 

i.e. A 2 + 10A + 25 > 16 + 8A, 

.-. A 3 + 2A + 9 >0, 
i.e. (k + l) a + 8 > 0. 

Since for real values of A:, (k + l) 3 is always positive, the L.H.S. of the 
inequality is always positive for real values of k. 

Thus the inequality is satisfied for all real values of A, and the given 

expression can take all real values. 

Example. Show that there are two values between which 

(2a - 1)(2a + 5 ) 

2x — 3 


cannot lie and find them. 

Draw a rough graph of the function. 

(2a - l)(2x + 


Let 


5) 


i.e 


2a- - 3 

.*. 4a 2 + 8a - 5 
4a 2 + (8 - 2k)x + (3 k - 5) 


2kx - 3k 

0 . 


Since a is real (8 — 2A) 2 > 16(3Ar — 5) 

i.e. (4 - A) 2 > 4(3A - 5) 

.*. 16 - 8A + k 2 > \2k - 20 
i ^ - 20A + 36 > 0 

i.e. '' 18)(A - 2) > 0. 

It can l * set . from thi* inequality that A cannot lie between 2 and 18, i.e. 
[(2a - l)l2x: . .,}/(2 a — 3) cannot lie between 2 and 18. 



Note. For a rough graph of a given function y the following data is 
usually required: 

(i) Points in which the graph cuts OX and OY (i.e. where v = 0 and 
A = 0). 







• EQUATIONS REDUCIBLE TO QUADRATICS II 

(ii) Maxima and minima. (Usually obtained by calculus as shown 
later.) 

(iii) The asymptotes (i.e. lines which the curve gradually approaches 
but never actually meets). 

Data for rough graph of y = (2x — 1) (2x + 5)/(2x — 3). 

(i) It has been shown that y cannot lie between 2 and 18. 

(ii) When x = 0, y = §, and when y = 0, x = \ or — 

(iii) When x Is slightly > 2, y is large and positive and when x is 
slightly < -|, y is large and negative, i.e. x = -2 is an asymptote. 

Special Quadratic Equations. Certain equations which do not 
appear to be of the quadratic types can often be reduced to this form 
by means of a substitution as in the following example. 


Example. Solve the following equations: 

(i) z* - 3z* + 2 = 0, 

® + » + jfh) “ *• 

(iii) x 4 + 2x» - x* + 2x + 1 = 0. 

(i) Let z* = u and the given equation becomes the quadratic equation 

u 3 - 3m + 2 = 0 

i.e. (u - 1) (w - 2) = 0, 

.*. u = 1 or 2, i.e. z a = 1 or 2, 

z = ±1. ±\/2. 


(ii) Here, if y(y + 1) be replaced by u, the equation becomes 

u + 12 lu = 8 
i.e. u 3 + 12 = 8 u, 

.*. u 3 - 8« + 12 = 0, 

(u - 2 )(w - 6) =0, 

i.e. u = 2 or 6, 

.-. yiy + 1) - 2. 

or y(y +1) = 6. 

From (1) y 3 + y - 2 = 0, 

i.e. (y + 2)(y - 1 ) = 0, 

y = 1 or - 2. 

From (2) y* + y - 6 =• 0, 

i.e. (y + 3)(y - 2) = 0, 

y — 2 or -3. 

Hence, the complete solution is y = 1,2, -2, or -3. 

(iii) This example comes under the general equation 

x 4 + ax 8 + bx 3 + ax + 1 =-0, 

which is dealt with by first dividing by x 8 , giving 

a 1 n 

x 1 + ax + b + — + —r 1=3 

x x 

i.e. (x« + 1 /x 8 ) + a(x + 1 /x) + b - 0. 


( 1 ) 

( 2 ) 


( 1 ) 
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Next x + 1 lx is replaced by «, giving 

(x + 1 lx) 2 
i.e. .v 3 -f 2 + 1 /.r 3 


u 

4 - 

u 


i.e. x 

and the equation (1) becomes 


+ 1 jx 2 - u 2 - 2. 


i.e. u 


u 

2 


— 2 + au + b = 0 
+ au -f (b — 2) = 0, 


which is a quadratic in u and can be solved in the usual manner. 

In the given example a — 2 and b = - 1, therefore the quadratic in u is 


u 2 + 2u - 3 
i.e. (// + 3) (« — 1) 

.'. u 
.*. x + 1 /x 
or x + 1 /x 


From (2) 

i.e. using the formula 


2 


+ 1 


i.e. a : 3 + 3.x -f 1 = 
-3 ± v /(9 - 4) 


0, 

0, 

— 3 or 1 

-3_ 

1. 

— 3.v 

0 


( 2 ), 

(3). 


-3 


From (3) 


x = 


x = 

2 

i.e. .v 3 - 

1 * V* 1 ~ 4) n 
~> 


± VS 
2 


.•2 


+ 1 


X + l = 


X 

0 


1 ± \/( — 3) . . . 

---(complex roots). 


Equations involving Square Roots. When dealing with the equation 
-x = 2, if it be squared the result is ,x 2 = 4 from which the solutions 
are x — ±2. Thus it can be seen that if a given equation be squared 
there is a possibility of introducing a value for the variable which 
does not actually satisfy the original equation and must be discarded 
as being an extraneous root introduced by squaring. 

Hence, when dealing with equations which are solved by means of 
squaring, the roots obtained must always be tested in the original 
equation and any value that does not satisfy the original equation 
must be discarded. 

When an equation involves square roots of functions of the 
variable (usually three in number), the square root sign always 
indicates the positive square root, and the method of solution to be 
adopted is to have two of the quantities on one side of the equation 
and the third square root on the other side. 

Next square the two sides of the equation and transfer all terms 
not involving a square root to one side and have the square root 
term on the other side. After squaring this new equation an equation 
will be obtained from which the values of the variable will be deter¬ 
mined, and these must be tested, as stated previously, in the original 
equation. 

The following examples will illustrate this method of procedure. 
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Example (l.u.). Solve the equation 

2V(x + 1) - 3V(2* - 5) = V(x ~ 2). 

Squaring the given equation 

4(* + 1) - l2V[(x + 1)(2* - 5)] + 9(2x - 5) = * - 2. 
i.e. 4x + 4 - 12 V(2* 2 - 3x - 5) + 18* - 45 = * - 2, 

21* - 39 = 12V(2* s - 3* - 5), 
i.e. lx - 13 = 4v/(2* 2 - 3* - 5). 

Squaring again 

49* 3 - 182* + 169 = 16(2* 2 - 3* - 5) 

= 32* 3 - 48* - 80, 

.*. 17* 2 - 134* + 249 = 0, 
i.e. (17* - 83) (* - 3) = 0, 

.*. * => 83/17, or 3. 

Using* = 83/17 in the original equation 

L.H.S. = 2V(83/17 + 1) - 3\/(166/17 - 5) 

= 2V100/17 - 3v/81/17 = 20/VI2 - 27/V17 = -7/V17; 
R.H.S. = V(83/17 - 2) = V(49/17) = 7/V17; 

therefore * = 83/17 does not satisfy the original equation and must be 
discarded as an extraneous root. 

Using * =• 3 

L.H.S. = 2V4 - 3VI =4-3 = 1; 

R.H.S. = VI - l; 
therefore the solution is * = 3. 

Example. Solve the equation VC* + 2) + VC* + 9) = 7. 

Note. When there are only two square roots in the equation, as in the 
given example, it is advisable to have one square root on one side of the 
equation and the other square root on the other side. 

The given equation is thus written VC* + 2) = 7 - VC* + 9). 
Squaring * + 2 = 49 - 14V(* + 9) + (* + 9), 

i.e. -56 = —14 VC* + 9), 

.'. 4 ■= VC* + 9). 

Squaring again 16 = * + 9 .*. * = 7. 

This value for * will be found to check in the original equation and hence 
the required solution is * = 7. 

Example. Solve the equation V(* + 2) - V(2* - 3) = 3V(3* - 5). 
Squaring the given equation 

* + 2 - 2Vi(2* - 3) (* + 2)] + (2* - 3) - 9(3* - 5) 

- 27* - 45, 

i.e. - 2VI(2*' - 3)(* + 2)] = 24* - 44, 

.-. V(2** + x - 6) = 22 - 12*. 

Squaring again 

2* 3 + * - 6 ■= 144* 2 - 528* + 484, 

/. 142** - 529* + 490 - 0, 
i.e. (* - 2)(I42* - 245) ~ 0, 

* - 2 or 245/142. 
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- 1 +-2 = 1 ; 


Using a- = 2 in the original equation 

L.H.S. = -VI + V4 
R.H.S. = 3 VI = 3; 

.*. x = 2 is an extraneous value. 

Using x = 245/142 

m - 0 * VU 

8 23 15 


L.H.S. = - 


V( 


245 


+ 2 


)--V 


64 

142 


+ 


V 


529 

142 


+ 


VI42 VI42’ 


- ,J(V{ - ,) - ,J» - 


VI42 
735 
142 

Hence, x = 245/142 is the required solution. 

Note. It is possible that all the values obtained, in a question of this 
nature, are true roots of the equation, although this does not appear to be 
the case in the worked-out examples. 

Note. In certain problems the working is made easier by means of a 
substitution as in the following example. 

Example. Solve completely the following equations, 

(i) V(* 2 - 3a + 6) - VC* 2 - 3a -1- 3) = 1, 

(u> V(m) + 2 V(^t 2 ) - 3 - 

(i) Here it is to be noted that a 3 - 3a occurs in both of the quantities 
under the square root signs, and by replacing this by p the equation can be 
written 

V(p + 6) - V(p + 3) = 1, 

i.e. V(p + 6) = 1 + V(/> + 3). 

Squaring this equation, 

P + 6 = 1+ 2 y/(p + 3) + p + 3, 
i.e. 2 = 2V(p + 3), 1 = V(/> + 3). 

Squaring again, 



1 

= p 


P 

- SM 

i.e. a 2 

- 3a 

= - 

a 2 - 3a + 2 

= 0, 

(a - l)(x 

- 2) 

= 0, 


.*. A 

= 1 

L.H.S. = v'4 — 

Vl = 

- 0 _ 

L.H.S. = V4 - 

VI = 

= 2 — 


(ii) In this case it can be seen that 


is the inverse of 


Vfei) 
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and thus, using 
the equation becomes 
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3* + 2/ 

P + 2 Ip = 3, 
i.e. p* + 2 = 3 p, 
i.e. p 2 - 3p + 2 =0, 

(p ~ 2)(p - 1) = 0, 

p = 2, or 1, 

.*. p 2 = 4, or 1. 

Using/) 2 =4, (* - l)/(3* + 2) =4, 

x - \ = 12* + 8, 
i.e. -9 = 11* 

.*. * = -9/11. 

Using/) 2 = 1, (* - l)/(3* + 2) = 1, 

.'. x - 1 = 3* + 2, 

/. -3 =2* 

/. * = -3/2. 

Thus* = -9/11 or -3/2. 

The results can be checked in the original equation in the usual manner. 

Simultaneous Linear Equations. A linear equation in two or more 
variables is an equation involving these variables in the first degree 
only. Thus, a linear equation in the three variables *, y , z will be of 
the general form ax -f by + cz = d, where a, b, c, d are constants. 

A series of n equations in n variables is said to be independent if 
no single equation of the series can be formed from a combination of 
the remaining ( n — 1) equations. 

Two independent linear equations in x,y, will be required in order 
to find unique values of * and three independent linear equations 
in *, y , z will be required to find unique values of *, y, and z, and in 
general n independent linear equations in n variables will be required 
to find unique values of these variables. 

Note. The two equations * - 3y + 2 = 0, 2* - 6y + 4 = 0, are 
not independent as the second equation can be obtained by multiplying 
the first equation by 2. 

The method of solution of n independent equations in n unknowns, 
as shown in the examples, is to eliminate the variables one by one 
until an equation in only one variable is obtained. 


Example (l.u.). Solve the equations 

x + 4y + 4z = 7.(1) 

3* + 2y + 2z ~ 6.(2) 

9* + 6y + 2z = 14.(3) 

It is clear from the equations that it is easiest to eliminate the variable z 

first. 

(3) - (2) gives 6* 4- 4 y => 8.(4). 

(2) x 2 gives 6* + 4 y + 4z = 12.(5). 
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(5) - (1) gives 5* = 5 .*. x = 1. 

(5) - (4) gives 4z = 4 z = 1 

Using x = 1 in (4) 6 + 4y = 8 4y = 2 y — 

Hence the solution is x = 11 

It will be found that these results will check in the original equations 
(1), (2), and (3). 

Example. If the equation y = a 4- bx -f cx 2 + dx 3 be satisfied by 
x — 1, y = 2; x = 0, y = 4; x = -1, y = 3; x ^ 2, y = 0, find the 

values of a, b, c, d and the value of y when x = —2, and the other values 

of x when y = 4. 

Using the data given in the question 

2 = a + b + c + d .(1) 

4 = a.(2) 

3 = a - b + c - d .(3) 

0 = a 4- 2b -f 4c + Sd .(4) 

Using a = 4 in (1), (2), (3) and (4) these become 

b + c + d = -2.(5), 

- b + c - d = -1.(6), 

2b + 4c + Sd = - 4 

i.e. b + 2c + 4d = -2 .(7). 

(5) + (6) gives 2c = — 3 .*. c = -3/2. 

Using this value for c in (5) and (7) 

b + d = -£.(8] 

b + 4d = 1.(91 

(9) - (8) gives 3 d = 3/2 d = i. 

Substituting d = $ in (8) 

b + £ = — £ b = — 1. 

Hence a = 4 

b = -1 
c = -3/2 

d = \ 

TU..„ . 3x 3 X 3 


. • 

1 . 


b = -1. 


Thus 


= 4 — .v — 


When x = - 2, y = 4 4-2-6- 


2 ~ + ~2 


-4. 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) , 

( 6 ) , 

(7). 


( 8 ) 

(9) 


When y = 4, 


1 v-2 

4 — 4 — x — ~ + 


Tv 3 - 


x a - a 


i.e. £x(x 2 ~ 3x - 2) = 0 

•*. x = 0 or a: 2 - 3a - 2 


Excluding the value x = 0 the values of a- are given by the formula for 
the solution of a quadratic equation and are 

= 3 ±_V& + 8) __ 3 ± \/l7 
2 ' ? • 


x 
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SIMULTANEOUS QUADRATIC EQUATIONS 

Simultaneous Quadratic Equations. When there are equations con¬ 
taining n variables it will be necessary to have n of these equations 
(independent) to find unique values of the variables. 

Note. A homogeneous expression of the second degree in x and y is one 
in which each term is of the second degree in x and y and will be of the 
form ax 2 + bxy 4- cy 2 , where a, b, c are constants. (A homogeneous 
expression of the third degree in x and y will be of the form 

ax 3 + bx 2 y + cxy 2 + dy z 

and so on.) 

There are three different types of simultaneous quadratic equations 
in x and y to be considered, and also other cases that reduce to 
simultaneous quadratic equations. 

The three types are: 

(i) One linear and one quadratic equation. 

(ii) Two homogeneous quadratic expressions equal to a constant 
to form two equations. 

(iii) Any other types of quadratic equations. 

Type (i). This type is solved as follows: 

From the linear equation find the value of one of the variables in 
terms of the other and substitute this in the quadratic equation, thus 
obtaining a quadratic equation in a single variable from which two 
values of that variable can be obtained. The corresponding values of 
the other variable will now be obtained by using these values in the 
linear equation. 


Example (l.u.). Solve the equations 

3x 2 + 4xy - y* = 1 .(*) 

2x + 3y — 1.(2) 

From equation (2) x = (1 - 3y)/2 . (3) 

Substituting for x from (3) in (1). 


3 ° A Zy - + 2(1 - 3 y)y - y 2 = 1 . 

/. 3(1 -6 y + 9y 2 ) + 8j(l - 3 y) - 4y 2 = 4 
.*. 3 - 18v + 21y 2 + 8 y - 24y 2 -4y 2 =4 

y 2 + lOy + l =0 

- 10 ± V000 - 4) - 10 ± V96 


- 10 ± 4V6 
2 

Substituting these values of y in (3) 

1 - 3(-5 ± V6) 

x “ 2 

=* 8 T 3\/6 (Note. Signs reversed to those in value ol y 

x - 8 - 3^61 8 + 3V6\ 

y 5 + 2\Z6> or -5 - 2V61 


-5 ± 2V6. 

1 + 15 T 6y/6 


c 
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Type (ii) 

Let the two homogeneous expressions in x and y be 
a x x 2 4- b x xy 4- c^ 2 and a z x 2 + b z xy 4- c^y 2 


and the given equations be 

a x x 2 + b x xy 4- c^y 2 = d x .(1), 

a z x 2 4- b z xy + c z y 2 = d z .(2). 


Multiply equation (1) by d z and equation (2) by d x and subtract one 
result from the other thus obtaining an equation of the form 

Ax 2 + Bxy + Cy 2 = 0 

from which two values of one variable can be determined in terms of 
the other variable. 

These values are now substituted in one of the equations (1) or (2) 
each giving two equations in a single variable, from which, in all, 
four values of that variable can be found. 

To find the corresponding values of the other variable these values 
are substituted in the linear equations which were used to obtain the 
specific value. 


Example (l.u.). Solve the equations 


(i) 


(i) 


x 3 - 2 xy + 8y a = 8 
3-vy - 2 y 2 = 4. 


(ii) 


x* + y 2 - 3 


(2) x 2 gives 
0) ~ (3) gives 


,2 

,2 


Using (4) in (2) 


x 2 - 2xy + 8 \y* 

3 xy - 2y 
6 xy - 4 y 
x 2 - 8 xy +12 y 2 = 
i.c. (a: - 6y)(x - 2y) = 

.*. x = 
or a: = 

18+ 5 - 2y* = 4 .*. 16v* 


8 . 

4. 

8 . 

0 

0 

6y 

2 y 

= 4 


y- = i, and y = 

2 = 4, 


X = 

±3. 

4, . 

'. 4y 2 

x = 

±2. 

is 


±3\ 


±i» 

or 


2 a : 3 + y 


Usings = in (4) 

Using (5) in (2) 6y= - 2y 2 = 4, .*. 4_y 2 = 4, .*. y 2 = 1, 
Substituting y = ±1 in (5) a 
Hence, the complete solution is 

x = ±31 ±21 

y = ±il ° r ±ll 

These results could be stated more fully in the tabular form 


y 


3 xy 

6 . 

. ( 1 ) 
. ( 2 ) 
• (3) 


(4) 

(5) 


rfc 1. 


X 

+ 3 

-3 : 

+ 2 

-2 

y 

+ i 

-* 

+ 1 

- 1 


Note. The results, when 
equations. 


simple, should be checked in the original 
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(ii) 

( 1 ) x 2 gives 
(3) - (2) gives 


x 2 - 3xy -by 2 = 3. 
2x 2 + y 2 = 6 . 
lx 2 - 6 xy + 2 y 2 = 6 . 
- 6xy + y 2 = 0 
7(7 - 6 x) = 0 
.'.7 = 0. 
or / = 6x 


Using (4) in (1) 
Using (5) in (1) 


= 3 x = ±V3. 
x a - 18x 2 + 36x 2 = 3 

.'. 19x 2 = 3, and x = ±-^(3/19). 

Substituting x = ±V(3/19) in (5) y = ±6\/(3/19). 

Hence, the complete solution is 

x = ±V3| or ±V(3/19)j 
0) ’ 0r ±6V(3/19)I 


( 1 ) 

( 2 ) 

(3) 


(4) 

(5) 


Type (iii) 

For this type there are no special methods of approach and the 
method for two problems will be given. 


Example. Solve the equations 

(x - 2)(y - 1) = 3.... 
(x + 2)(2y - 5) = 15... 

From equation (1) x - 2 = 3/(y - 1) 

3 . „ 3 +4,-4 

.. x + 2 


y - 1 


= 15 


1 + 4 

y ~ x 

Using this in equation (2) it becomes 

< 4 JLI_I>(2, - 5) 

y - 1 

i.e. (4 y - 0(2/ - 5) = 

/. 8 \y* - 22y + 5 = 

.*. 8 y* - 37y + 20 = 
i.e. (y - 4)(8/ - 5) = 

/• y = 

Using these values for y in equation (1), 
when y = 4 (x - 2) x 3 = 3, x - 2 — 1, .'. 
when y = i (x - 2 ) (- 8 ) = 3, x - 2 = - 8 , 


4 y - 1 

y^i* 


15 (y - 1) 
15/ - 15 
0 
0 

4 or |. 


x 


3, 


- 6 . 


Thus the solutions are 


x 

y 


3 

= 4 


or 


-61 


Example. Solve the equations 

2 x 2 - xy - y 2 = 8 . 

xy = 6 . 

From equation (2) / = 6 /x, and using this in (1) 


*** - 6 - V 


8 


i.e. 2x 4 - 6 x 2 - 36 = 8 x 2 
• 2x 4 - 14x 2 - 36 = 0 


.-. x 4 - 7x* - 18 
i.e. (x* - 9)(x 2 + 2) 


0 
0 

9. or - 2 


and x = ± 3 or ± V ~ 3 (complex). 


( 1 ) 

( 2 ) 


( 1 ) 

( 2 ) 
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Using these results in equation (2) 

y = ±2 when x = ±3 

y = ± - 6 ■— when x = ±V - 2. 
v ~ 2 

Hence the complete solution is 

x = ±31 ±V~2\ 

y = ±2) ’° r ±6/V-2» 

Note. These solutions could have also been obtained by using the 
method of Type (ii) under which category these equations fall. 

An example on equations which can be reduced to at least one 
quadratic equation will demonstrate the method of dealing with 
simultaneous equations of higher degree than the second in two 
unknowns. 


Example. Solve the equations 

*3 + y * = 35.(1), 

x 2 y + xy 2 = 30.(2), 

giving only real roots. 

Factorising, the equations become 

(.v +y)( x s - xy + y 2 ) = 35.(3) 

xy(x + y) = 30.(4) 

. ..... x 2 - xy + y 2 7 

(3) -r (4) gives - 1 -— = - 

.'. 6x 2 - 6xy + 6 y 3 = 7 xy, 
i.c. 6 .v 2 - 13 xy + 6 y* ■■= 0, 

.-. (3.v - 2p)(2.v - 3)0 = 0. 

3 x 

From this v = . .(5), 

a. 

2x 

or y = 3 .( 6 ) 

Using (5) in (1) 

x 2 + 27.v 3 /8 = 35. 

/. 35.v 3 /8 = 35, i.c. .v 3 = 8 , 

v = 2 (neglecting complex roots). 

When .v = 2 in (5) y = 3. 

Using ( 6 ) in ( 1 ) x' J - 1 - 8.v 3 /27 = 35 

/. 35.v 3 /27 = 35, and .v 3 = 27. 

•*. x = 3 (real root). 

When .v = 3 in ( 6 ) y = 2. 

Hence, the solutions are .v = 31 

y = 2 1 or 3) 

Equations involving at least one non-linear equation in three or more 
unknowns can only be solved in special cases, and two examples are 
given to demonstrate the method in particular cases. 

Example. Solve the equations 

(>- - 2)(z - 1) = 4.( 1 ) 
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(z - l)(x + 1 ) = 20 .( 2 ) 

(x + l)(y - 2) = 5.(3) 


In this example it is to be noted that (x + 1), 0’ “ 2), (z - 1) occur 
throughout the equations. 

Multiplying (1), (2) and (3) 

(.x + l) 2 (y - 2) 2 (z - l ) 2 = 400 
/. (jc + 1) (y - 2) (z - 1) = ±20.(4) 

(4) -^(1) gives x + 1 = ±5, x = 4 or -6 

(4) -r (2) gives y — 2 — ±1, y = 3 or 1. 

(4) ± (3) gives z - 1 = ±4, /. z = 5 or - 3. 

Hence, the solutions are x = 4\ - 6 ] 


Example (l.u.). Solve the simultaneous equations 

xy + x + y = 23. 

xz + X + z = 41. 

yz + y + Z = 27. 

23 - x 

From (1) y(x + 1) = 23 - x, i.e. y — x + ^ 

41 - x 

From (2) z(x + 1 ) = 41 - x, i.e. z = x + — 


( 1 ) 

( 2 ) 

(3) 

(4) 
(5 


Substituting results (4) and (5) in equation (3) 

(23 - x)(41 - x) 23 - x + 41 - x = ^ 

(x + l ) 2 x + 1 x + 1 

i.e. (23 - x)(41 - x) + (23 - x + 41 - x)(x + 1) = 27(x + 1)* 

i.e. 943 - 64x ± x* + 64 + 62x - 2x 2 = 27x + 54x + -7 

.*. 28x 3 + 56x - 980 = 0 
i.e. x 2 + 2x - 35 =0 
.*. (x - 5)(x + 7) = 0 

.*. x = 5 or - 7. 


Using x ■= 5 in (4) and (5) y = 3, and z = 6 . 

Using x = - 7 in (4) and (5) y = - 5, and z = - 8 . 

Thus the complete solution is 

x = 5) -7 

y = 3 , or -5 

z = 6j - 8/ 

A much neater solution of this example is contained in the following. 

Adding unity to each side of the equations (1), (2), (3) 

xy + x + y + I =24, i.e. (x + l)(y + |) “ 24 

and similarly (z + OC* + U 

7 (y + 1 )(z + 1 ) 

(4) x (5) x ( 6 ) gives 

(x + l) 2 (y + l) 2 (z + l) 2 = 24 x 42 x 

/. (x + 1 >(y + l)(z + 1) = ±1 68 . 

= ±1, i.e. z = 6 or 

= ±4, i.e. y = 3 or 

= ± 6 , i.e. x = 5 or 


42 
= 28 

28 


(4) . 

(5) . 

(6) . 


(7) -r (4) gives 
(7) ± (5) gives 
(7) *r ( 6 ) gives 


z + 

y + 

X + 



(7) 
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EXAMPLES 1 

1 If the roots of the equation x 2 4 bx 4 c = 0 are a and (J, and the roots 
of the equation a 2 4 ~)J>x 4 >. 2 c = 0 are y and S, show that the equation whose 
roots are ay 4 p8 and a$ 4 Py is a : 2 - >i> 2 x 4 2X 2 c(6 2 - 2c) = 0. 

Show that the roots of this equation are always real. 

2. State and prove the condition that the roots of ax 2 + 2bx 4 c = 0 

shall be equal. , 4l _ 

If the equation a 2 x 2 4 6 abx 4 ac 4 8b 2 = 0 has equal roots, prove that 

the roots of the equation ac(x 4 l) 2 = 4 b 2 x are also equal. 

3. The roots of the equation x 2 4 2ax + b 2 — 0 are a- and p lf and those 
of x 2 4 2cx 4 d 2 = 0 are a„ p,. 

Prove that (i) if a, 4 a 2 = p x 4 p„ then a 2 4 d 2 « />' 4 c 3 ; 

(ii) if a t a a 4 pipj = 0, then b 2 d 2 = a 2 d 2 4 b 2 c 2 . 

4. Prove that the roots of the equation (a - b - c)x 2 + ax + b + c =* 0 
are real if a, b, c are real. 

Prove also that, if one root be double the other, then b + c = a /3 or 2a/3. 

5. If x be real, show that the expression y = (x 2 + x + l)/(x + 1) can 
have no real value between —3 and 4-1. 

6. (i) Obtain the conditions satisfied by a, b, c if the expression ax 2 + bx + c 
is positive for all real values of x. (ii) Show that, for real values of x, the 
function (x 2 - a{*)/(2x - a - p) cannot assume any values between a and p. 

7. What is the condition that the roots of the equation ax 2 + bx + c = 0 
may be real? 

Show that, if the roots of this equation be real, the roots of the equation 
(« + c - b)x 2 - 2(a - c)x + (a -f c 4- b) — 0 are also real. 

Prove that, if a, p are the roots of the first equation, the product of the roots 
of the second equation is (1 — a) (1 - P)/(l 4- a) (1 4- P). 

8. What do you know about the roots of the quadratic equation 

x 2 4 ax 4- b = 0 

if (n) a 2 - 4b > 0, (6) b is negative? 

If a, p are the roots of .a 2 + bx + c = 0, form the equation whose roots 
are a 4 and p*. 

9. Find expressions for (i) the sum, (ii) the product, of the roots of the 
equation ax 2 4 bx 4 c — 0. 

If the difference of the roots of the equation in x 

1 /x 4 1 Ka - x) = 1 /b 
is equal to c, find a in terms of b and c. 

10. (i) Determine the limits to the value of >. so that the equation 

x 2 - 6x - 1 4 X(2x 4 1) = 0 

may have real roots. 

(ii) If a, p are the roots of the equation ax 2 4 bx 4 c = 0 form the equation 
whose roots arc 1 /(a - 4P), 1 /(p - 4a). 

11. Show that the roots of x 2 — (6 4 c)x 4 be — a, 2 = 0 are real if a, 
b, c are real. If this equation has coincident roots, what deductions can be 
made as to the values of a, b, cl 

If the roots of 2x 2 4 106x 4 c = 0 are the roots of x* 4 bx 4 c = 0 
each increased by 4, find the values of b and c. 

12. Obtain the condition for x 2 4 px 4 q to be positive for all real values 
of x. 



BXAMPLES 



Prove that 5 /(2a:* 4- 3x + 3) is positive for all real values of * and find 
its greatest value. 

Draw a rough graph of the function for values of x between - 6 and +3. 

13. (i) Find the equation whose roots are the squares of the roots of the 
equation 2x 2 + 3x - 1 = 0. (ii) Show that, if * be real, the function 
(4x - 3)/(x 2 + 1) can only take values in a certain range and find this range. 

14. Prove that, if one root of the equation ax 2 + bx + c = 0 is equal to 
the square of the other root, then b 2 = ac(3b - a - c). 

Find the value of y, if one root of the equation in x, 

21 x 2 + 6x - (y + 2) = 0, 


is the square of the other root. 

15. Obtain expressions for the sum and product of the roots of the qua¬ 
dratic equation ax 2 + bx 4- c = 0 in terms of the coefficients. 

If a, p are the roots of x 8 + px + q = 0 and <x lt p, are the roots of 

x 1 + p t x + q x = 0, express ((a - a,) (a - P,)] + l(P - a i> (P Pi)) in 

terms of p, q, p u q x . 

16. If a, p are the roots of the equation ax 2 + 2bx + c = 0, show that 

a+p = -2b I a and ap = c/a. Find the equation whose roots are 

(2a + 3)/(a + 1), and (2p + 3)/(P + 1). 

17. If a and p are the roots of ax 2 + 2 bx + c = 0, show that 

a + P = ~2bla, ap = c/a. 

If the above equation has real roots, and if m, n are real numbers such that 
m 2 > n> 0, show that the equation ax 2 + 2mbx + nc - 0 also has equa 
roots. 


18. If a and p are the roots of px 2 + qx + r = 0, prove that 

a + p = -qlP. «P = r lp- 

If Y and 8 are the roots of the equation qx 2 + rx + p = 0, prove that 
(i) (a - Y ) (« - 8) = (*a* + ra + p)/q, 

(ii) (a - Y )(« " 8) (P “ Y) (P ” 8) = (p 3 + q 3 + r -lpqr)lpq • 
Hence, or otherwise, deduce the condition that the equations have a common 


root. 

19. If ax 2 4- 2bx + c = 0 and y = * + 1 /*, prove that 

acy 2 + 2 b(c + a)y + (a - c) 2 + 4 b 2 = 0. 

If a and p are the roots of ax 2 + 2 bx + c = 0, prove that 

(a + l/a) a + (P + 1 /p)* = 14 b 2 {a 2 + c 2 ) - 2ac(a - c) 2 ]/o*c a . 

20. What are the conditions to be satisfied by a, b, c in order that both roots 
of the equation ax 2 + bx + c = 0 may be real and positive. 

If this equation have real roots, show that the roots of the equation 

+ (2 ac - b 2 )x + c J = 0 


are real and positive. 

21. Prove that, if a quadratic equation has real coefficients, the sum of the 

squares of its roots is always real. Prove the same of the cubes ' 

Express in a form with rational coefficients the quadratic equa 

roots are l ± W 5. , . „ n 

22. Obtain the condition that the roots of the equation ax + bx 4 

should be real and unequal. , , , . „ /, 

If a, b, n, d arc four numbers such that a + b — ab + n 
express a and b in terms of n and d. 

23. Show that the expression y = ax 2 -f 2 bx + c has always t c same 
sign as a if ac > b 2 . 
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Show that, if a > 0, y has one minimum value, and if a < 0, y has one 
maximum value. Determine this value (calculus must not be used). 


24. Prove that the expression 

x 2 - {a + b + c)x + a 2 + b 2 + c 2 + 2 be - ca - ab 

can never be negative if x, a, b, c are real. 

25. The roots of the equation ax 2 + bx + c = 0 are a and p, and the 
roots of the equation px 2 + qx + r = 0 are y and S. Form an equation whose 
roots arc ay •+• P8 and a8 + Py* 

If the roots of this equation are real, prove that b 2 - 4 ac and q 2 - Apr 
must be both positive or both negative. 

26. If y = {ax 2 + bx + c) /(ex 2 + bx + a), where x is real, show that y 
can have real values between - co and + co, if b 2 > {a + c) 2 . 


27. If a, p are the roots of the equation x 2 
solving the equation, the value of 

(o «* + fj>. 00 


- 7.x + 2 = 0, find, without 



2 - P 

3 + «' 


28. Obtain the roots of the equation 

bex 8 + [6 a + c 2 - a{b + c)]x 4- {a - b) {a - c) = 0. 

Find the quadratic equation whose roots are the reciprocals of the roots of 
this equation. 


29. a, p are the roots of the quadratic equation ax 2 + 2 bx -f- c = 0, and 
Y, S are the roots of o,.v 2 + 1b x x 4- c t = 0. Show that if (a — y) (P — 8) 
4- (a - S) (P - y) = 0. then ac x 4- a t c — 2bb x . 

Show also that if k = (a - y) O — 8)/(a — 8) (p — y)» then 

k - 1 = ±2 V[ (6 a ~ acHbS - fl.c,)] 
k 4- 1 ac x 4- a x c — 2bb x 


30. If p, y »rc the roots of the equation x 2 4- p x x 4- q x = 0 and y. “ are 
the roots of .v 2 4- PiX 4- q x = 0, prove that a, p are the roots of the equation 

- tf*) 2 * 3 4- {p x - p») {q x 2 - q x 2 )x 4- <7i«7*(jPi - Pi) 2 = 0. 

31. If a, p are the roots of the quadratic equation ax 2 4- bx 4- c = 0 and 
a„ pj are the roots of a x x 2 4- b x x 4- c x = 0, prove that 

« a «i a (« - o,) (a - pj (p - <x x ) (p - p t ) 

= {ca x - c x a ) 2 - {ab x - a x b) {bc x - b x c). 

Deduce the condition that the two equations may have a common root. 

32. Explain how one can, by inspection of the coefficients, without solving 
the equation ax 2 4- bx 4- c — 0, determine (i) whether the roots are real or 
not; (ii) if real, whether the roots have opposite signs; (iii) the sign of the roots 
if both have the same sign; and (iv) the sign of the numerically greater root if 
the signs are different. 

Apply these tests to determine the nature of the roots of the equations: 
(i) 2.x 3 4- 4.x 4-3 = 0, (ii) 2.x 2 4- 4.x - 3 =» 0, 

(m) 2x a - Ax - 3 = 0, (iv) x 3 4 6x 4 3 = 0. 

33. Prove that, if the difierence between the roots of the equation 

cj.x 3 - bx 4- c = 0 

is the same as the difference between the roots of bx 2 - cx 4- a = 0, then 
b l - a 2 c 2 — Aab{bc - a 2 ). 

Find the condition that the two equations should have a common root. 

34. (i) If a, p are the roots of the equation 

(« 4- b 4 c)x 2 + (6 4- 2c)a + c = 0, 
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find the equation whose roots are a/(a + 1), P/(P + 1). expressing the 
coefficients in terms of a, b, c. 

(ii) Find the range of values of y for which both the roots of the equation in x 
x* - 2{y - l)x - O' - 3) = 0 are real and positive. 

35. (i) If a and (3 are the roots of ax' 1 + bx + c = 0, prove that the equation 
whose roots are k<t and k$ is ax 2 + bkx + ck 2 = 0. 

(ii) If the roots of the equation ax 2 + 8 (b - a)x + 4(4 a - 8b + c) = 0 
are (4 - 2a) and (4 - 2(3), find the equation whose roots are a and ft. 

36. (i) Show that 2x 2 + 3x + 7 is always positive for real values of x and 
find its minimum value, (ii) Find the equation whose roots are the squares ot 
the roots of 2x 2 + 3x + 7 = 0, without solving the equation. 

37. Find, without differentiation, the least value of x~ - x. 

For what values of x is the expression x(x 2 - x - 2) (a 2 - x + 1) 
positive? 

38. (i) Prove that (a) If a and b are rational numbers, the roots of the 
equation (a + 2 b)x 2 + 2(a - b)x + (a - 4b) = 0 are rational, and ( b ) If 
the roots of this equation are equal, b must be zero. 

(ii) The roots of the equation 2x 2 + x + 5 = 0 are a and |3, and those ol 
2x* - 3x + 2k = 0 are (a + 1) and (P + 1). Find the value of k. 


39. Show that if the equations 

ax 2 + 2bx + c = 0, a x x 2 + 2 b x x + c, = 0, 

have a common root, then 4 (bc x - b x c) ( ab x - a x b) = (ca, - c,u) 2 . 

If the equations kx 2 + 2x + 1 = 0, x 2 + 2x + k = 0 have a ... 

, find the possible values of k and the value of the common root m each 


common 


root 
case. 

40. Solve the equations 


(i) 

(ii) 


V(x - 9) - \/(* - 16) = V(x ~ 24). 
x/3 - y 12= -2 = xy + y 3 . 


41. Solve the equations (i) 2x - y = 5, 2x + xy — 2. 

(ii) VO - x) - VO + x) = V06 + 2x). 


42. If 2** = 16*-» find x. 

43. Solve (i) 5x + 4y - 2z = 2, (ii) x - 2y - 3 

x - ly + 3z = 3, X- + y* = 26 

12 y + z = -4. 

44. Find the real roots of the equations 


(i) x 2 + - 4 (x + -) - 6 - 0; 

(ii) X 2 - 2x + y 2 - 2y = 14, xy = 5. 

45. If y = axix - 1) (x - 2) + b(x + 1) (x - 1) (x - 2) 

+ c(x + 1 )x(x - 2) + t/(x 4- l)x(x - I), 

and if the corresponding values of x and y are given by the table 

x -1 0 1 2 

y 36 8 - 4 15, 

find the values of a, b, c, d, and hence find the value of y when * = *• 

46. If X + y = U, xy = v, express x* + y* in terms of u and v. (Hint: 

consider (x + >0 4 -) ? 

Find all the real solutions of the equations x* + y - 641, x y 

47. Solve the equations 

« — i 9 

= 2 + 


o) ijJ + * + 2 


x + 1 


- 2 


x + 4 
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f Hint: 


x - 1 


= 1 - 


x + 2 


= 1 + 




x 4 1 ' x+V x — 2 X - 2 

(ii) 2.x 2 4- 3 xy 4 4 y 2 = 1, 4x 2 4 3 xy 4 2y 2 = 2. 

48. Solve the simultaneous equations 

yz = 2(> 1 + 2 - 6 ), 
zx = 2(z + x - 4), 
xy = 2(x + y - 1). 

49. Solve the equations 


a ,^±- 7 + * + 9 


x x + 10 
x + 4 x + 8 


x + 5 ' x + 7 x + ‘ 

(Simplify as in example 47(i).) 

(ii) x(3>- - 5) = 4, y{2x 4 7) = 27. 

50. (i) Solve the equation VC* — 1) + VC* + 4) = V(3x + 10), where 
each term is real. 

(ii) Solve the equations xy = 1, yz = 9, zx = 16, and deduce the solution 
of the equations 

0’ + z) (z + x) = 1, (z 4 x) (x + y) = 9, (x + y) O' + z) = 16. 


51. (i) Simplify 


2 + V3 


+ 


2 - V3 


+ 


10 


x - 1 + V3 ' x - 1 - V3 ' x 2 - 2x - 2' 
(ii) Solve the equation 6~i) + $ \J (— 2 ~) = 


52. Solve the equations 

(i) V(4x - 2) - 2\/(x - 3) = 2. 

(ii) x 3 4 3 xy - 23x + 8>- = 0, x - y + 1 = 0. 

53. Solve, for x, y, z, the equations 

v(z - x) — 3; x(v + z) = 32; x + y + z = 12. 

54. Solve the equations 

(i) x 2 - xy + 3> ,a = 15, 3x 2 - 2>- 2 = - 5. 

(ii) x(x + 1) + — - 12 ■ = 8. 

x(x + 1) 

55. Find all values of x and y which satisfy the simultaneous equations 

x 2 - 2 xy - y 2 - 14, 2x a + 3 xy + y 2 = - 2. 

56. Solve the equations 

(i) V(8x + 1) = V(2x + 3) - V(* + 1). 

(ii) x + y = 1, 2(x a + y 2 ) = 17. 

57. Solve the equations 

(i) xy - 3x - 3 y + 12 = 0, 2 xy + 4x + 4 y = 56. 

(ii) 2* 4 3>' = 44. 2* + a + 3 >-h-2 = 221. 

Giving the answers as correctly as the tables will allow. 

58. (i) Solve the equation V(1 + x 4 x 2 ) 4 VO - x 4 x 2 ) = 3. 
(ii) It x 4 y 4 z = 0, ax + by 4 cz = 0, and 

V 4 - v 3 4 z 3 — 3(6 - c) (c - a) (a - 6). 


prove that —— = =_= ? — i. 

b - c c - a a - b 

59. (i) Solve the equation 6(x* 4 1 /x 2 ) 4 5(x 4 1 /x) - 38 = 0. 

(ii) If z = x - v, obtain from the equations xv-x 4 v = 13, x 2 4 y 2 = 25, 
a quadratic in z, and thence find the values of x and y satisfying the equations. 

60. (i) If yz = zx = /> 2 , xv = c 2 , show that « 2 x = b 2 y = c 2 z = ±u6c. 
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(ii) Solve the equations x(y + z) = 33, y(z + x) = 35, z(x + y) = 14. 

61. (i) Solve the equation 

+ x\ I /b + x\ 3 


v m) - v c-H) - ? 


b + x! V \a + x. 

(ii) If y/z + z\y = a, z/x + x\z = 6, x/y + y/x = c, prove that 
a* + b z + c 2 = afcc + 4. 

62. (i) Solve the equation 

V(2*+ 2 + 5) + V(5 • 2* - 9) = VO ■ 2 X + 2 + 21). 

(ii) Solve the simultaneous equations 

x(y - c) = p, (y - c) (z + c) = q , (z + c)x — r. 

63. Solve for x and y the equations 


( 


b - c 


+ 


c - a 


+ 


a - b 




1 


+ 


c - a 


a 


- b 


111 x 

5 + i + a - 7 


4- ' 1 

+ 6 " c 


(i) x* + x>» + y* = 7, x* - xy + y* = 13. 


64. Solve the equations 

(i) V(3x - 5) - V(2x - 5) = 1. 

(ii) x* + y a = 13, 3x 8 + xy + y 2 = 15. 

65. Solve the equations 

•2 

(ii) V(x 2 - 5 xj - v(x 3 - 5x - 20) = 2. 

66. Solve the simultaneous equations x(14 - y) = 2, 2x + y —H- Prove 
that there are two pairs of values of x and y that satisfy the equations 

(a - y)x + h = 0, hx + b - y = 0, 

and that these values are real if a, b and h are real. 

67. (i) Solve the simultaneous equations x(y 4- 3) = 4, 3>'(x - 4) — 5. 
(ii) Up and q are real and not zero, find the condition that the roots ot the 

equation 2 p 2 x % + 2pqx + q 2 - 3p 2 = 0 are real. . . , . . 

If the roots of this equation are a and p, prove that <* + P 1S in tpe c 
of p and q. 



CHAPTER II 


Theory of Indices, Square Roots of Surds, 

Logarithms, etc. 

The Theory of Indices. Earlier work will have confirmed the 
following laws of indices (w and n being positive integers): 


a 


m 


a m x a n = a ,n f n . 

X a n X aP X . . . = a*» + » + *+•• *. 

a m _l. a n — 

(a m ) n = 

a"'/>" X . . . \ i a m ^b n ^ x ... 


(m > n) 


( a m b n x . . .\* _ 

cp x . . . ) 


Law I. 

Extension 
Law //. 

Law' ///. 

Extension . . w 

cp x ... ) cPt x . . . 

It is now assumed that these results are valid for all values of m, n, 
etc., and on this assumption it will be necessary to find meanings for 
a 0 , a - "*, a"/" (where m, n are positive integers or negative integers). 

Theorem I. To find a meaning for a 0 . 

By the second law of indices a m fa m = a m ~ m = a 0 . 

But a m Ja m = 1 

a 0 = 1 . 

Theorem II. To find a meaning for a~ m where m is a positive 
rational number. 

By the first law of indices 


But 


Thus 


a m 

X 

a m = 

Qm—m 



a 0 = 

i, 

a m 

X 

a m = 

l 


• 

• • 

a~ m — 

1 /a m . 

2-2 


1 

Jl . 



2 2 

-1 * 

(I)" 3 

= 

1 

| = 8 ; 


ar ~ 

£ 

- 5)~ 3 


i 

_ 1 


(“s ) 3 

-125 

7-i 


1/7*. 



1 

125 


Theorem III. To find a meaning for a m/ ", where m and n are any 
integers (positive or negative). 
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By the third law of indices ( a m / n ) n = a m 

fl"/“ = y'a m . 

When m = 1, the result becomes 

a 1 /” = 

Thus 4* = V4 = 2; 


/27\* _ 3/27 _ 3. 

V¥ j V 8 2’ 

1 1 

16 "‘ ~ ~ 416 

Note. When dealing with the multiplication or division of expressions 
involving fractional or negative indices the methods used are the same as 
when dealing with expressions involving positive integral indices. 


Example. Simplify and express with positive indices 

V(**/ s / /a ) x x-*'*y 9/t x V>). 

The given expression = (x 2 / a y 1 / 2 ) 1 / 2 x x~ 2 / 3 y 3/ - x *) 1 * 

jcV*wV« x jr*/y/* x xVyV« 


— ,v ■ »v*/« x x x 

_ x l/3-2/8 + l/«yl/4 I- 3/2-l/« 

v-1/12,,19/12 ..19/12/^1/12 


Example. Obtain the value of 

(a* + fci + c k)( a l + M - c»)(a* - 6* + c*)(M + - <**) 

The given expression = [(a 1 4- 6*) + c*][(a* + b\) - c*] 

b r x [c* + (a‘ - 6>)][c! - («* " **)J 

= [(a» + Z>*) 2 - c)[c - (fl‘ - W1 

(using the difference of two squares) 

= [(a + b - c) + 2a*bl][2aW - (a + b - c)) 

= (2!a»W)* - (a + *> - c) 2 
= 4uZ> - (a 2 + b 2 + c 2 + 2oA - 2/;c - 2ca) 

~ 2bc + 2ca + lab - a 2 - b 2 - c 2 . 

Example. Divide a 6 / 2 - 5a 7 b 1 /* + 10 a 3 / 2 b 2 / 3 - 10 ab + 5a' -b x 3 - b b 3 
by a 1 /* - b V*. 

a* - 4a*/ 2 b 1 / 3 + 6a6 2 ' 8 - Aa l / 3 b _ 

a »/2 _ b \/i | a'/ 1 ~ 5a 2 b »/• + 10« 3 / 2 6 2 / 3 - 10tf/> + 5a l / 2 b* 3 - *> 8 3 

a 6 /* - a 2 fcV*__ 

- 4a*&V s + 10a 3 / 2 6 2 / 8 

- 4a 2 b V 3 + 4a 3 / 2 b 9 / 3 _ 

6 a 3 / 2 b 2 / 9 - 10a6 
6 a 3 / 2 b 2 ' 3 - fab _ __ 

_ 4ab + 5a l ' 2 b'/ 3 
- 4ab + 4a l/2 b*' 3 

+ - b b / 3 

a x / 2 b */» - 6 6 / 8 

Quotient is 

a 3 - 4a*/*b 1 /* + fab 9 / 3 - 4a l / 9 b + b*/*. ----- 
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Surds and Square Roots of Surds. As stated previously, a rational 
number is any number that can be expressed in the form p jq [q 4= 0], 
where p and q are integers, whilst any number, such as 7r, \/2, V$> 
etc., that is a real number which cannot be expressed in this form, is 
known as an irrational number. 

Real numbers can also be considered as numbers that lie on the 
number scale, which is a straight line that can be extended to infinity 
in both directions with some convenient point on it chosen as the 
zero point, i.e. the point representing zero, and a suitable length is 
chosen for unity. Infinity (symbol oo) is a number beyond the bounds 
of computation. 

Surd is usually used to denote an expression involving y/a t 
where a is not a perfect nth power of a rational number. Thus 

2 + V3, V2 + V*, Vs — 2Vl + 3V2 are surds, but ^8 + V$ 
is not a surd as it can be simplified to 2 + 3 = 5. 

When calculating a number such as 4 jy/3 using the value of \/3 
from tables, it is advisable to multiply both numerator and denomi¬ 
nator by \/3 giving 4V3J3 

= 4 x 1*7321 /3 (using tables) 

= 2-309 to three decimal places. 

This method is known as rationalising the denominator. 

If v'a + Vb represent a surdic quantity, then \/ a — \/b is known 
as its conjugate surd (and vice versa), and the product of the two is 
(a — b) which is a rational number providing a and b are rational. 

When simplifying a fraction involving a surdic denominator, it is 
necessary to multiply numerator and denominator by the conjugate 
surd of the denominator, thus obtaining a rational denominator. 


Example. Simplify 
3 


(i) - 


(i) 3/(v/3 + V2), 
3(v/3 - v:t) 


V 5 — 2 , VS +2 

dO - + —p=- -• 

v 5 + 2 Vs - 2 


3(V3 - V2) 


(ii) 


V3+ \'2 (+3 -r V2) (\/" - s/2) 

VS - 2 \/5 + 2 = <V5 - 2 ) a _ 

VS + 2 VS - 2 (\ / 5 + 2) (Vs - 2) 


3-2 


5 - 4VS + 4 
5 - 4 


+ 


- 3( V3 - V2). 

_ (V5 + 2 )«_ 

( V 5 - 2) (V5 + 2) 

5 + 4 V 5 + 4 


5-4 


18. 


Note. In general when dealing with surdic quantities only square roots 
will be encountered, but it is possible for cube and higher roots to occur. 
In the case ot cube roots, use is made of the results 


* 3 + y 3 = (v + V)(x- - xy + y*), 
a 3 - j 3 = (x - >’)(•* 3 + xy + y a ). 

Replacing x by a*, y by bl these become 

a + b = (at + b*)(al - aib* + Z>*), 
a - b = (at - bt)(at + + b 1). 
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Thus if a and b be rational the conjugate surd of a * + 6* is a* - + 6*. 

and that of a* - M is a* + + M. 


Example. Simplify — 

2-^5 (2 - ^5)(4 - 2-^5 + ^25) 

2+^5 (2 + ^5) (4 - 2^5 + ^25) 

8 - 4-^5 + 2-^25 - 4-^5 + 2-^25 - 5 

2 3 + (^5) s 

3 - 8^5 + 4-^25 3 - 8-^5 + 4^25 

8 + 5 ” 13 

Note. An example will show the method of procedure when the 
denominator consists of more than two terms. 


Example. 


Simplify 


2 - 2y/2 + V5 
2 - y/2 - y/5‘ 


2 - 2y/2 + y/5 

2 - y/2 - V5 

(2 - 2y/2 + y/5)(2 + y/2 + y/5) 

[2- W2 + y/5)][2 + (y/2 + V5)l 

4 _ 4y/2 + 2y/5 + 2v/2 - 4 + y/lO + 2-y/S - 2-y/lO + 5 

= 4 - (2 + 5 + 2-v/lO) 

5 - 2y/2 + 4\/5 - VIO 

- (3 + 2V10) 

(5 - 2y/2 + 4V5 - \/10)(3 - 2v/10) 

- (3 + 2v/10)(3 - 2v/10) 

15 - 6V2 + 12v/5 - 3-v/lO - lOy/10 + 4y/20 - 8y/50 + 20 

- (9 - 40) 

15 - 6y/2 + \2\/5 - 3-v/lO - 10V10 + 8y/5 - 4 0y/2 + 20 
= ' 31 


35 - 46y/2 + 20y/5 - 13VJ0 

31 


Theorem. If the two surdic quantities (\/a + b) and (y/c + d) are 
equal , then a = c and b = d, where a , 6, c, d are rational and a and c 
are not perfect squares. 

The product of zero and any finite number is zero. Thus it is clear, 
from the nature of rational and irrational numbers, that a rational 
number can only equal an irrational number if each be zero, which is 
a neutral number (i.e. can be considered as being either rational or 
irrational). 

Since y/a + b = y/ c + d 

b — d = y/c — y/a 

Le. a rational number = an irrational number, which is impossible 
unless each be zero. 
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b — d — 0 and y/c — \/a = 0 

i.e. b = d and y/c = y/a 

b = d and c = a. 

Theorem. To find the square roots of the surdic quantities (i) a -f- \/b 
and( ii) a — \/b, where a and b are rational and b is not a perfect square. 

Let y/(a -f- \/b) = \/.x + y/y (x, y rational). 

Squaring a + \/b = x + y + 2 Vxy. 

From the previous theorem 

a = x + y .(1) 

b = 4 xy . (2) 

The equations (1) and (2) can be solved forx andy, in any particular 
case, by inspection or by ordinary algebraic means. 

(ii). Let \/(a — y/b) = \/x — y/y. 

Squaring a — \/b = x + y — 2 \ xy, 

and as before a = x + y, b = 4 xy, from which x and y can be 
found as in (i). 


Example. Find the square roots of (i) 17 -f \2\/2, (ii) 22 — \2y/2. 

fi) Let \/< 17 + 12v'2) = \/a* 4- Vv, where .v, y are rational. 

Squaring 17 + 12\/2 = x +^'4- 2 y/xy 

Hence, 17 = x + y .(1) 

6y/2 = Vxy /. 72 = xy .(2) 

From equations (1) and (2), two numbers are required whose sum is 17 
and product 72 and by inspection these are seen to be 9 and 8. 


/. v (17 + 12\/2) = v'9 4- V8 = 3 4- 2 V 2. 
(ii) Let \ (22 - 12 v 2) = \ x - Vv. 

Squaring 22 - 12-\/2 = x 4 - y - 2 Vxy. 

.'. 22 = a*4 y . 

6\ 2 \ xv, i.e. 72 = xy . 

From (2). y = 72/.v. 

Using this in equation (1) 

22 = a- 4- 72 lx 
i.e. a- 2 - 22a- 4-72 0, 

/. (a- - 18)(a - 4) = 0, 

.v = 4oi 18. 


(.v > y) 

. .. 0 ) 
. ... ( 2 ) 


From equation (2) using these values y = 18 or 4. 
Hut a- > y x — 18 and y = 4. 

Hence, v (22 - 12 v '2) = Vl8 - v'4 = 3\/2 - 2. 


Logarithms 

Definition. If y — a *, then x is said to be the logarithm of y to the 
base a. 

This can be written; if y = a\ then a* = loga y. 
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Thus, since 8 = 2 3 , log 2 8 = 3; 
since 81 = 3\ log 3 81 = 4; 


1 1 
SinCC 16 = 


1 


= 4 -2 , log 4 — = -2. 


This definition can also be stated in the following form. 

The logarithm of y to the base a is the power to which a must be 

raised in order to give the value y. 

When the base is 10, the logarithms are known as common 

logarithms, and when the base is e (= 2-71828 ...), l ^ e logarithms are 

known as Natural or Napierian logarithms. 

From the definition of a logarithm it can be seen that a °_- - y. 
(Let N = then log* N = log* y, therefore N = y.) I hus 

5i ogi 3 _ 3 ^ 7 iog ii = 11 . 

Using the above second definition of a logarithm, it follows that 

log 2 16 = log 2 2 4 = 4, 
log 3 1/9 = log 3 3 -2 = “ 2 » 
log 6 0 04 = log 6 1 /25 = logs 5 = - 2 - 

Theorem. To prove that log a (M X N) = logo M h loga N. 

Let M = a* .W 

log- M = x. 

Ut N = . W 

log* N = y- 

From (1) X (2) M X N = a* X a* = a*+ y (first law of indices) 

log* MxN=x + y = log* M + log* N. 

Theorem. To prove that loga M/N = loga M — l°S a 
Using the same notation as in the previous theorem 

M/N = a* /a* = a x ~ y (second law of indices) 

log* M/N = x - y = log* M — log* N. 

Theorem. To prove that loga M p = P 

Let M = a* . 

.*. log* M = x. 

From ( 1 ) MP = ( a x )P = a*P (third law of indices) 

.*. log* MP = px 

= p log* M. 

Note. These three theorems can be combined so as to give the logaritlm 1 
of an expression including products, quotients, and powers of quantities. 

Theorem. To prove that logb M = loga M /loga b. 

Ut M = . . 

.*. log* M = x. 

Taking logarithms to the base a in (1) 


( 1 ) 


. CD 
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logo M = log* b x = X log* b. 
X = log* M/Ioga 6 
i.e. logfc M = loga M/loga 6. 

Using M = a in this result 


logger = 


loga a 
loga b 


1 

loga b 


This last result (i.e. log*, M = loga A//loga 6) can be used for con¬ 
verting the logarithm to any base b to a common logarithm (quotient) 
by putting a = 10 , in order to find its value using tables of common 
logarithms. 


Example. Find, using tables, the value of log, 5. 

Using the previous theorem with b = 2, m = 5, a = 10 
log, 5 = logm 5/logto 2 


0-69897 
0 30103 


2-322 to 4 significant figures. 


Note. When dealing with five-figure tables the final result can only be 
taken to four significant figures. 


Example. Find, without using tables, the values of (i) 5~ 3 Io «5 2 , 
(ii) 

(i) Using the theory of logarithms 

5-3 log-,2 _ 5log : ,2-3 = 5log 5 l/8 = 1 /g. 

(ii) a x Io »'’a ,/3 = a'°«u(»/3) 4 = fl iog 0 i/8i _ j ygj 

Example. Solve the equations 

(i) log,, (5 a- - 6) + log,. (2a + 3) = log a (10a 2 - 3a - 5) 

2 loga (a - 2) = log,, (2a - 5) 

(i) Using the theory of logarithms the equation can be written 

log, (5 a - 6)(2a + 3) = loga (10 a 2 - 3a - 5), 

.-. (5a - 6)(2a + 3) = 10.v a - 3a - 5, 

i.e. 10a 3 + 3a - 18 = 10a 2 - 3a - 5, 

/. 6a - 13, i.e. a = 13/6. 

(ii) The equation can be written 

log., (a - 2) 2 = log a (2a - 5) 

••• (x - 2) 8 = 2a - 5 
.*. a 2 - 4a + 4 = 2a - 5 

i.e. a 2 — 6a -+- 9 = 0 

C* ~ 3) 2 = 0, .*. a = 3 (twice). 


Indicial Equations. Any equation involving the variable (or 
variables) in the indices of the numbers present is known as an 
indicial equation. 

There are two main types of indicial equations to be considered as 
follows: 
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(i) the straightforward cases which can be solved by taking 
logarithms to the base 10. 

(ii) those which can be reduced to a quadratic in y , where y = a/<*> 
and/(x) means any expression involving x {function of x). 

Note. No base is shown in the case of common logarithms. 


Examples (on type (i)). 

(a) Solve the equation 2* x 5*' 1 = 8**+ x . 

Taking logarithms to the base 10 for the equation 

log 2* + log 5 t_1 = log 8 21 + 1 


i.e. x log 2 + (x - 1) log 5 
i.e. x log 2 + x log 5 - 2x log 8 
.*. xflog 2 + log 5 - 2 log 8] 
i.e. x log (2 x 5)/8 a 

x 


{lx + 1) log 8 
log 8 + log 5 
log 8 + log 5 
log (8 x 5) 

(log 40) /log ft 
(log 40)/(log 5 - log 32) 

= 1-60206/(0-69897 - 1 50515) 

= -1-60206/0 80618 
x = - 1 987 to 4 significant figures. 

{b) The pulls T x and T» at the ends of a taut rope which passes round a 
circular post are related by T t = where e = 2-718, n - 0-22 and 
6 radians is the angle through which the rope turns. 

Find (i) 0 given that T t = 37\, 

(ii) T x and T t given that 0 = 31 and T t - T x = 745 lb. wt. 

(0 r, = 3r, .-. 3r, = r. x 2-718° 220 

i.e. 2 718°- 220 = 3. 

Taking logarithms to the base 10, and using four-figure tables, since e is 

only given to four significant figures 

0-220 log 2-718 = log 3 

log 3 


0 4771 


0 4771 


i.e. 


0 


0-22 log 2-718 0-22 x 0-4343 0 09555 

= 5 00 to 3 significant figures. 

Note. Three significant figures only are used in the result since four- 
figure tables are used. 

(ii) T t - T x = 745...... . 

y^O 22*3-1 = y^o-o»2. 

Using equation (2) in equation (1) T x e° 883 - T, = 745. 


( 1 ) 

( 2 ) 


Let 


x 

log* 


.0 883 


0-A82 


= 2*718 
0-682 log 2*718 
0 682 x 0-4343 = 0 2962 

1-978. 

745 
745 

745 /0 978 = 762 lb. wt. to 3 significant figures 

Using this result in equation (1) 

T t - T x + 745 - 762 + 745 ~ 1507 lb. wt. 


Hence, 1-978T, - T, 
i.e. 0 9787\ 

Tx 
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(c) (L.U.). If y = a + bx» is satisfied by the values x = 2, y = 10; 
* = 4 , ^ = 15; a: = 8 , y = 27, show that n = log 2-4/log 2 and deduce 
the values of a and b. 


Using the given data in y = a + bx n , 

& 10 = n + 6.2".0), 

15 = a + b . 4 n , i.e. 15 = a + b . 2 2 ".(2), 

27 = a + b . 8”, i.e. 27 = a + b . 2 s ".(3). 

(2) - (1) gives 5 = b( 2 2 " - 2"), i.e. 5 = b . 2"(2" - 1).(4) 

(3) - (2) gives 12 = b(2 3n - 2 2 ”), i.e. 12 = b . 2 2 ”(2” - 1).(5) 

O ° n 1 O 

(5) (4) gives --- = —, i.e. 2 n = 2-4.(6) 

Taking logarithms to the base 10 (could use any base), 

n log 2 = log 2-4 

.*. n = (log 2-4) /log 2. 

Using equation (6) in equation (4) 

5 = b x 2-4 x T4 ■ 3-366 

.*. b = 5/3-36 = 125/84 = 1-488 (to 4 significant figures). 

Using equation (6) in equation (1) and this value for b 

125 „ „ 25 
1° =■ a + — x 2-4 = a + — 

a = 10 - 25/7 = 45/7 = 6-429 (to 4 significant figures). 


Example (type (ii>). Solve the equations 

(а) 4‘ - 6 x 2' - 7 = 0, 

( б ) 3 2 * - 3 *+* + 2 = 0 . 


(a) If 2 X be replaced by y the equation becomes 

y 2 — 6y — 7 = 0, (since 4* 

O' — 7)0- +1)=0, 

y = 7 or - 1. 


But if x be real then 2 X must be positive 



v = 2 X = 7. 

Taking logarithms to the base 10 
x log 2 = log 7 

/. .V = (log 7)/log 2 = 0 84510/0-30103 

= 2-807 correct to 4 significant figures. 

(6) Now 3 l * 1 = 3 x 3% and 3 2 * = (3*) 2 , therefore replacing 3 l by y 
the equation becomes 


V 2 - 3y + 2 = 0 
i.e. 0- - 1)0- - 2) = 0 

.’. y = 1 or 2 

i-e- 3* = 1.(1), 

or 3 r = 2.(2) 

From (1), a- = 0. 

From (2), taking logarithms to the base 10 

-v log 3 = log 2 

“ (log 2)/ log 3 = 0-30103/0-47712 = 0-6309 to 4 significant figures 
.*. * = 0 or 0 6309. 
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Example (l.u.). Without the use of tables show that approximately 

5 log 2 + 2 log 3 = 2 log 17, 

1 + 2 log 2 + 2 log 3 = 2 log 19. 

By eliminating log 3 between these equations, deduce that 38/17 is a 
close approximation to V5. 

Find from the tables the percentage error in this approximation. 
Now, 5 log 2 + 2 log 3 = log 2 s + log 3 2 

= log 32 + log 9 = log 32 x 9 
= log 288. 

Also 2 log 17 = log 17 2 = log 289. 

Hence, approximately 5 log 2 + 2 log 3 = 2 log 17.(1) 

Also, 1 + 2 log 2 + 2 log 3 = log 10 + log 2* + log 3 2 

= log (10 x 2 2 x 3 2 ) = log 360. 

But, 2 log 19 = log 19 2 = log 361 

approximately 1 + 2 log 2 + 2 log 3 = 2 log 19.(2) 

(2) - (1) gives 1 - 3 log 2 a: 2 log 19 - 2 log 17 

i.e. log 10 - log 2 ~ 2 log 19 - 2 log 17 + 2 log 2 

~ 2 log (19 x 2/17) 
i.e. log (10/2) a: 2 log 38/17 
i.e. i log 5 a: log 38/17 

.*. log 5* a: log 38/17 

i.e. y/5 = 38/17 approximately. 


Note. The sign a: means ‘approximately equal’ and the signs 
: have also been used for this purpose. 

The error in the approximation = y/S - 38/17 

= 2-2361 - 2-2353 = 0 0008 

0 0008 x 100 0 08 

.*. percentage error = - 


= and 


2-2361 


2-2361 


= 0 036 to 3 decimal places. 


EXAMPLES II 

1. (i) Simplify (x'yzr 3 )* x Vi^y'z) + (*z) 7/2 . 

(ii) If X = Vip + q) + - q) and p- - q* = r 3 prove that 

x 8 - 3 ax - 2p = 0. 

2. If a, b, c, d arc rational numbers so that a + y/b = c + y/d, and 
neither b nor d is a complete square, prove that a = c, b = d. 

Express the square root of 18 - l2y/2 in the form Vx - y/y , where x 
and y are rational. 

3. State the Index Laws and explain how meanings are obtained for x*. 

x°, and x~i. , . . 

Find the quotient when x 4 ' 3 - y-*'* is divided by x* + r*'* and evaluate 

it when x — 2-731, y = 3-142. 

4. (i) Find the square root of 19 - 4^21 in surd form, (ii) Find the 
square root of 121x* + 44x 6 - 18x 4 + 18x 3 + 5x 2 - 2x + 1. 

5. (i) If x = 3 + -v/5, express as fractions with rational denominators 
x - x-i and x* - x~ 2 . (ii) If a, b, c, d are rational numbers, and if neither 
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b nor d is a perfect square, prove that the product of (a 4- Vb) (c 4- \A0 
can only be a rational number if 

c yd 

a Vb' 

6. Prove, as shortly as possible, that 

(« + b 4- c) ( - a + b 4* c) (a — b 4- c) (a 4- b — c) 

= 2(6 2 c 3 + c 2 a 2 4- a-b' 1 ) - a x - b x - c*. 

Hence write down the factors by which p 4- V Q + V' must be multiplied 
in order to form a rational product. 

Reduce 1 /(\/3 4- V2 4 - 1) to a form in which the denominator is rational. 

7. (i) Prove that (loga b) (log/, a) = 1 and check your result by using a = b. 
(ii) Find y, if x>.x 3 = 10 5! , where 2 = log 10 

8. (i) With the aid of tables calculate approximately the value of x that 

satisfies 5 2i 3(2‘). 

/ 2b b-\ 

(ii) Prove that 2 log (a + b) = 2 log a -F log ^1 + — + J. 

(iii) Calculate log, 0 5 and log 10 0 125 given that log 10 2 = 0-3010299957. 

9. (i) Given that log 10 3 = 0-47712 find the number of digits in the integral 
part of ( v / 3) Mtt . (ii) If .v and y are positive numbers each greater than unity and 
if x x + y = v 12 , y x +* — .v 3 , prove that log x = 2 log y and hence find x and y. 

10. (i) If log, 10-24 = 2, find .v. (ii) If a = log& c, b log^ a, c= loga b, 
prove that abc — 1. 

11. (i) Prove that log,- a n — n logc a. 

(ii) Solve the equations (<i) log l0 (.x 2 4- 2.v) - 0-90309, (b) (2-4)* = 0-59. 

(1728)* 

12. Evaluate log,, (0 001529) 2 '®, log,, 53-9. 

1 3. Prove that if .x, y, p are any real numbers, (i) loga xy = loga x 4- loga y; 
(ii) log,, XP == p log., -V. 

Use logarithms to calculate the value of [.v 4 y 3 - v'(-V2 3 )]I given that 
.v = 4-7163, y = 0-16542, <- 0-18639. 

14. Prove that loga x = -log;/* .x. Draw the graph of 6* for values of x 
from 0 to 1. Hence find log* 4 id deduce log,/, 4 and log, 6. 

15. Prove that loga xy »og a x 4- log., y and that log., x — log* x x loga b. 
Given that, to soi. base a, log 2744 = 5-1 5757, log 4732 = 5-51256, 
log 4459 = 5-47384, li.. .1 log., 28 without using tables. 

16. Solve the equations, (i) (2-93)' = (0 56) 3 -»; (ii) 4*+ 2 >’ = 5, 2 l + 3 >’ = 8. 

17. Prove that log*, a x log, b = 1. Given that log,, 2 = 0-30103, find, 
without the use of tables, (i) the value of log, 5 correct to four decimal places; 
(ii) the value of a when 2 . 10 l ! * — 2 . 10 * - 3. 

IS. II a = log (10/9), b — log (25/24), c — log (81/80), prove that 
log 2 in - 2b • 3c, and express log 3 and log 5 in like manner in terms 
of a, b, c. 

19. (i) W ithout using tables, show that 

log \/27 4- log v'8 - log \/125 3 

log 6 - log 5 2" 

(ii) Solve the equation 5-‘ - 5 V + 1 4- 4 = 0. 

20. Define the logarithm of a number to a given base, and from your 
definition prove that, (i) log/, a x log^ b 1 ; (ii) log* a = - logi /fc a. 
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With the aid of tables, find the values of 

(i) (16-81)1 x (3-5*)*, (ii) (0 092)1 - (3178/6245)1 
correct to four significant figures. 

21. Establish the ordinary rule for writing down by inspection the integral 
part of the logarithm to the base 10 of any number exceeding unity. 

For what integral values of n is 2” a number of exactly 50 digits? 

Solve the equation log, 3-052 = 5. 

22. Prove that if a, b, c are any positive numbers logj b x log* c = lo&, c. 
If *2 + y * = 7 xy, prove that log (x + y) = log 3 + * log x + i log y. 

23. Show how to find log* x when logi 0 x and logio a are known. 

Find as accurately as your tables permit the value of x 2,i y i ' 2 l(x 2 5 + y ‘ ), 
when x = 0-243, y — 0-784. 

24. Prove from the definition of a logarithm that if m, n, x are any positive 
numbers, 

log* * 

log™ * - j + logn n { 

25. Two quantities x and y are known to be such that y varies as a power of 
x. When x = 4, y = 10 8, and when x = 9, y = 36 45. Determine the 
relation between x and y, and find x when y = 7. 

26. Determine by the aid of logarithms the value of the expression 

E = (x 2 - y 2 ) 2 '\x + y) l,i l(x - y)*'*, 
when x = 763, y = 249, correct to four significant figures. Find also the 
logarithm of E to the base 7. 

27. Define log y x, where x and y are any positive numbers. 

If log* a = 4, logc b = 3 and a = 32c a , find a, b, c. 

28. Justify the statement that x~" = 1 /x", where n is a positive integer. 
Solve the simultaneous equations 3* - 2> + * =10, 2> - 3 1 2 — 2. 

29. Define a logarithm and use your definition to find the integral part of the 

logarithm of 0 03 to the base 4/5. . 

Find the values of x that satisfy the equation 2 . 27* - 5 . 9* 4- 3* — J . 

30. Prove that (i) log< a + logc b = logc ab; 

(ii) loga b x logi, c x logc a = 1; 

1 I ^_1 __ , 

(,u) logj (abc) + log/, ( abc) + logc (abc) 

31. If a = logc (1 + A), b = log, (I + A), c = logc (1 + A), prove 
that 

log* 2 = 1 ci + 56 + 3r, 
log* 3 = 1 lei + 86 4- 5c, 
log* 5 = 16a + 126 + 7c. 

Given that log*(l + x) is approximately equal to x, when x is small, find 
from the above relations alone the approximate value of log l0 2 to three 
decimal places. 

32. (i) Prove that log* o” = n log* a, and without using tables show that 
log 10 3 is approximately equal to i + i log, 0 2. (ii) Solve the equation 
2 x 3** + > - 7 x 3* + 1 - 68 = 0. 

33. (i) Use tables to solve the equation x 0 ^ 142 = 0-6335. (ii) If 
y = a i/(i-log a *) anc j z =. ai/d-iogay), show that x = a 

34. (i) Prove that, whatever be the base used, log ab = log a + log b, 
log a» - b log a. If p = log,. 2, <y = log,. 3. express m terms of p and q 
log,, 108, log,, 10 8, log V3/5. 00 Solve the equation 3» - 3 + 2 = u. 
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35. (i) Solve the simultaneous equations log (x - 1) 4 2 logy = 2 log 3, 
log a: 4 log y = log 6. (ii) Find the smallest integral value of n for which 
(0 861)” is less than 0 01. 

36. (i) Evaluate the logarithm of 3 to the base 2. (ii) Solve the simultaneous 

equations 4 l = 6>, 2(2*) = 3(2 >), giving your results to three decimal 

places. 

37. (i) Solve the equation 4* - 3 . 2*+» -2=0. (ii) The relation 
y = a 4 bx n is satisfied by the pairs of values 


X 

2 

4 

8 

y 

10 

15 

27 


log 2-4 

Show that n = -—. 

log 2 

38. (i) Solve the equation 5 2r - 5*+ 1 4-6 = 0. (ii) Given that 

log 10 2 = 0-3010300 and log 10 3 0-4771213, find the values of log 10 96 

and log 10 0-0375 to three decimal places. 




CHAPTER III 


Remainder and Factor Theorems, Identities, 

Proportion, Graphs 


Definitions. A conditional equation is an equation that is satisfied 
for only a finite number of values of the variable contained in it 
Thus 4x + \x = I is a conditional equation since it is satisfied 
by the value x = 3/10 only, and x* - 3x + 2 = 0 is a conditional 
equation since it is only satisfied by the two values * = 1 and x = 2. 

An identity is an equation that is satisfied for all values of the 
variable (or variables) present in it (or, when both sides are simplified 

they are identical). . r , • 

Thus x(x 4 1 ) = x 2 4 x is true for all values of x and is 

an identity. It is usually written x(x 4 1) = *" + *• Also 
( x + v y J x 3 + 3x 2 v 4 3xv 2 4 V 3 for all values of x and y and 

can + be written in 4e form (x 4 ,) 3 = 4 3x V + 3*,* + / 

^FronTthe definition of an identity it can be seen that the equation 
will be valid for any values of the variable or variables contained in 
it. Also the two sides of the equation must be identical when 
simplified and the coefficients of like terms on the two sides of the 
equation can be equated, giving a second method of dealing wit 

Unction of x is any expression involving x and is usually denoted 

by any one of the symbols/(x), E(x), 'f(x), v(x), e c - 

A rational, integral, algebraical function of x is an expression in x 
in which the powers of x present are positive integers and the coeffi¬ 
cients of terms in x are all rational. The general expression (poly 
nomial) of this type in x is therefore 

flo*" 4- fliX"' 1 4 a 2 *"" 2 4 ... 4 fln-ix 4 a n , 

where n is V positive] integer, and a 0 , a t , a 2 , etc., are 

slants. This is an expression of the nth degree in x, since the highest 

power of x present is the nth. , :ill the 

Given any function /(x) involving x, the quantity f(y) means the 
result of replacing x by y in the expression J(x). 

Thus, if 

fix) = 2x 2 - 3x 4 5, 

/(0) = 2 x 0 — 3x0 45 — 

41 
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1) = 2xl 2 - 3x14-5 = 2 — 34-5 = 4, 

/(-2) = 2( —2) 2 - 3(—2) + 5 = 84-6 + 5= 19, 

/(y) = 2_y 2 - 3y + 5, 

f(x 2 ) = 2(x 2 ) 2 - 3(x 2 ) + 5 = 2x* - 3x 2 + 5. 

The Remainder Theorem. This states that, if /(x) be a rational, 
integral, algebraical function of x, the remainder on dividing /(*) 
by ax + b is f(-b/a), where a, b are constants and ax + b + 0. 

When /(x) is divided by {ax + b) let the quotient be ?(. x ) and the 
remainder R. Then it is known from the ordinary rules of division 
in algebra that R will be a constant and will not contain x. 

Hence /(x) = (ax + b) r (x) + R (this is an identity being true 
for all values of x). 

Using x = —b/a in this identity 

f(-b/a) = 0 X <?(-b/a) + R 
R = f(~b/a). 

When a = 1 and b is replaced by ( — a) the result becomes 
R = /(a), i.e. when f(x) is divided by (x — a) the remainder has the 
value /(a). 

Examplb. Find the remainder on dividing (3x 3 - 2x + 3) by (2x + 1). 

Let f(x) = 3.v 3 - 2.v + 3. 

Therefore required remainder = f(-%) 

= 3(-£) 3 - 2(-£) + 3 
= —§ + 1+ 3 = 3|. 

The Factor Theorem. This states that, if (ox + b) be a factor of 
/(x), then f( — b/a) = 0, and conversely, if f( — b/a) = 0, then 
(fix + b) is a factor of f(x). 

If f(x ) has (fix + 6) as a factor, then the remainder R obtained by 
dividing J\x) by (ax + b) must be zero, and it has been shown that 

R = f(-bta) 

:.f(-b/a) = o 
if (fix + b) be a factor of/(x). 

Also if/(— b/a) = 0 then R = 0 and (ax + b ) must be a factor 

of /(*)• 

Similarly, if (x — a) be a factor of /(x), then /(a) = 0, and, if 
/"(a) = 0, then (x — a) is a factor of/(x). 

Note. If the equation /(.v) = 0 cannot be solved by previous methods, 
it is usual to use the factor theorem in the following manner: 

Find, by trial and error, values of x that make f(x) = 0, then these 
values will be some or all of the roots of the given equation. 

In the case of a cubic equation f(x) = 0, if one root x = a be found by 
this method, then f(x) can be divided by (x — a) and the remaining two 
roots will be found by equating the quadratic quotient obtained to zero. 

Similar methods can be applied to a quartic (fourth-degree equation), 
after finding two roots by trial and error, and so on for fifth- and sixth- 
degree equations, etc. 
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Example. For what value of p is (x 3 + px - 3) divisible by (x 3)? 

Let /(x) = x 3 + px - 3. 

/. /(3) = 27 + 3p - 3 = 24 + 3 p. 

Since /(x) is divisible by (x - 3), it follows that /(3) = 24 + 3p = 0, 

from which p = - 8. 

Example. Find the factors of (i) x 3 - x 2 - 14x + 24, 

(ii) x 4 - 3x 3 + 3x 2 - 3x + 2. 

(Note. This means factorise as fully as possible.) 

(i) Considering the constant term 24, the only possible factors are 
±1, ±2, ±3, ±4, ±6, ±8, ±12, ±24, and hence the only possible 

factors of the given function/(x) are (x ± 1), (x ± 2), (x ±2), (x ± 4), 
(x ± 6), (x ± 8), (x ± 12), (x ± 24). (Lowest values used first.) 

Let /(x) = x 3 - x 2 - 14x + 24 

. ^( 1 ) = i _ i _ 14 + 24 4 0 (4= denotes not equal to) 

.-. (x - 1) is not a factor of /(x) 

/(2) = 8- 4- 28 + 24 = 0 

.-. (x - 2) is a factor of /(x). 

x 2 + x — 12 _ 

x - 2 | x 3 - x 2 - 14x + 24 
x 3 - 2x a 


x 2 - 14x 
x 2 jl 2x 

- 12x + 24 

- 12x + 24 


fix) - (x - 2)(x 2 + x - 12) 

= (x - 2)(x - 3) (x + 4). 

(ii) Lei f(x) = x 4 - 3x 3 + 3x 2 - 3x + 2. 

The only factors of 2 are ±1, ±2. 

f{\) = 1 - 3 + 3- 3 + 2=0, 

.-. (x - 1) is a factor of fix). 
/-(_!)=! + 3 + 3 + 3 + 24 0. 

/. (x + 1) is not a factor of fix). 

f(2) = 16 - 24+12-6 + 2= 0, 

(x - 2) is a factor of fix). 

Dividing fix) by (x - l)(x - 2) = x- - 3x + 2, 

x 2 + 1_ 

x * - 3x + 2 | x 4 - 3x a + 3x* - 3x + 2 

x 4 - 3x 3 + 2x 3 _ 

x 2 — 3x + 2 
x 2 - 3x + 2 


.*. factors of fix) arc (x - l)(x - 2)(x 2 + 1). 
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Note. x 2 + 1 cannot be expressed as the product of real factors and is 
known as a quadratic factor. 

Example. Find the roots of the equation 2x 3 + 3* 3 - 3x - 2 = 0. 

Let f(x) = 2x 3 + 3x 2 - 3x - 2. 

Now fd) = 2 + 3- 3 — 2 = 0, 

.-. (x — 1) is a factor of /(x). 

2x 3 + 3x 2 - 3x - 2 = (2x 3 - 2 a 2 ) + (5a 3 - 3a - 2) 

(adding and subtracting 2 a 3 ) 
= 2a 2 (a - 1) + (a - l)(5x + 2) 

= (a - 1)(2a 2 + 5a + 2) 

= (a - 1)(2a + 1)(a + 2). 

Note. This method, which replaces the division method, makes use of 
the fact that (a - 1) is a factor of /(a), therefore the given equation can 
be written 

(a - 1)(2a + 1 )(a + 2) = 0 

a = 1 , — £, or — 2. 

Example (l.u.). n being a positive integer and 

a" + a, a'*- 1 + a i x n * + ...+ a H 

vanishing when a is put equal to a, prove that (a — a) is a factor of the 
expression. 

Use this theorem to determine, by trial, the integral root of 

16a 3 + 31 -6a 2 - 6-8x - 12 = 0, 

and find the values of the remaining roots. 

The first part of the question is the factor theorem and has already been 
proved. 

Let /(a) = 16a 3 + 31 -6a 2 - 6-8x - 12. 

It will be found on trial that /(1) + 0, /(- 1) + 0, /(2) + 0. 

/(- 2) = - 128 + 126-4 + 13-6 - 12 = 0 
.*. a + 2 is a factor of /(a). 

16a 2 - 0 4 a - 6 _ 

a + 2 r 16 a 3 + 31 -6a 2 - 6 8a - 12 
16a 3 + 32a 2 

- 0 4a 2 - 6 8a 

- 0 4a 2 - 0-8x 

- 6a - 12 

- 6a - 12 


.'. /(a) = (a + 2)(1 6a 2 - 0-4a - 6) 

= 0-2(.v + 2)(S0 a 2 - 2a - 30) = 0-4(a + 2)(40a 2 - a - 15) 
= 0-4(.v + 2)(5 a + 3)(8a - 5) 
tliereforc the given equation can be written 

0-4(a + 2)(5a + 3)(8a - 5) = 0, 
from which a = —2, - ®, or -f. 
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Application of the Factor Theorem to Symmetrical Expressions. An 

expression in a, b, c is said to be symmetrical if the value of the 
expression is unchanged when a is replaced by b, b by c, and c by a 
simultaneously (using three letters only). 

Hence, it follows that, if (a - b) be a factor of a symmetrical 
expression in a, b, c then ( b — c) and (c — a) must also be factors 
of the expression. Similarly, if (a 4- b) be a factor, then ( b 4- c) and 
(c + a) must also be factors. 

Note. It must first be established that the function is a symmetrical one 
before these results can be used. 


The symmetrical expressions of the first and second degrees in 
a, b y and c are k 0 (a + b 4- c), and kfja 2 4- b 2 4- c 2 ) 4- k 2 (bc 4- ca 4- ab) 
respectively, where k 0 , k x , k 2 are constants whose values must be 
determined in specific examples (when used) by using the properties 
of identities. 


If, for example, a fifth-degree homogeneous expression in a, b , c 
be symmetrical and (a - b) be a factor of the expression, the 
remaining factors must be (b — c), (c — a), and 


k x {fl % 4- b 2 4- c 2 ) 4- k 2 (bc 4- ca 4- ab) 

to make up the fifth degree, where k x and k 2 have to be determined 
by the use of the properties of identities. (‘Homogeneous means 
each term of same degree.) 


Example. Factorise the following: 

(i) bc(b - c) 4- ca(c - a) + ab{a - b); 

(ii) x 3 (y 2 - z 2 ) + y\z 2 - x 2 ) + z 3 (x a - y')\ 

(iii) a(b 3 - c 3 ) + b(c 3 - a 3 ) + c(a 3 - b 3 ). 

(i) It can be readily shown that the given expression is of third degree 

and is symmetrical in a, b, c. 

Let fid) = bc(b - c) + ca(c - a) 4- ab(a - b). 

f{b) - bc(b - c) + cb(c - b) + b 2 x 0 
= 0 

therefore (a - b) is a factor of /(a), and hence it follows that (c - a) and 
(b - c) are factors off (a). Hence, there can only be a constant factor in 
addition to these factors. 

Let bc(b -c) + ca(c - a) + ab(a - b) = k(b - c)(c - a)(a - b), where 
Ar is a constant. 

Equating coefficients of a*b in this identity 

1 ■= — k k “ -1. 

/(a) = -(b - c)(c - a)(a - b). 

(ii) The given expression is a fifth-degree symmetrical expression in 
x, y, and z. 

Let fix) = x 3 (y 2 - z 2 ) + y s (z 2 - x 2 ) + z\x 2 - y 2 ) 

fiy) = y'iy 2 - z 2 ) + y 3 iz 2 - y s ) + z 3 x 0 
- 0 . 

Hence, by the factor theorem, (x - y) is a factor of fix), therefore 
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(y - z) and (z - a) are also factors of/(*), and the remaining factor will 
be ki(x 2 + v 2 + z 2 ) + kiiyz + zx 4- xy), where k x and k t are constants. 

Thus, x 3 (y 2 - z 2 ) 4 y 3 (z 2 - x 2 ) 4 z 3 (x 2 - y 2 ) 

= (y - z)(z - *)(* - y)[k t (x 2 + y 2 4 z 2 ) 4 kfyz 4 zx 4 xy)]. 

Equating coefficients of x 3 y 3 and x*y in this identity 

1 = k i — k * 

0 = -k 1 

.*. k t = 0 and k s = — I. 

Hence, /(x) = - (y - z)(z - *)(* - y)(yz + zx + xy). 

(iii) This can be seen to be a symmetrical expression of the fourth 
degree in a, b , c. 

Let /(a) = a(b 3 - c 3 ) + b(c 3 - a 3 ) + c(a 3 - b 3 ) 

f(b) = b(b 3 - c 3 ) + b{c 3 - b 3 ) + c(b 3 - 6 s ) 


= 0 . 


Thus, by the factor theorem, (a - b) is a factor of /(a), and it follows 
that ( b - c) and (c - a) are also factors of f(a) and the remaining factor 
which must be linear in a, b, c will be k(a b + c), where A: is a constant. 
Therefore a(b 3 - c 3 ) + b(c 3 — a 3 ) 4- c(o 3 — b 3 ) 

= k(b — c)(c — a)(a — b){a + b + c). 

Equating coefficients of a 3 b in this identity 

_ 1 — — fc k == 1 

/(a) = (6 - c)(c - a)(q - b)(a -r b + c). 

Theorem. To prove that (a-\rb-\-c) is a factor of a 3 4^ 3 4 c 3 —3 abc t 
ami to find the other factor. 

Let f(a) = a 3 4 b 3 4 c 3 — 3 abc 
/./( - [b 4 c]) = (- b - c) 3 4 b 3 4 c 3 - 3( - b - c)bc 

= - b 3 - 3 b-c - 3 be 2 - c 3 4 b 3 4 c 3 

4- 3 b 2 c + 3 be 2 = 0 

therefore (a b 4 c) is a factor of f(a). 

By division, the other factor is found to be 

a 2 + b 2 4 c 2 — be — ca — ab. 

The result 

a 3 4- b 3 4- c 3 — 3 abc = (a 4 b c)(a 2 4 b 2 4 c 2 — be — ca — ab) 

is well worth memorising. 

Partial Fractions. When a given fraction f(x) /?(x), where f(x) and 
9 (a) are rational, integral, algebraical functions of x (polynomials), 
is expressed as the sum of two or more simpler fractions according to 
certain definite rules , it is said to be expressed in (or resolved into) 
partial fractions. 

2.1 7 4 * 


3 - a 2 4 a 
7 4a 

(3 - A) (2 4 X ) 


(3 a) (2 4 a)* 
2 1 


3 - A 


4 


2 4*’ 


Thus, 
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and 2/(3 — x) + 1 /(2 -f x) are the partial fractions in this special 
case corresponding to the complex fraction (7 -f *)/(3 — *) (2 + x ), 
as they will be found to fit in with the rules laid down. 

The method of procedure in the case of the general fraction 
/(*)/<p(*) is as follows, where the degree of f{x) is less than the 
degree of <p(x). 

(i) The given fraction will be equated identically to the sum of 
simpler fractions involving constants A, B, C, etc. (whose values have 
to be determined later) according to the following rules. 

(a) To every linear factor (a x x 4- b x ) of «p(x) there will be a corre¬ 
sponding partial fraction Al{a r x 4- b x ). 

(b) To every repeated factor (a 2 x + b 2 ) 2 of <p(x) there will be two 
corresponding partial fractions B/(a z x + b a) 4- C/(a 2 x 4- b 2 ) 2 . 

(c) To every factor of the form {a 2 x 4- b 2 ) 3 of <p(x) there will be three 
corresponding partial fractions 

Z)/(a 8 x 4- 63 ) 4- E/(a s x 4- b 9 ) 3 4- E/(a a x 4- b z ) 3 . 


and so on. 


Note. It will be assumed that the problems that are encountered will 
only involve linear factors of <{<(x), i.e. all the factors of «p(x) will be linear 
in x. Also it will be taken that the degree of/(x) in x is always lower than 
that of <p(x). 

(ii) To determine the constants A, B, C, etc., the whole identity 
written down is multiplied throughout by cp(.x) giving rise to a second 
identity, from which the values of the constants are obtained by 
giving values to x that make each linear factor of 9 (x) vanish (this 
simplifies the working), and by equating coefficients of like terms if 
all the required constants have not then been determined. 


Example (l.u.). Find the partial fractions equal to 

(3x a - 7 )l(x* 4- 2x a — 8x). 

Now x 8 + 2x 2 - 8x = x (x* + 2x - 8) = x (x - 2)(x + 4). 
3x^-7 A B C 


Let 


+ 


4- 


x(x - 2)(x + 4) x x + 4 x - 2 

therefore, multiplying through by x(x - 2) (x 4- 4) 

3x s - 7 = A(x - 2)(x + 4) 4- Bx(x - 2) + Cx(x + 4). 

Since this is an identity it is true for all values of x. 

Using the values of x that make each linear factor of the denominator 
vanish, 

-7 = -8A A — 7/8. 

41 = 24Z? .'. B = 41 /24. 

5 - 12C .'. C — 5/12. 


Hence, 


x «= 
x = 
x * 

3x* - 7 


0 

-4 

2 


x* + 2 x* - 8 x 




41 


+ 7. 


24(x + 4) 12(x - 2)" 
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Example. Express in partial fractions 

9 4 4- 3x + 2x* 

(1) (x - l)(.r + 2)=' W (1 - 2x)(l - X s ) ■ 

9 A _u C 

(l) Let (x - l)(x + 2) J x - l + x + 2 (,x + 2)*’ 

therefore multiplying through by (a- - 1)(a 4- 2) 2 , 

9 = A(x + 2) 2 4- - 1)(at 4- 2) 4- C(.x - 1). 

In this identity, using: 

x = l 9=9 A A = 1 

x = — 2 9 = — 3C C = - 3 

.v = 0 9 - 4.1 — 2B — C = 4 - 25 + 3 

2B = -2, i.e. Z? = -1. 

9 1 1 3 

HenCC ’ {x - 1)(JC + 2)® = * - 1 *4-2 (* 4- 2) a ‘ 

(ii) (1 - * 2 ) = (1 - *)(1 4- x). 

4 4- 3.x 4- 2.x 2 = A__ g + £ 

LCI (1 - 2.x)(l - *)(1 4- *) 1 - 2^c 1 - x 1 + -x ’ 

therefore 4 4- 3.v 4- 2 a: 2 

= A( 1 - x)(l 4- x) 4- Z?(l - 2x)(l 4- x) 4- C(1 - x) (1 - 2x) 

(multiplying through by (1 - 2a)(1 - *)(1 4- x)). 

In this identity, using the values. 


x = \ 4 4-2 4- V = 

f A, .*. 


= 

6, .*. A 

= 8. 

x = 1 9 = 

- 2B t .*. 

B 

= 

-9/2. 


A- = -1 3 = 

6C, 

C 

= 

h 


4 4- 3a 4- 2.x 2 
• — 

8 


9 

4- 

1 

" (1 - 2.x)( 1 — A- 2 ) 

1 - 2.x 

2(1 

— 

A) 2(1 

4- *)' 


The following are examples on the use of identities in factor questions. 

Example (l.u.). (i) If x 2 4- ax 4- b and .v 2 4 - cx - b have a common 
linear factor and b is not zero, prove that 4b = a 2 - c 3 , and the factor is 

a 4- 4- c). 

(ii) Determine the conditions that 

a 3 4- px 2 4- qx -f- r and a 3 4- rx 2 4- qx 4- p 
may have a common factor of the second degree. 

(i) Let (.v - a) be the common factor. (Coefficient of x 2 is unity in 


each case.) 

Then by the factor theorem 

a 2 + fl a 4- b = 0. (1) 

a 2 4- ca - /> = 0. (2) 

3t(<7 — c) -r 2b =0, 

.'.a — - 2 bj\a — c ). (3) 

2* 2 4- *(« 4-0=0, 

.'. a[2a 4- (</ -1- O] = 0 

* = - i(« 4- c). (4) 


(since a + 0.) 


(1) - (2) gives 
(1) 4- (2) gives 
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From (3) and (4) 

-2bHa - c) - -{a + c)/2, 

i.e. 4b = (a + c)(a - c) = a 2 - c 2 . 

Using the result (4), x — a = x + \(a + c). 

Hence the common factor is x + \{a + c). 

(ii) Let (x - a) and (x - p) be the remaining linear factors of 
(x* + px 2 + qx + r) and (x 3 + rx 2 + qx + p) 

respectively. 

Since they have a common quadratic factor 

x 3 + px 2 + qx + r = x 3 + rx 2 + qx + p 

X - a X - P 

(x - P)(X S + px 2 + qx + r) = (x - a)(x 3 + rx 2 + qx + p). 

In this identity, equating coefficients of powers of x, which can be done 


by multiplying out mentally, 

x* -p+p=-* + r . 

x* q - />p = q - w, i.e./»P = «r. 

. /iQ n n n ........ 

.0), 

.(2), 

.(3), 

A 

unity 

(2) -r (4) gives 

f 7 r r . 

.(4). 

r P . 

£-=>—, i.e. p 2 = r 2 
r p 

.(5) 

•• P ~ ' \. 

since p => + r gives identical expressions. 

Using (5) in (4), P = . . 

.(6). 


Using (5) and (6) in (1), 2a = 2r <* = /■ = - P = -p 
therefore from (3), r + qr = -r - rq, 

i.e. r + rq =0, i.e. r(l + q) = 0 
r = 0 or q = - L 

Clearly r 4= 0 q = - 1. 

Hence required conditions are p = -r and q = - 1. 

Note on the factorisation of homogeneous quadratic functions in x, 

y > and Z. 

Consider the homogeneous quadratic function 

ax 2 + by 2 + cz 2 + 2fyz + 2gzx + 2hxy 
(each term is of the second degree in x, y, z and the expression is there I ore 
homogeneous), which it is required to factorise where possible. (In 
certain cases z is taken as unity.) 

The given expression is first considered with respect to the terms 
containing only x and y, viz. the portion ax 1 + 2hxy + by-, and this is 
factorised in the usual way into («iX + biy)(a t x + b,y) where possible. 

The factors of the given expression (if it can be factorised) will therefore 
be ( fll x + 6,y + c x z) and (a t x + b,y + c t z), where c t and c. will be 
determined by means of the properties of identities; i.e. equate the given 
expression identically to (a x x + b x y + c x z){a t x + b t y + c t z), where t e 
fl’s and b’& are known, and equate coefficients of yz and zx to lind c x and i 

Examplb (l.u.). Factorise (i) 2x 2 - y x + 2z 2 + xy + 4zx + yz; 

(ii) 2x a - 2y 2 + 3xy - x + 8y - 6. 


E 
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(i) The portion not containing z is lx 2 4- xy — y* = (2x - y)(x + y). 
Hence, the factors of the original expression will be ( 2x — y + c x z ) and 
(x + y + c,z). Therefore 

2x 2 - y 2 + 2z 2 + xy + 4zx + yz = (2x - y + c x z)(x 4- y + c t z). 


Equating coefficients in this identity, 

z 2 c,c, = 2.(1), 

zx 2c, 4- Cl = 4.(2), 

yz Ci - c, = 1.(3) 


From (2) and (3), c, = 1 and c, = 2, which check in (1). 

Therefore expression = (2.v - y + 2z) (x + y + z). 

(ii) Factorising the second-degree portion in x and y 

2x 2 4- 3 xy - 2 y 2 = (2x - y)(x 4- 2y). 

:. 2x 2 - 2y s 4- 3 xy - x + 8y - 6 = (2 x - y + c x )(x 4- 2y 4- cj. 


where c, and c a are constants. 

Equating coefficients in this identity, 

A' 2c, 4- Ci — - 1.(1), 

y -c, 4- 2c, = 8.(2), 

unity c,c, = -6.(3) 

From (I) and (2), c, = 3, c, = - 2, which satisfy equation (3). 
Therefore expression = (2x — y 4- 3)(x + 2 y — 2). 


Continued Proportion. If a/b = c/d = e/f = . . ., then the quan¬ 
tities a, b, c, ci, e, f . . . are said to be in continued proportion. 

Theorem. If a /b = c /d = e /f = . . ., to prove that 
l a + me + ne 4- , . . _ a _ c _ e _ 

lb md + nf -h . . . b d f ~ 
w here l, m, //,... are any quantities. 

Let each of the fractions a lb , c/d, elf, etc., be equal to k. 

Then a = bk, c = dk, e = fk , . . . 

Using these results, 

la -f me 4- ne ... Ibk 4- mdk 4- nfk . 

lb q- md -h nf ■- ... lb 4- mrf nf -\- . . . 

_ A(/6 4- rndfrff 4- . . .) 

/£ q- md q- n/q-... 

= k — a — c — e — 

b d f 

Example (l.u.). 


0) If y - 


(ii) If 


prove that 

^y + \, 


1 


v (px + q) + ^(px - q) , 

V&T+ q) —V(px - qy P rOVe t^at y q- - 
* -EJ ~ Z = * ~ y + z _ -x+y + z 
P q r 


2px 


(x 4 y + z)* 
8xy ' 


(p + q + r) 


- _ Jg __ * _ 

(q + r )( r q- p)(p + q)' 

Y /( /> v 4; q) + V(px - (/) \/(p* q- ?) - VO** - q) 

Vipx + q) - V(px - q) V(pjc q- q- V(/>* - q) 
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= W (px + q) + \/(px - q)f + W(px + q) - V(px - q ) ]* 

Wpx + q) - V(px ~ q)] IV(px + q) + V(px - q)] 

(px + q) + 2 y/[(px + q)(px - q)) + (px - q) 

_ + (px + q) - 2-y /[(px + q)(px - q)] + (px - q ) 

(px + q) - (px - q) 

_ 4 px _ 2px 

= 2q H 

(ii) Let a = x + y - z, b = x - y + z, c=-x+y + z, 

• — = and a + b + c = x + y 4- z. 

'* p q r 

By the previous theorem each fraction 

al + bm + cn 
~ pi + qm + rn * 

where /, m, n are any numbers. 

(a) Choose / = m = n = 1, then each fraction 

_ a + b + c = x + y + z 

~ p + q + r p + Q + r 

(b) Choose / - m = 1, n = 0, then each fraction 

a + b _ 2x 
= n + q p + q 

2 y 

Similarly if / - n - 1, m = 0, each fraction - 

2z 

and if m = n <= \, / = 0, each fraction - 

From the results in (a) and (b) each fraction cubed 

(x+y + z)' _ 2x_ _2y_ * JL- __ *V Z — _ 

“ (p + q +r ) 3 /> + q r + p q + r (p + q) (r + p) (q + r) 

(x + y + zY = _( /> + 9 + r ) 8 

8xyz (? + r)(r + p)(p + q )’ 

Graphical Work. Under this heading it is only intended to give a 
brief summary on graphs as the main bulk of the work will have been 

done previously. . . . . . 

In drawing a graph of the single equation y =/(*), it is essential 

that the following rules be observed. 

(i) After ascertaining the range of values of x, the corresponding 
values of y are calculated in tabular form on the ordinary sheet of 
paper, and these should generally be correct to two decimal places. 

(ii) The axes X'OX, Y'OY are now placed on the graph paper so as 
to use up as much of the graph paper as possible, their positions 

being determined by the ranges of values of x and y. 

(iii) All the points on the graph paper corresponding to the x 
(abscissa) and y (ordinate) values in the calculated table will be 

® t C C- 
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shown by either a dot in a small circle, or by a small cross. 

(iv) Only multiples of 1, 2, 4, 5 small squares of the graph paper 
(which lend themselves to use with decimals) should be used per unit 
for the scale for either axis, and the scales need not necessarily be the 
same for the two axes. 

(v) The curve itself should first be draw'n very faintly, so as to 
obtain some idea of its general shape, and then a heavier line will be 
used and unessential points erased. 

There should be a sufficiency of points, to act as guides for a 
smooth accurate curve; otherwise, it will be necessary to calculate 
and use one or two more intermediate points. 

(vi) The point of intersection of the two axes need not be the 
point where x = 0 and y = 0. The point is so chosen that as little 
as possible of the graph paper is wasted. 

(vii) A line parallel to the long side of the graph paper can be used 
for the x-axis, if this be more suitable than the short side. 

Note. When points are required from the graph that lie between the 
calculated values, the process is known as interpolation. When, in order 
to find the required point, the graph has to be extended the process is 
known as extrapolation. 

Intersection of Curves and Solution of Equations. To find graphically 
the approximate solutions of the equation fix) = 0, the curve 
y = j\x) is drawn and the points where the curve cuts the x-axis 
(i.e. at y = 0) will give the required solutions. 

For the solution of/(x) = a, where a is a constant, the x-values 
where the curve cuts the line y = a (i.e. a line parallel to OX at a 
distance a units from it) will give the required solutions. 

In certain cases it is necessary to adopt the two-graph method of 
finding the solutions of a given equation, this being particularly the 
case when the equation fix') = 0 can be expressed in the form 
J iW ~ ff x )y where J\(x) is an algebraical function, and / 2 (x) is a 
non-algebraical ( transcendental ) function. 

In this case, and also when the curves given by ffx) andy 2 (x) are 
well known, the curves >’=/ 1 (x) and y =/ 2 (x) are drawn on the 
same sheet ot graph paper using the same axes and the same scales 
of representation for both graphs. 

1 he tables lor both graphs must be formed first, and the positions 
of the axes and the scales of representation will be dependent upon 
the joint tables. It is advisable to use a dot with a small circle round 
for points on one curve, and the small diagonal cross for points on 
the other curve. 

At any point of intersection of the two curves the two values of y 
will be the same, and therefore at these points ffx) = / 2 (x), i.e. the 
approximate solutions are the values of x at the points of intersection 
of the two curves. 
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Rough Graphs of Standard Curves. It is advisable to have some 
idea of the shape of the curve represented by the following equations. 

(i) A linear equation (first degree in x and y of the form 
ax + by + c = 0, where a and b are constants) represents a straight 
line, and hence there is only need to calculate two values of y corre¬ 
sponding to values of x to draw the line with a ruler, but a third point 
should be calculated as a checking point. 

(ii) The general equation^ = ax 2 + bx + c represents a parabola, 
for all cases of which a rough diagram is shown. 




(iii) The equation y = ax 3 + bx 2 + cx + d represents a cubic 
curve , rough graphs being given below for the various cases. 
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Note Certain types of points known as maximum and minimum 
points and points ofinflexion are pointed out in the diagrams and will be 
dealt with more fully in a later chapter. 

(iv) The equation y = a lx , or xy = a constant, represents the 
curve known as a rectangular hyperbola. It is to be noted that, if a 
be positive and x small and positive, then y is large and positive, 
when a is positive and x small and negative, then y is large and 
negative; with opposite results if a be negative. . _ .. 

The equation can also be written x = a/y, and as above it follows 
that, if a is positive and y is small and positive, x is large and positive, 
wnilst, if a is positive and y is small and negative, x is large and 


negative, and so on. 

The lines x = 0 and y = 0 which the curve gradually approaches 
but never meets are known as the asymptotes to the curve, and are 
shown by the axes of x and y in the following rough graphs ol the 

hyperbola. 



The rectangular hyperbola is so named because its asymptotes are 
at right angles. 

Experimental Data for Curves. It is to be understood that^experi- 
mentul results arc liable to human error. Hence, there is always the 
possibility that the corresponding points plotted on the graph paper 
will not be strictly accurate Thus, the curve drawn should be 
traced so that the points due to the experimental results are for the 
most part placed on cither side of a smooth curve, if they are to 
follow some mathematical law, so that the errors on either side 
cancel out. 

Normally the variables are chosen as a function of the given 
variable so that die graph itself is a straight line, and, by observing 
the slope m o r this line and its intercept c on the y-axis, the law of the 
experiment can be written y = mx + c (see co-ordinate geometry), 
where x and y are the variables used. 

For instance, if it be suspected that the x and y values given satisfy 
the law y = ax 2 r, it would be advisable to plot the values of y 
against those of a new variable .V = x 2 , and if a straight line graph 
be obtained, it would then be known that x and y satisfied the law 
v= ax 2 -F c and a and c would be given by the slope and intercept 



GRAPHS 


55 


on the 7 -axis respectively of the straight line drawn between the 
points. 

Similarly if it were thought that x and y satisfied the law 
V = b x a*, then, taking logarithms to the base 10, 

log v = x log a + log b. 

Thus, if Y = log y be plotted against x, and the graph between the 
points be a straight line, then it can be assumed that the suspected 
law holds true, and the slope of the line = log a , and the intercept on 
the y-axis is log b, from which results the values of a and b can be 
derived. 

Example (l.u.). Draw the graph of y = (x - 2)/(x - 3) for values of x 
between -2 and +4. 

Draw also with the same axes and on the same scale the graph of 
4y = x 2 . 

From your graphs show that the equation x 3 - 3x 2 - 4x + 8 => 0 
has three roots and read off their approximate values. 


X 

-2 

-1 

0 

1 

2 

3 

4 

Slightly 
> 3 

Slightly 
< 3 

y _ frrJ) 

y (X - 3) 

0-8 

0-75 

0 67 

0 5 

I 

0 

± CO 

2 

+ CO | 

- co 

y = i* 2 

1 

0-25 

0 

0-25 

1 

2-25 

4 

_J 




In the case of the curve y = (x - 2)/(x - 3) the following inter¬ 
mediate points are required: x = 2£, y = - 1, x = 2J, y = - 3, 
x “ H. y =* 5, x = 3£, y ~ 3. 

The graph is shown on next page. 

The equation x 3 - 3x a - 4x + 8 = 0 can be written 

x 3 _ 3x * = 4(x - 2) 
i.e. x a (x - 3) - 4(x - 2) 



Hence the solutions of this equation are given by the points of inter¬ 
section of the two graphs, which are three in number and are (from the 
graph) approximately - 1-75, 1-25, 3-5. 

Examplb (l.u.). Taking <? ■= 2-718, draw the graph of log, (x + 3) 
between x = - 2-5 and x ■= 3. 

With the same axes and scales draw the graph of 5y = x 3 # , and use these 
graphs to solve approximately the equation (x + 3) 6 = e x , 

Note. It is advisable (to save time) to use the Napierian log tables 
(logarithms to the base e). 
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X 

-2-5 

-2 

-1-5 

- 1 

-0-5 ! 

0 

y = log*(x + 3) 

-0-69 

0 

041 | 

069 

0-92 

1-10 

V = i* 3 

-3125 

-1-6 

-0-675 

-0-2 

-0-025 

0 


X 

0-5 1 

1 

1-5 

2 

2-5 

3 

y =log*(x + 3) 

1-25 

1 39 

1-50 

1 61 

1-70 

1-79 

y = i * 9 

0025 

0-2 

0-675 

1-6 

3-125 

5-4 


The graphs are shown opposite. 

Where the curves intersect the values of y for the two curves are equal. 
.*. log* (x + 3) = jx 3 at the points of intersection 

i.e. 5 log* (x + 3) = x 3 
i.e. log* (x + 3) 6 = x s 

.'. (x + 3) 6 = e * 3 .0) 

at the points of intersection of the two graphs. 

From the graph an approximation to the root of the equation is x =• 2. 

Example (l.u.). Plot the points given in the annexed table of values: 


X 

2 

4-9 

7 

10-1 

16 

18 

20 

y 

2-1 

2-21 

2-32 

2-45 

2-62 

2-72 

2-8 


Draw the straight line lying most evenly among the points, and find its 
equation. 

What would probably be the value of y when x = 21-5 and when x = 07 
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The graph is shown above and if the equation of the line be 
y = mx + c , it can be seen from the graph that c (intercept on y-axis) is 

2 02 and the slope m is 
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2-65 - 2-49 


16 - 
0 16 


12 


(best to take whole number base) 


= 0 04 


therefore equation of line is y ™ 0 04a 4- 2-02. 

When x “ 21*5 probable value of y = 0 04 x 21*5 4- 2 02 
When x ■= 0 probable value of y is 2 02. 


2 - 88 . 


EXAMPLES III 


1. (i) Prove that the remainder when a polynomial /(a) is divided by 
(a - «) is/(<?). (ii) Prove the identity 

(a 4- .v ) 5 - x s - y h = 5xy(x 4- y ) (a 3 + xy + y 1 ). 

2. Explain the difference between a conditional equation and an identity, 
and prove that, if ax 3 + bx + c and a x a 2 4- b t x 4- c l are equal for more than 
two values of x, the coefficients of like powers of x are equal. 

Assuming the numbers A, B, C, D can be found so that 

l 2 4- 2 2 4- 3 2 + ... + n 2 = A + Bn + Cn 1 + £>/i 3 


for all values of n, find the values of these numbers. 

3. If / a + m 2 4- « 2 = <x 3 4- P a 4- y 2 = 1. /« 4- /Mp 4- ny = .v, prove that 
(/p - m*y- 4- (/my - «P) a 4- («« - /y) 3 4- a 3 = 1. 

Hence, or otherwise, prove that if a = ±1, then //a = m/p = n/y. 

4. Find the H.C.F. and L.C.M. of the expressions a 3 -1- 5a 2 4- 8a 4- 4, 
a 2 - a - 6, and a 3 4- 4a 3 - 1 - a - 6 . 

c , * o- x + ay + a s z , a 4- by 4 - b~z x + cy + c a z 

5. (i) Simplify ^—-- 4- r,--r 4- 


(« - b) (a - c) ' (b - c) (b - a) ' (c - a) (c - by 

(ii) Find the factors of 2a 2 — 2> ,a — 3c 2 4- 5 yz 4- 5zx — 3a_>\ 

* 0 . a 2 - 8a 4- 12 2a 3 4- 5a 4- 2 

6. Simplify —,-—-- — a — ;-7-, 

3a 3 - 17a - 6 6a 3 4- a - 1 


and find its value when 3 a = \/2 - 1. 

7. Show that x 4- y 4- z is a factor of a 3 4- y 3 4- - 3a>’Z and find the 

other factor. 

Eliminate a, v, z from the equations a -f y 4- Z = a, x* 4- y* + Z* = b 2 , 
a 3 -| y 3 4 - z 3 = c 3 , A yz = d 3 . 

8. If /(a), a polynomial in a, be divided by (ox 4- b), prove that the 
remainder is /( - b/a). 

Find the polynomial in a of the third degree that vanishes when x = 1 and 
x — -2, has the value -6 when x = 0, and leaves the remainder - 100/27 
when divided by 3.v 4 - 2. 

9. State the Remainder Theorem and use it to prove that (a 4- y 4- z ) is a 
factor of (a 3 4- v 3 4- c 3 - 3aj»z), and obtain the other factor. 

If a 4- y 4- z — 4, a 3 4- y 2 4 - z 2 = 10, a 3 4- y 3 4- z 3 = 16, find the 
value of a yz. 

10. Substitute (jjy 4- < 7 ) /O' 4- 1) for a in the function 

5 (2a 4- 1)/(3a s - 2a -f 17) 

and find the values that p and <7 must have in order that the resulting fraction 
may be of the form (Ay- 4 - B)/(Cy 3 4 - D), where A, B, C, D are numbers 
whose values are to be found. 
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11. Find the highest common factor and, in factors, the least common 
multiple of the following expressions: 

a 2 + ab - 6 b 2 ; (o + 6) 3 - 46 2 (3a + lb) ; a{a + 46) (a - 36) + 6 2 (7a + 36). 

3x 2 - 5 A B C 


12. (i) If 


(jc + 2) 3 x + 2 + (x + 2) 2 + (x + 2) 3 ’ 


where A, B, C are constants, find A, B, C. 

(ii) Show that x 2 + 6x - 10 can be expressed in the form 

(x - a) (x - p) + 2(x - a) + 3x 
in two different ways and find the values of a and (3 in each case. 

13. If the fractions PilQi, Psl<h, P*lQi> • • • are equal to one another, 
prove that each fraction is equal to the fraction 

oPi + bp t + cp 3 + • • • 
a< 7 i + bq% + cq 9 + . • •' 

lf x = _ y _ = z 

llx - 6y + 2z -6x+ 10 y -4 z 2x - Ay + 6 z 

and if x + 2y + 2z be not equal to zero, prove that each fraction is equal to $. 
Hence, or otherwise, find the ratio x : y : z. 

14. If : 6 , = a t : b, = a, : 6 „ prove that each fraction is equal to 
Cpfli + qa t + raJlipbt + qb t + rb 3 ), where p, q , r are any quantities. 

If (ny + mz) la = (lz + nx) lb = (mx + ly) lc, prove that 

x _ y _ £ 

/(- al + bm + cn) m(al - bm + cn) n(al + bin - cn )• 

15. Prove that there are two values of X for which the expression 

x 2 - 2y 2 - 3 z 2 + Xyz + 2 zx + xy 

may be expressed as the product of two linear factors and find the factors in 
each case. 

16. If f(x) = a,,*" + o,x n_l + ... + a n , prove that /(c) is the remainder 
when f(x) is divided by x - c. 

Factorise the expression ( 6 c + ca + a 6) 3 - 6 3 c 3 - c 3 a 3 - a b . 

17. If ax + by + cz = 0, and o 2 x + b 2 y + c 2 z = 0, find the ratio x : y : z. 

x y z 

Hence, show that, if ab + be + ca «= 0, — + y + “ = °* 


18. If the expression (x - a) 2 + (y - 6) 2 + (^ 2 + b z - \)(x + y - 1) 
be denoted by £, prove that E is the sum of two squares of which (bx ay) 
is one. 

If a and b are real quantities, find real values of x and y for which L =— 0. 

19. If/(x) = aox" + ajx^ 1 + ... + a„, where a ? , a t - - a n are rational, 

prove that if x - yjp be a factor of fix), x + VP *s also a factor, vp being 
a surd. 

Find an equation with rational coefficients which is satisfied by 

x = 1 + V2 + V3. 

State the other roots of the equation obtained. 

20. If fix) = a 0 x» + a,x"-» + ... + «», prove that if fix) be divided by 
(x - k), the remainder is fik). 

If (x - A)* be a factor of x 3 + 3 px + q. prove that Ap 3 + q = 0, and 
find the remaining factor. 

21. Find a pair of factors of the expression x* - 12x 8 + 4 each of which 
is of the form x 2 + ax + 6, where a is rational and not zero. Hence or 
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otherwise, solve the equation x 4 - 12x 2 4 4 = 0. (Any square roots involved 
in the answers need not be evaluated.) 

22. Find the three constants A, B, C such that 

2x 4 1 _ A B _ C 

(x 4 l) 2 (2x - 5) “ (x 4 l) a + (x 4 1) (2x - 5/ 

23. (i) Prove that 

b - c) 3 4 (c - a) 3 4 (a - b) 3 

— -3[(fc 4 c)~ib - c) 4 (c 4 a)\c - a) + (a 4 b)\a - b)). 

(ii) Find the factors of ( b + c) 3 (b — c) + (c + a) 3 (c — a) 4 (a 4 b) 3 (a — b). 

24. If (rnz 4 ny) {a = (nx 4 /z) lb = (/>- 4 mx)/c, show that x : : z 

= /(/>/« 4 c/i - a/) : m(cn + al - bm) : n(al 4- - c«)- 

If / = «, m = b, n = c, and a, b, c are the sides of a triangle ABC, show 
that x : y : z = cos A : cos B : cos C. 

25. Prove that if /(x) denotes a polynomial in x, the remainder obtained 
when f(x) is divided by (x - k) is f{k). 

When fix) = ax 3 + bx + c is divided by (x - 2), (x + 1), (x 4- 3) 
the remainders are 1, 2, and -4 respectively. Find the numerical values of 
a, b, c and determine the values of x for which fix) = 0. 

26. Find what values p must have in order that (x - p) may be a factor of 
4x 3 - (3 p + 2)x 2 - ip 2 - I)x 4- 3. 

Write down the remaining factor of the expression corresponding to each 
value of p. 

27. Prove that (x 4- y 4- z) is a factor of x 3 4- y 3 4- z 3 - 3x.vz, and show 
that the other factor can be expressed as half the sum of the squares of the 
differences of x, y, z. 

If x = kib 4 c - o), y = A(c + a — b), z — kia 4 - b — c), prove that 
x 3 4 y 3 4 z 3 - 3xyz = 4A 3 (a 3 4 b 3 4 c 3 - 3 abc). 

28. If A — by 4 viz, B = cz 4 a/x, C — ax 4 £/>’, verify that 

ABC - ax A - b$B - cyC — abexyz 4 a^y/xyz. 

Solve the equations .v 4 2/j= 15/2, z 4 2/x = 4/3, x 4 2 /y = 10/3. 

29. Draw the graph of y = log* x for values of x between 0 and 8, taking one 

inch as the unit for botli x and v. Also, with the same axes and unit of length, 

draw the graph of y = x 2 — 3.\\ 

Hence, find the approximate solutions of the equation 2*’ -3x = x. 

30. On the same axes, and with the same scales, draw graphs of 

(i) = log l0 x; (ii) y = x 2 - 4x 4 3, 

and hence find solutions of the equation 10*’“■*■*+ * = x, explaining your 
method. 

Give reasons, based on your graphs, why you would expect the equation 
10 '* ">(«-*>) = x always to have two real roots if cither a or b is greater than 
unity. 

31. Draw the graph of v = x 3 4 x 2 for values of x from -3-5 to 4 3. 
Take 1 inch as unit tor x and 0 1 inch as unit for .y. On the same axes draw 
the graph of y 4 6 = A(2x 4 1) for several different values of A. 

Explain a method of solving graphically the equation x 3 4 x 2 - 2 kx = k - 6 
for any given value of A. Find for what value of A the equation has one root 
equal to 2, and, for this value of A, find the other two roots. 

32. With the same axes and to the same scales draw the graphs of y = log, 0 x, 
y = logjo 10x, and y = log l0 (x 4 1) for values of x between 0 and 10. 

By using your graphs, solve the equation 1 4 log 10 x = log 10 (x 4 1). 
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33. (i) If 2* = 3 y = 12*, prove that xy = z(x + 2>■)• (ii) Variables x and y 
are related by a law of the form y = kx n . Approximate values of y for various 
values of x are given by the table: 

x 3 4J 5* 8 10 11 12 

y 22 26 30 36 40 42 44 

From the graph of log y against log x, deduce the values of the constants 
k and n. 

34. (i) Show that the equation kx( 1 - x) = 1 has no real roots if 0 < k < 4. 
(ii) Draw the graph of y = 1 /x(l - x) for values of x between -3 and +4. 

From your graph obtain approximate values of the roots of the equation 
(i) when k = - 1. 

35. Trace the curve y = 6/(x + 2). Find the co-ordinates of the points in 
which it is met by the straight line v = rn(x + 2), and show that the line 
joining these points is bisected by the axis of x. 

36. Trace the curve y = x - 4/x between x = 1 and x = 4. Find the 
equation of the line joining the end points of this part of the curve, and the 
point where this line crosses the axis of x. 

37. Find the range of values of k for which the equation 

k(2x - 5) = x* - 3x + 2 

has real roots. 

Illustrate your result by drawing the graphs of y = x a - 3x + 2, and of 
y = k(2x - 5). 

Determine the range of values of x for which 4x - 10 is greater than 
x* - 3x + 2. 

38. Prove that the points of intersection of the circle (x - l) 2 + y 2 = 9 
and the curve y = £x 2 arc roots of the equation x* + 4x 2 - 8x - 32 = 0. 

Show from a sketch that the positive root lies between 2 and 3, and find a 
more exact value from a large-scale graph between the values of x. 

39. Draw in the same figure the graphs of [8(2x - 1) (x - 1)) and Iog 10 x 
from x = 0-2 to x = 1-2, using the same axes and scales. 

State from your figure the number of real roots of the equation 

8 (2x - U (x - 1) = log,,, x. 

Show that one root lies between 0-5 and 0-6 and by inspection of your tables, 
or otherwise, determine the value of this root correct to two decimal places. 

40. By plotting the curves y = 10 - x 2 and y <= 1/x from x = -4 to 

x = 4, find approximate values of the roots of the equation x 3 - lOx +1=0. 

Find the smaller of the positive roots more accurately by plotting the curves 
again from x = 0 to x = I, using a conveniently larger scale along the axis 
of x. 

41. With the same origin and axes, draw the graphs of the functions 
(2 + x)/l + x) and Jx 2 for positive values of x, and hence obtain the positive 
root of the equation x 3 + x 2 - 4x - 8 = 0. 

42. With the same axes draw the graphs of y = x(2x + 1) and y = 4/x* 
from x = - 2 to x = +2. Deduce that the equation 2x 4 + x 3 - 4 = 0 has 
two real roots and find them approximately. 

43. Draw the graph of y = 2x/(x + 1) for values of x from -4 to +4. 
Find the value of m for which the quadratic equation m(x + 1) = 2 x/(x + I) 

has equal roots, and verify this value from your graph. 

44. Sketch the curve y = x 3 - x - 1, and calculate, correct to two decimal 
places, the value of x for which y is zero. 
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45. Prove that the roots of the equation kx(x + 3) = (x + 1) (x — 2) 
are real if k is real. Sketch the curve represented by 

(* + 1) (x - 2) 
y x(x + 3) * 

46. If y = x Ja + b /x, where a: is a real variable and a, b are real constants, 
show that y cannot lie between ± \/(4 b /a) if ab > 0, but that y can take all 
real values if ab < 0. 

Sketch, in separate diagrams, the two curves y — Ja: + 2/at, y = ix — 2/x. 



CHAPTER IV 


Arithmetical, Geometrical, Harmonic Progressions, 

Present Values, etc. 


Arithmetical Progression. An arithmetical progression (A.P.) is a 
series of terms that increases by a constant amount which may be 
positive or negative. This constant amount is known as the common 
difference of the series and is usually denoted by d. 

The following series are all arithmetical progressions. 


1, 2, 3, 4, . . 

.6 3 7 O 

* 9 2 9 4 9 **9 • • 

6 , 3,0, -3, 

- 2 , - 1 *. - 





common 

difference 

— + 1 . 

n 

99 

= 

99 

99 

= -3. 

99 

99 

= +2- 


To ascertain if a given series be an A.P. it is necessary to subtract 
from each term (except the first) the preceding term. If the results in 
all cases be the same, the given series will be an A.P. whose common 
difference is this common result. 


Theorem. To find a formula for the nth term of an A.P., whose 
common difference is d and whose first term is a. 

First term = a = a ■+■ (1 — 1 )d. 

Second term = a + d = a + ( 2 — \)d. 

Third term = a + 2d = a + (3 — 1 )d. 

From these results it can be seen that the nth term is a + (n — 1 )d. 

The arithmetic mean (A.M.) between two quantities a and b is 
that quantity which, when inserted between a and b, forms with 
them three successive terms of an A.P. 

Theorem. To find the arithmetic mean (A.M.) between a and b. 

Let x be the required A.M. Then, a, x, b will be three successive 
terms of an A.P. The common difference of the A.P. is (x — a) and 
also b - x , 

:. x - a = b - x 
i.e. 2x = a + b 

a + b 


More generally, the n arithmetic means between a and b are the 
n quantities that, when inserted between a and b , form with them 
(fl + 2) successive terms of an A.P. 
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Theorem. To find the n arithmetic means between a and b. 

Let d be the common difference of the A.P. formed. Then b is 
the (n 4- 2)th term of the A.P. 

b = a + (n+ 1 )d, 

.*. d(n + 1 ) = b — 



ip - a) 
n 4- 1 * 


The required arithmetic means are a 4- d, a 4- 2 d t ...» a 4- nd, 
where d = (b — a) /(« 4-1)* 


Theorem. To find the sum S of n terms of an A.P. whose first term 
is a and whose common difference is d. 

The last term of the series will be a 4- (n — 1 )d t 

.'. S’ = a 4- (a 4~ d) 4~ (<* 4" 2 d~) 4~ • • • 4- [a 4~ in — T)d\ . . .(1). 

Reversing the series, 

5 = [a + (;i - 1 )d] + [« 4- (« - 2 )d] 

4~ [a 4“ (n — 3)</] 4~ . • . 4 -a... (2). 

( 1 ) 4 - ( 2 ) gives, 

2S = [2a 4 -in - 1 )d] 4- [2a 4- (n - \)d] 4-... 

4- [2a 4 - (n — l)d] to n terms 

= n[2a 4- (w — 1 )d]. 


6 ’ = 2 [ 2 a + („ - l)d\. 

Using / for the last term [a 4- ( n — 1 )</] the result can be written 

O _ njg 4- /) 

2 * 

The second result is more convenient than the first when the first and 
last terms are given. 

When a = 1 and d = 1 the sum of the series becomes 

1 4- 2 4- 3 4- ... 4- 

which is the sum of the first n natural numbers , and the value of the 
sum is n(ri 4- l)/2. 

When the sum S, the first term a , and the common difference d 
of an A.P. be given, and it is required to find the number of terms in 
the series, the formula 


S = ^[2 a + (n - 1 )d] 

is used giving rise to a quadratic in n from which two values of n 
can be found. 

In certain types of problems of this nature only one value of n is 
admissible (n cannot be negative or fractional). 
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Example. The sum of an A.P. is 20, the first term being 8 and the common 
difference - 2. Find the number of terms in the series. 

Let n be the number of terms. 

Using the formula 

5 = \n\2a + (n - \)d] 
with standard notation, in this case 

20 = in[ 16 - 2 (n - 1 )] = n (8 - n + 1 ) = 9 n - n\ 

.*. n* - 9n + 20 = 0, 
i.e. (n - 4)(n - 5) = 0, 

.*. n = 4 or 5. 

Example. Find the number of terms in an A.P. whose first term is 5, 
common difference 3, and sum 55. 

Let n be the required number of terms. 

55 = in[I0 + 3(n - 1)] 

(using S = $n[2a + (n - )d]) 

= in( 7 4- 3n). 

110 = 7n + 3n\ i.e. 3n 2 + In - 110 = 0, 

22 

(3 n + 22 )(n - 5) = 0 , n = - j or 5. 

But n must be a positive integer .*. n = 5. 

Example (l.u.). The sum of the first n terms of a series is 2 /i* - n. 
Find the nth term and show that the series is an A.P. 

Using n = 1 in the sum for n terms, it is seen that the first term 
- 2 - 1 - 1 . 

Using n = 2 , the sum of the first two terms = 8-2 = 6, therefore 
the second term is 5 . 

Using n = 3, the sum of the first three terms =18-3 = 15, therefore 
the third term =15-6 = 9 . 

Replacing n by (n - 1 ) the sum of the first (n - 1 ) terms is 
2(n - 1)* - (n - 1 ) = 2n l - 4n + 2 - n + 1 

= 2n 2 - 5n + 3. 

nth term = sum of first n terms - sum of first (n - 1 ) terms 
= 2n* - n - (2n 2 - 5 n + 3) 

= 2//* - n - 2n* + 5n - 3 = 4n - 3. 

The series is 1, 5, 9,... (4n - 3), which is an A.P. of common difference 

4. 

Note. When dealing with a problem involving three (five, or any odd 
number of terms) in A.P., it is advisable to use the middle term as a with 
^ 48 the common difference. 

Example. The sum of five numbers in A.P. is 25 and the sum of their 
squares is 165. Find the numbers. 

Let the middle term be a and the common difference of the series be d 
then the terms are (a - 2d), (a - d), a, a + d, a + 2d. 

Erom the question, 

(a - 2d) + (a - d) + a + (a + d) + (a + 2d) = 25 

i.e. 5 a = 25 .'. a = 5. 


F 
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Also, ( a — 2d) 2 + (a — d) 2 + a 2 + (a + d) 2 + (a 4- 2d) 2 = 165 
i.e. (a 2 - Aad + Ad 2 ) + {a 2 - lad + d 2 ) 4- a 2 

+ (a 2 + 2 ad + d 2 ) + ( a 2 + Aad + Ad 2 ) = 165 
5a 2 + I0d 2 = 165, 

i.e. a 2 + 2d 2 = 33, .*. 25 + 2d 2 = 33 
2d 2 = 8, i.e. d 2 = 4, .*. d = ±2. 

Hence, the series is 1, 3, 5, 7, 9. 


The Geometrical Progression. The geometrical progression (G.P.) 
is a series of terms that increase or decrease in a constant ratio. This 
constant ratio is known as the common ratio of the series and is 
usually denoted by r. 

The following series are all geometrical progressions (G.P.). 

2, 4, 8, 16, . . . common ratio +2. 

2> 8» • • • it it i* 

_11 _ •} Q _ T, 

2» i, J, 3*2, ... ,, ,, J. 

If, in a given series, the ratio of each term to the preceding term is the 
same for all terms, the series must be a G.P. with this ratio as the 
common ratio. 


Theorem. To find the nth term of a G.P. whose common ratio is r. 


and first term a. _. 

First term —a = ar° — 

Second term = ar = 


ar 


1-1 


ar 


2-1 


Third term = ar 2 = ar 3_1 . 


From these it can be seen that the wth term is ar" -1 . 

The geometric mean (G.M.) between two quantities a and b is 
that quantity which, when inserted between a and b y forms with 
them three successive terms of a G.P. 


theorem. To find the geometric mean between a and b. 

Let x be the required G.M. Then, a, x , b will be three successive 
terms of a G.P. The common ratio of the G.P. will be x/a and also 

b ^ X ' :. xja = b/x 

.*. a: 2 = ab 

i.e. .v = ± Vab. 


More generally, the n geometric means between a and b are the 
n quantities that, when inserted between a and b, form with them 
(n + 2) terms (successive) of a G.P. 



Theorem. To find the n geometric means between a and b. 

Let r be the common ratio of the G.P. formed. Then, b is the 
+ 2 )th term of the G.P. 

.*. b = ar n + l , 
i.e. r” + l = b ja 



„ * 1 


Vb ja. 
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Using this value of r, the required geometric means will be 

ar, ar 2 , . . ar ». 

Theorem. To find the sum of the first n terms of a G.P. whose 
common ratio is r and first term a. 


Let S n be the required sum. Then, 

* S n = a + ar + ar 2 + ... + ar n ~ l .(1), 

rS n = ar + ar 2 + . . . + ar” -1 + ar n .(2). 

(1) — (2) gives, S»(\ — r) = a — ar n 

= a{\ — r n ) 

. c - r*) a(r n - 1) 


•• j- = - 7 ~. 

Note. The first form of the result is used when | r [ < 1 and the second 
when r | > 1 , where the symbol | r is known as the modulus of r, 
and is here used to denote the numerica value of r when r is real, i.e. its 
value not taking into account the sign. Thus, | - 2 | = 2, | - i | = J, 
etc. 

When \ r \ < 1, as n increases r n gets smaller and smaller (n positive 
integer), and it can be said that r” approaches zero as n approaches 
infinity. Similarly when |r| > 1, r n approaches ± co as n approaches co. 

The value that S" approaches as n approaches infinity is known as its 
sum to infinity (S ^). 

From the previous result 

„ (1 - r") a ar n 

Sn = ° 1 - r ~ 1 - r “ 1 - r 

therefore as n ->■ a> (i.e. as n approaches infinity) r n -> 0, if | r \ < 1. 

and the second term becomes negligible, whilst r n -*■ ± co when 

I r | > 1 and S n is then infinite. 


Thus, when | r | < 1, = - a —y 


If the sum to infinity is finite, as in this case, the series is said to be 
convergent. When | r | >1, S M = ± <*> and the scries is divergent. 

Example. Insert three geometric means between 2\ and *. 

Let r be the common ratio of the G.P. formed. Since J- is the fifth term 

° f,heG - P - 4 9. 


# r 2 

• • • 


9 4 

4. 


(r real) .*. r 


• • • — (jV' * •• ' j 

therefore required geometric means are 1,or -1, 1, -•*. 

Example. In a geometrical progression the first term is 7, the last term 
448, and the sum 889. Find the common ratio. 

Let r be the common ratio, n the number of terms, and S n the sum of 
n terms. 
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,(1 - r») 


Also 

Using (2) in (1), 


.S„ = 889 = 7 

448 = lr n ~ l 

7 - 7r n 

889 = 


1 - r 


( 1 ). 

( 2 ). 


7 - 448r 

1 - r 


1 - r 

889 - 889r = 7 - 448r 

/. 882 = 441r r = 2. 

Example (l.u.). Find the sum of the first six terms of the geometric series 
whose third term is 27 and whose sixth term is 8. 

Find how many terms of this series must be taken if their sum is to be 
within 1 /10 % of the sum to infinity. 

Let r be the common ratio of the series and a the first term. 

.*. ar- = 27. 


ar 


s _ 


= 8 


(1) 

( 2 ) 


(2) -Ml) gives, r 3 = 8/27 r 

4 

Using this in (1), a x - = 27 .'. a = 

The sum of the first six terms of this series 


2/3. 
243 
4 ' 


o( 1 - r°) 
1 - r 


st - GD 

4 1 - S 

729 ( 2 a | 729 729 

4 ( 3° ] 4 4 

665 
4 * 


>: 


243 

4 

2» 

3® 


-r.) 


= 7 f - .. 


Let n be the number of terms required so that their sum shall be 1 /10% 
less than the sum to infinity S x . 


Now. S, = 


a 


. and S m — 


1 - r 

•S’oc ~ Sn = 


Hut 


- Sn = 


1 

10 


o(l - r") 

1 - r 
ar" 

1 


per cent of S' 


a 

\ - r 


•S’ao ~ ■S'" 


ar n 
1 - /r 


ar" 

1 - r 


a 

1 - r 

■> \ »i 


1 


i.e. 


1 , 000 ’ 

1 

3 y “ 1,000' 
Taking logs to tlie base 10, 

//[log 2 - log 3] = - 3 


i.e. r" = 


1 

1,000 


oo 


1 

1,000 


log 3 - log 2 
_ 3 _ 

017609 — ,7 ' 03 -*- 


0 47712 - 0-30103 


therefore required number of terms is the next integer, i.e. 18. 
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Interest, Annuities, Present Values, etc. If a sum of money be 
invested at interest the amount invested is known as the principal 
(£P) and the accumulated money (including interest) at the end of the 
period is known as the amount. There are two types of interest; 
(i) simple interest paid yearly, and (ii) compound interest which 
remains invested earning further interest. 

If a certain sum of money £P be owing to a person and is to be 
repaid after a period of time, the amount which would be required 
to produce £P when invested for that period of time at a fixed rate of 
interest is known as its present value (P. V.) and the difference between 
the debt £P and its present value is the true discount on the debt. 

When a banker discounts a bill (i.e. gives the value of the bill due 
at the end of a certain time less his discount) he deducts a percentage 
of the face value of the bill (value stated on the bill) according to the 
rate of interest prevailing. This discount (similar to simple interest) 
is known as the banker's discount , and is slightly larger than the 
ordinary true discount. 


Theorem. To find the present value £V, and the true discount £D of 
a given sum £P due in n years at r% simple interest ( S.I .). 

£V invested at r% S.I. for n years will amount to £V ( 1 + 

1 + 


100 


100 


= p 


V = P 


rn \ 

1 + 100 /* 


Now D = P- V= P- 


Prn 

TOO + rn 


1 + ™/100 

The banker’s discount in this case = Pm/ 100. 

Note. If IP be invested at r% (paid yearly) compound interest for n 
years, the amount £A accruing is given by 

" - K )+ n»)"- 

R is usually used to denote 1 + r/100, and the above result becomes 

A = PR 

If interest be paid m times a year (compound interest) in the above 
ease, there will be nvi periods of time in each of which the rate of interest 
** ( r /*w)%, and the result now becomes 

r \ mn 

ioo//7/ * 

The compound interest in each case is obtained by taking the value of 

U - P). 


P\ 1 + 


Theorem. To find the present value (P. V-) and true discount of LP in 
n years allowing compound interest (C./.) at r% per annum. 
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If £V be the present value, then £V would have to be invested for 
n years ar r% to produce an amount of £P. 

P = VR n , where R = 1 + r/100 
V = PR~». 

If £D be the true discount 

D = P— V = P — PR-» = P( 1 - R~"). 

An annuity is a fixed sum paid periodically under certain stated 
conditions, the payments being either paid once a year, or at more 
frequent intervals (once a year unless otherwise stated). 

An annuity certain is one payable for a fixed term of years indepen¬ 
dent of any contingency (such as death). 

A life annuity is only payable during the life of the person involved. 

A deferred annuity (or reversion) is an annuity not beginning until 
after the lapse of a certain number of years. If deferred for n years 
the first payment is made at the end of (// -f 1) years. 

If an annuity continues for ever it is called a perpetuity , and if it 
docs not commence immediately it is known as a deferred perpetuity. 

An annuity left unpaid for n years is said to be forborne for n 
years. 


I heorein. To find the amount of an annuity left unpaid for n years 
at r°/ 0 S.f. 

Let £A be the annuity and £N the amount due in n years at r% 

S. I. 

At the end of the first year £A is due, and in (// — 1) years will 
amount to 

f, (n - l)r| 

100 / * 

At the end of the second y r £A is due, and in (n - 2) years will 
amount to 

£,( (I + ( " ~ 2)r | 

l 100 j * 

At the end of the third year £A is due, and in (n - 3) years will 
amount to 


£A ' I - 


and so on. 


£A 11 

l 100 I ’ 


Hence N = A (l o- <".7 ])r \ A (, , (« - 2 )r\ 

1 100 j l* + !00 I 


_ J 


+ a[ i +<^ 3 >:] + 
l ' 100 \ 1 




= a J . . , (« - l)r 

l ' 100 ^ 100 + • • • + 100^ 


1 
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100 


(1 4-2 + ... + W- 1)] 




rnjn - 1 )\ 

200 I 


(Using an A.P.) 


Theorem. To find the amount of annuity of £A left unpaid for n 
years at r% C.I. 

Let £N be the amount and R = 1 + r /100. At the end of the 
first year £A is due and in (n — 1) years will amount to £AR n ~ 1 . 

At the end of the second year £A is due and in (n — 2) years will 
amount to £AR n ~ 2 . 

At the end of the third year £A is due and in (n — 3) years will 
amount to £AR''~ 3 , and so on. 


N = AR’'- 1 + AR 4 Ar ”" 3 4 - . . . + A 

= A[\ 4- R 4- R 2 4- • . . + R"-' 1 + R n ~ l ] 

(G.P. common ratio R) 



Note. In finding the present value of an annuity it is always customary 
to use C.I., unless otherwise stated. 


Theorem. To find the present value (/.<?. the amount that should be 
paid) for an annuity of £A to continue for n years , reckoning C.I. 
at r% per annum. 

Let R = 1 4- r/100. 

The P.V. of £A paid in one year’s time is £AR~ l . 

The P.V. of £A paid in two years’ time is LAR 2 . 

The P.V. of £A paid in three years’ time is £AR~ 3 . 


The P.V. of £A paid in n years’ time is £AR " 

V = AR 1 + AR-' 1 + .. . + AR-" 

= AR- 1 (1 4 - R~ l + K- 2 + • • • + « ” + 1 ) 
AO A 1 - R~ n ) _ A{\ -^Rf) 

- AR i _ r-C r - i ’ 

In the case of a perpetuity n -*■ <&, R~ l < L an ^ thus R 

v = a HR - i). 


-> o 


Depreciation. If a machine or piece of properly depreciates at the 
rate of r% per annum and £P is its initial value, then the value at the 

end of the first year is 

£/, ‘ = £P - £r m = £ K‘ " lob)' 

Its value £P t at the end of the second year is similarly 
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£/> >(‘ - m) “ £P (‘ - m) 0 - m) - £P (‘ - m) *■ 

Value at the end of the third year = £P 3 


£P 2 ( 

1 - r 
, 100 

£P ( 

' \ - r 

K 100 

£P ( 

' \ - - r 

, 100 


— 


(■ 


-m) 


Hence, at the end of n years its value will be 

£P ( 1 - —V 

V 100/ * 

Example (l.u.). A company sets aside £5,000 out of its profits at the end 
of each year to form a reserve fund and invest the amount at 4% per 
annum C.I. What is the value of the fund at the end often years? 

It will be assumed that the first £5,000 is invested at the end of the first 
year, as the question is not clear on this point. 

Let R = 104. 

The first investment of £5,000 will in 9 years amount to £5,000 R*. 

„ second „ „ „ „ „ 8 „ „ „ £5,000/? 8 . 

„ third „ „ „ „ „ 7 „ „ „ £5,OOOi? 7 , 

and so on. 

The value of the fund at the end of ten years 

= £5,000/?» + £5,000/?* + . . . + £5,000 
= £5,000[1 + R + /?= + . . . + /?°1 


£5,000 
„ 5,000 


f /? 10 - 
l R - 


l 


£5,000 


/l 04 


10 


l l 04 - 


- n 
r 


0 04 
5,000 
004 


[104 


_ 


1] 


log 104 
log 1 04 10 
1 04 10 


0 01703 
01703 
1-480 


x 0-48 = £5,000 x 12 


£60,000. 


Example (l.u.). A manufacturer buys a machine for £5,000. Its value 
depreciates by 5% each year. At the end of the fifth year he decides to put 
by an annual sum which, with the sale of the old machine, will enable 
him to buy a new machine of equal value at the end of the fifteenth year, 
the last instalment being made at the end of the fifteenth year. Reckoning 
interest at 3% per annum, determine the annual sum he must put by. 

Let Lx- be the annual sum to be put by. The depreciated value of the 
machine at the end of the fifteenth year 

95 
100 

£5.000(0-95) , “ 

£2,316 


£5,000 


,) 


16 


log 0-95 
15 log 0-95 
.*. 0-95 15 


= T-97772 
= T-6658 
= 0-46324 
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Let R = 103. 

The first instalment of £x becomes in 10 years £xR 10 . 

„ second „ „ „ „ „ 9 years £xR 9 and so on. 

Therefore value of instalments at the end of the fifteenth year 


****** I x • 

£*(1 + R + R* + 

I J?ll 1\ 


£x 


. (■ft 11 - 1) _ 


R - 1 


£a 


. 4- £x. 

.. + R 10 ) 
0-3844 

X 0-03 


Hence, 2.316 + x x - 

x x 


0-3844 

0-03 

38-44 

3 


= 5,000 
= 2,684 


log 1 03 = 0-01284 
11 log 103 = 0-14124 
.'. 1-03 11 = 1-3844 


2,684 x 3 
38-44 


i.e. £x = £209-5 (by logarithms). 

Example (l.u.). Show that the sum of n terms of the series 

a + ar + ar 2 + ... is a(l - r")/( 1 - r) 

A debt of £10,000 is to be repaid by ten equal annual instalments, the 
first to be paid two years after borrowing. Find the value of each instal¬ 
ment, reckoning compound interest at 4% per annum. 

The summation has been proved as a theorem. 

Let £x be the value of each instalment and R = 1 04. 

.*. present value of first instalment = £xR 2 , 

„ „ „ second „ = £xR s , 


present value of tenth instalment 
Therefore present value of all instalments 
= £x[R* + *-* + ... + R 11 ] 


£xR 


11 


[1 - R - 10 ] 

£*/?- a [l + R 1 + ... + /? “] ~ LxR ' ^ 

ixR^P- 

R - 1 


• x (1 -04) a [1 ~ (104 ) - ] 
.. xti w) 0 04 


10,000 


400 

1 * C * ^ " 1-04- 1 - (1 04) “ 

400 

” 0-96154 - 0 64963 
400 

0-31191 
- 1,282 

Therefore value of each instalment *= £ 1 , 282 . 

Harmonic Progressions (H.P.). A series of terms is said to be in 
harmonic progression if their inverses are in A.P. 


log 1-04 - 0 01703 
-11 log 104 = T-81267 
.'. 1 -04' 11 = 0 64963 
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Thus, a, b, c, . . . are in harmonic progression if 1 /a, 1 / b t 
l fc, . . . are in A.P. 


The only theorem required is the following. 

Theorem. To find the harmonic mean between the two quantities 
a, b (i.e. the quantity which, when inserted between them, forms with 
them three successive terms of an H.P .) 

Let x be the required harmonic mean. Then a, x, b are consecutive 
terms of an H.P. and 1 / a, 1 /x, 1 /b are three consecutive terms of an 
A.P. 

• 1 - 1 = 1 _ 1 
b x x a 




2 



. a ^ 

ab 



x 


. x _ ab 

** 2 “ 6 

2 ab 

i.e. x = ——r. 

a -f b 


Arithmetico-geometrical Progression. The series 

a, (a +- d)x, (a -f 2 d)x s , . . . (a -f n - 1 d)x»~* 

is an arithmetico-geometrical progression in a:, i.e. a series of terms 
in which the coefficients of the powers of .v are in A.P. and the x 
portions of the terms are in G.P. 


Theorem. To find the sum S n of n terms of the above arithmetico- 
geometrical progression. 

Note. The method is similar to that for the summation of a G.P. from 
first principles. 


•S,, = a 1 (a + d)x + (a + 2d)x*_ + ... + (a + n - \d)x n X .. .(1). 

*- S ’” = ax + (a + d)x- + . .. + (a + w - 2d)x n 1 + (a + ti - 1 d)x n . . .(2). 
(1) ~ (2) gives. 


S n { 1 




a + dx + dxf + . . . + dx n l - (a + n - 1 d)x» 
a - (a + ,i - n/) x n + dx(l + x + x* + ...+x- 

a ~ (a + n ~\d)x n + cL c—~ 

1 - .v ’ 


a - (a + n - 1 d)x’ % 
1 - .v 



2 ) 


Example. Find the sum of the series to n terms 1, 2.3, 3.3 2 , 4.3 3 , .. 
Let S n be the required sum. 
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Sn = 1 + 2.3 + 3.3 2 + 4.3 s + . . . + ti.3- 1 .(1) 

3S„ = 1.3 + 2.3 2 + 3.3 s + ... + (« - D.3- 1 + «3".... (2) 


0 ) ~ (2) gives, 
-2S» 


1 +1.3 + 1.3= + ... + 1.3"- 1 - «.3 n 
1 - ti. 3" + 3(1 + 3 + 3 2 + ... + 3 n_s ) 


1 - //3” + 



= 1 - ti.3" + |(3" -1 - 1) 
= — t?3” + £3" - h 
= -|[3"(2n - 1) + 1], 

.*. Sn = i[3"(277 - 1) + 1]. 


The Powers of the First n Natural Numbers. As stated previously, 
the first n natural numbers are 1, 2, 3, ...» n. 

Note. The method adopted in the summation of the second and third 
powers of the first n natural numbers is the method of undetermined 
coefficients, and consists of equating identically the given scries to 
A + Bn + Cn 2 + . . . and then determining the values of the unknown 
constants A, B, C, etc., by the properties of identities. (This method is 
useful for many types of series.) 

(a) The first n natural numbers form an A.P. whose sum S t has 
been shown to be n(n + l)/2. 

(b) Let the sum of the squares of the first n natural numbers be 
S 2 and 

l 2 + 2 2 + 3 2 + . .. + n 2 = A+Bn + Cn* + Dn 3 +.0)- 

Replacing n by (n + 1) in this identity, 

l 2 + 2 2 + 3 2 + ... + rt 2 + („+ l) 2 

= A + B{n + 1) + C(ti + l) 2 4- D(n + l) 3 +.(2). 

(2) — (1) gives, 

(« + l) 2 = B + C(2 n + 1) -1- D( 3ti* + 3« + 1) 4-.(3). 

In the identity (3) the highest power of n on the left-hand side 
(L.H.S.) is the second, and therefore the highest power of n on the 
fight-hand side (R.H.S.) must be the second and all other coefficients 
after D must vanish. 

Equating coefficients of various powers of n in (3), 

n 2 1 = 3D, .'. D = $, 

» 2 = 3D + 2C 

= 1 4- 2 C, .'. C = h 
unity 1 = B + C + D 

= B 4 -- \ 4- . B = \. 

I 2 4- 2 2 + 3 2 + ... 4- 7i 2 =4 4- in 4- i/« 2 4- \n . 

Using 7i= l, l 2 = A + i 4- h 4- J 

/. A = 0. 
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Thus, l 2 + 2 2 + 3 2 H- ... + n* = \n + £« 2 + W 

= + 3n + 2n*\ 

o 

_ n{n + \)(2n + 1) 

6 

Alternative Method. It is known that, for all values of n, 

(n + l) 3 - w 3 = 3n* + 3/i + 1.(1). 

Replacing n by (n — 1), (#i — 2), . . ., 2, 1 in succession, 

« 3 - (« - l) 3 = 3(n - l) 2 + 3(n - 1) + 1.(2), 

(n - l) 3 - (« - 2) 3 = 3{n - 2) a + 3(n - 2) + 1.(3), 

• •••••• 

33 _ 2 3 = 3.2 2 + 3.2 + 1. (n - 1), 

2 3 - l 3 = 3.1 2 + 3.1 + 1.(n). 

Adding these n identities, 

{n + l) 3 - l 3 = 3(1 2 + 2 2 + .. . + « 2 ) 

+ 3(1 + 2 + 3 + ... + /*) + /i 

= 3S 2 + 3?(n + 1) + «, 

/. 35 2 = {n + l) 3 - l 3 - 3 n 2 {n + 1) - n 

= /j 3 + 3m 2 + 3n - 3?(n + 1) - n 

= ^[2« 2 + 6n + 6 - 3n - 3 - 2] 

= ”[2fi 2 + 3* + 1] = ?(« + l)(2/i + 1), 

.’. S 2 = n(n + 1)(2 n + l)/6. 

(c) Let S 3 be the sum of the cubes of the first n natural numbers, 
and 

l 3 + 2 3 + 3 3 + .. . + n 3 = A + Bn + Cn 2 + Dn* + En *+.. .(1). 
Replacing n by (/i + 1) in this identity, 

l 3 + 2 3 + 3 3 + ... + ;r* + (n + l) 3 = A + B{n + 1) 

+ C{n + l) 2 + D(n + l) 3 + E(n + 1)* +.(2). 

(2) - (1) gives, 

(n + l) 3 = B + C(2n + 1) + D(3n* + 3n + 1) 

+ E{4n 3 + 6* 2 + An + 1) + . . .(3). 

The highest power of n on the L.H.S. of (3) is the third, and there¬ 
fore all coefficients after E on the R.H.S. of (3) must vanish. 
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Equating coefficients in identity (3), 
n* 1 = 4 E, E = b 

n 2 3 = 6E + 3D = f + 3 D, 3 D = * £ = A, 

n 3 = 4£ + 3Z) + 2C = 1 + 2 + 2C 

| = 2C, C = 

unity 1 =B + C-\-D-\-E = B-\- J + * + «* • • ^ = ® * 

Hence, I s + 2 3 + 3 s + .. . + n* = A + \n* + \n + \n . 

Using n = 1 in this, 

is = a + i + i + i, A = 0, 

S 3 = in 2 + £« 3 + 

= -^-(1 + 2w + n 2 ) = | ^( n + ^ | = ^ l2 ' 

As in (6), the alternative method consists of using 

(n _j_ i)4 _ n* = 4 n* + 6n + 4n + 1 

and replacing « by (#i - 1), (* - 2), . . etc., in succession, and 

then introducing the values of and S 2 already determined. 

Note. The results of (a), ( b ), (c) should be memorised as they are 
essential for finding the sum of any other series involving the first n 

natural numbers. „ , . 

When dealing with a problem involving the use of these three results 

the rth term of the series whose sum is required is written down and 

expanded, and the sum of this expression is taken from r - 1 to r = n, 

the summation being shown by the symbol 

f — ft 

2 

r-l 


Example. Find the sum of the series. 

(i) 1* - 2* + 3* - 4* 4- ... to In terms, 

(ii) 1.3* 4- 2.4* 4- 3.5* + .. • to n terms, 

(iii) 1» + 3* 4- 5* 4- ... to n terms. 

(i) Let the required sum be S m 

/. - ( 1 - + 2 * + 3 * + ...«° 2 "*^?+ 4 - + 6 - + 

r—2* 

« 2/* - 8(1* 4- 2* 4- 3* 4- ... to n terms) 

r-l 

r—2n ” 

- S'* - 8 2 r * 

r—1 r—1 

2n(2n 4- l)(4n 4- 1) 8 n(n 4- l) ( 2/i 4- 1) 

6 6 


to n terms) 


Using 
formula 
for S t . 


n(2n 4- 1) 


[(4n + 1) - 4(« + 1)1 - “ 


n(2n 4- 1).3 


- -n{2n 4- 1). 


3 
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Cii) The rth term of the series = r(r + 2)’ - r> + 4r* + 4r, therefore 
sum of n terms of the series 

n 

-= £(r 3 + 4r a + 4r) 

- £r> + 4]£r a + 4 £r 

r~l r=l f—1 

_ ( *" + »> \ * + 4»(>t + U(2n + Q + 4 x « ( „ + n 

= ”^(/i + 1)[3 /i(/i + 1) + 8(2 n 4- 1) + 24] 

= !) [3/> a + 19 n + 32]. 

(iii) The rth term of the series is (2r - l) 3 = 8r 3 - 12r a + 6r - 1, 
therefore sum of n terms 


n 

= £(8r 3 - 12T* + 6r - 1) 

1 

n n n 

= S5> 3 - 12j>* + 6£r - n 

r “ 1 r =» 1 1 

_ |//(/i + 1)^ 2 «(n + l)(2/i + 1) ,«(« + 0 

" 8 \ 2 j " 12 -6 + 6 2 

= 2/r(/i + l) 2 - 2/i(/i + l)(2/i + 1) + 3/i(« + 1) - n 
= /i[(2/i 3 + 4;/ 2 + 2/») - (4// 2 + 6/i + 2) + (3/i + 3) - 1] 

= //[2/i 3 - //] = /i 2 [2/i 2 - 1]. 

Note. Example (i) can be solved more readily as follows: 

P _ 2= + 3= - 4 2 + . . . + (2/i - l) 2 - (2/0 2 
= (l 2 - 2=) + (3 3 - 4=) + . . . + [(2// - l) 2 - (2«) 2 ] 

= - 1 .3 - 1.7 - 1.11 - . . . - l(4/i - 1) _ 

= - 1(3 4- 7 + 1 1 + ... + 4/i - 1) = - £«(3 + 4/1 - 1) 

= -£/i(4/i + 2) = — /i(2/i + 1). 


EXAMPLES IV 

1. Prove that the geometrical progression 

2.v / 2.v \ 2 

1 + 3 + .v 3 + \3 + .x 2 ) + ’ * • 

is convergent for all values of x, and find the sum of the series to infinity. 

2. (i) Find two numbers whose arithmetic mean is 39 and whose geometric 
mean is 15. 

(ii) The sum to infinity of a convergent G.P. is k and the sum to infinity of 
squares of its terms is /. 

Find the first term and the common ratio of the progression. 
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3. (i) Show that three unequal consecutive terms of an arithmetical pro¬ 
gression cannot be in geometrical progression. 

1 1 1 

(u) If 2C y - a)' y - z 

are in A.P., prove that (x - a), (y - a), (z - a) are in G.P. 

4. Find the sum of n terms of an A.P. whose first term is a and second 
term b. 

(i) Find the sum of all the integers between 1 and 200 excluding those that 
are multiples of 3 or 7. 

(ii) Find the sum of n terms of the series 1.3 + 5. 3 + 9.3 + ... 

5. Find the sum of the first n terms of the series 1 + x + x 2 + x 3 + .. . 
A man has initially £P invested in a security bearing r% per annum. At 

the end of each year he draws the interest and sells sufficient stock to make the 
total sum withdrawn £p. Prove that, after n years, the amount of his capital 
remaining is 

R n - 1 

PR n p R _ j , 

where R = 1 + r/100, and show that if p = P 120 and r = 4, he can con¬ 
tinue for forty-one years without his capital being exhausted. 

6. If S„ denote the sum of the G.P., 1 - i + * “ '•* + • • • show, as a 
graph with n as abscissa and S n as ordinate, the sum of n terms lor values oi 
n from 1 to 6. (Take 1 inch as unit for n and 5 inches as unit tor *>„.) 

Find the least number of terms of the series whose sum differs from i \c sum 
to infinity by less than 10" 4 . 

7. (i) Find the sum of n terms of the G.P. 3 + l +*+•+• • •» and 
show that, however great n may be, the sum cannot exceed 6. 

2/i + 1 

(ii) Sum the series 3 + ♦ + *+••• + ' 

8. Find the sum of ti terms of the series, 

Prove that the sum cannot exceed 3 however great n may be. 

Find the least number of terms whose sum exceeds 2-999. 

9. Find the values of a and b in terms of n if 

(x - n + l) 3 - (x - n) 3 = 3x a + ax + b 

for all values of x. . 

By adding together equations of this form for x = 0 and n — i, Z,... r, 
obtain an expression for 

iy- 

n ~ i .. . 

10. (i) Prove that the arithmetic mean of two unequal positive numbers is 

greater than their geometric mean. . eil _ 

(ii) The sum of the first four terms of a geometric series is 34. and the sum 
of the first term and the fourth term is 49. Show that there are two scries 
satisfying these conditions, and find the first two terms of each scries. 

If cither scries is convergent, find its sum to infinity. 

11. Find the sum of the first n terms of a geometrical progression whose 

first two terms arc a and b respectively. 

The amplitude of the first oscillation of a pendulum is 15 . If the amplitude 
of each succeeding oscillation is 0 89 of the amplitude of the preceding 
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oscillation, find after how many oscillations the amplitude will first be less 
than 1 °. 

12. Find an expression for the sum of n terms of the G.P. 

1 + X 4* X 2 4- a 3 + .. . 

The population of a town increases in such a way that, if it is p at the 
beginning of a year, then at the end of the year it is (a 4- bp), where a and b 
are certain constants. Show that the population, after the lapse of n years 
from the time when it was p, is 

rh, + ( p ~ r^b) b "- 

13. If a man borrows £1,040 on January 1st, 1929, and agrees to repay the 
loan with 5% compound interest by means of fifteen equal annual instalments, 
the first instalment being due on January 1st, 1930, show that each instalment 
should be a little more than £100. 

14. Find an expression for the sum, 1 + x b a 2 + -. • + x n_1 , and prove 
that 1 4- a( 1 + .v) + a 2 (1 + -v 4- a 2 ) + . . . -r A»-»(l + A x 2 + ... + * n *) 

_ (I - .V")(l - A"* 1 ) 

_ (1 — A)( 1 — A 2 ) 

For what values of a can one speak of the sum of an infinite number of terms 
of the second series; and when this sum exists, what is its value? 

15. Find the sum of the first n terms of the A.P. whose first two terms are 
a and b. 

The sum of an A.P. to n terms is 8 n 2 — n. Find the number of the term 
which has the value 203. 

16. An insurance company agrees to pay the sum of £600 on January 1st, 
1041, in return for ten annual payments of £50 16.?. 0d., the first payment 
being made on January 1st, 1931. 

If the percentage interest per annum allowed by the company is denoted by a, 
obtain an equation for a, and hence show that a is very nearly equal to 3. 

17. A man invests £267 10s. Od. on January 1st, 1932, and the same amount 
on January 1st in each succeeding year. If compound interest at 4% per annum 
be allowed, find how much is due to him on December 31st, 1942. 

18. Prove that the arithmetic mean of two unequal positive numbers is 
greater than their geometric mean. 

If a, b, c, d are four unequal positive numbers which are in A.P., prove that 

1 LI JL 4 

a d b ' c ' a 4- d 

19. (i) Find the series in A.P. whose sum to n terms is n(n 4- 1). (ii) If S’ be 
the sum of n terms of a G.P.. P is the product of the terms, and R the sum of 
the reciprocals of the terms, prove that (S/ R)* n = P. 

20. Lxplain clearly the method of induction as a means of establishing a 
formula that involves an arbitrary positive integer n. (See binomial theorem.) 

Pro\e by induction that, if n be a positive integer, the sum 

/» . 1 4- (« - 1)2 . 4- (n — 2) . 3 4- ... 4- 2(/i — 1) 4- 1 • n 
is equal to i n(n 4- l)(.n 4- 2). 

21. Find the present value of £P due n years hence, if compound interest 
at the rate of r" 0 per annum is charged. 

A man arranges to buy a house by paying £100 down and nineteen additional 
amounts of £100 at intervals of one year. If compound interest at 5% per 
annum be charged, find the present value of the house. 
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22. A company borrows £20,000 which is to be repaid with interest at 6% 
per annum in equal yearly instalments in ten years. Find, as accurately as 
the tables permit, the amount of each instalment, the first being paid one year 
after the money was borrowed. 

23. Obtain an expression for the sum of n terms of a G.P., in terms of the 
first term a and the common ratio r. 

Using the symbol S„ to denote this sum, prove that 

(i) S n (S in - S tn ) = (S tn - S „) 2 


(ii) r m ~ n = 


m + p 


- 5, 


m 


n + p 


- 5 , 


24. If the tenth term of a G.P. is 25 and the twentieth term is i, find the 
first term, the common ratio, and the sum to infinity. 


25. Find the present value of the lease of a house of which the annual rent 
is £75, the lease having thirty-five years to run. The rent is paid half-yearly, 
the first instalment being due six months hence, and interest is reckoned at 
4% per annum. 

26. Prove, by induction or otherwise, that the sum of the cubes of the first 
n natural numbers is J n 2 (n +1)*. 

If the arithmetic mean of n consecutive integers is a, prove that the sum of 
their cubes is an[a 2 + i('» 2 - 1)1. 

27. A fund is started with £1,000 and at the end of each year £50 is with¬ 
drawn. If compound interest is reckoned at 4% per annum, show that the 
amount in the fund at the beginning of the (n + l)th year is 


£1,250[1 - »(l-04) n ]. 

Find the amount in the fund after twenty years, and also how many years it 
will last. 

28. Show that l 2 + 2 2 + 3 2 + . . . + n 2 = i n(n + l)(2n + 1). 

Find nine numbers in A.P. whose sum is 27 and the sum of whose squares 

is 456. 

29. (i) The first term of an A.P. is 11 and the sums of the first five and first 
ten terms respectively arc equal in magnitude but opposite in sign. Find the 
second term of the progression. 

(ii) Sum the scries 2 + 5x 8x 2 + ... + (3 m - l)* n l * 

30. (2 a + 56), (a + b), (a - b) arc the first three terms of a G.P. 

Find a in terms of b and find also in terms of b the sum of the first six terms 

of each of the two possible G.P.’s. . 

Show that one of these progressions may be summed to infinity and that 
the sum to infinity exceeds the sum of its first six terms by 6/54. 

31. A solid pyramid is to be built on a square base whose side is 54 feet, of 
cubical blocks of side 2 feet. Every layer is to be 2 feet high and is to be a 
square whose side is 4 feet shorter than that of the layer immediately below it. 
Determine the number of blocks required to build the pyramid. 

32. Find the present value of LA due n years hence, if compound interest 
is payable at r% per annum. 

A man arranges to purchase a house, valued now at £1,000, by paying 
£500 in ten years’ time and spreading the remaining payments in ten equal 
annual instalments of LX, the first being paid now. If C.I. on all outstanding 
payments is payable at 4% per annum calculate the value of X. 


33. (i) Prove that ( a ) log pi = </logp. 

(6) If o* = by = (ab)*y, then x + y = I. 


G 
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(ii) A machine depreciates in value each year by 8% of its value at the begin¬ 
ning of the year. After how many years will its value first be less than half its 

original value. 

34. (i) Find the number of sides in a polygon whose interior angles are in 
arithmetical progression, the smallest being 120° and the common difference 5 
(ii) Prove that, in a geometric series which has a sum to infinity, each term 
bears a constant ratio to the sum of all the following terms. If this ratio has 
the value p find the value of the common ratio in terms of p. 

35. (i) Prove that the geometric mean of two positive, unequal numbers 
is less than their arithmetic mean. 


(ii) Establish the identity 
a 2 + b 2 + c 2 - be — ca 


ab = i[ (A - c) 2 + (c - a) 2 + (a - b) 2 ]. 


and deduce that 

(iii) a + b 2 + c 2 > be -1- ca + ab\ 

(iv) « 3 4- b 2 4- c 3 > 3 abc, where a, b and c are positive and unequal. 

36. Obtain an expression for S„, the sum of n terms of the geometrical 

progression a + ar 4- ar 2 4- . . . _ 

When r is numerically less than unity, explain what is meant by the sum to 

infinity S and find this sum. 

For the series l 4- J + 4 2 4- . . find the least value of n so that S„ may 
differ from by less than 1 /100,000. 

37. (i) If the arithmetic mean of two positive quantities a and b is three 
times their geometric mean, prove that a/b = 17 4- 12\/2. (ii) The formula 
for the nth term of a certain series is known to be of the form An 4 B n . If 
the first term is 5 and the second term is 10, find the values of A and B, and 
also the sum of the first 10 terms of the series. 


38. Explain what is meant by the sum to infinity of the series 

a 4- ar 4- ar 2 + or 2 4- . . . 


when r is numerically less than unity, and find this sum. 

The output of a coalmine in any year is 10% less than in the preceding year. 
Prove that the maximum possible output is ten times that of the first year. 

It is decided to close the mine when 90% of the maximum possible output 
has been mined. For how many years will the mine be worked? 

39. (i) The />th term of an arithmetical progression is q and the </th term is p. 
Find the first term and the common difference, (ii) Prove that the arithmetic 
mean of two unequal positive quantities is greater than their geometric mean, 
and use this fact to show that \ / 70 lies between 8 and 8 5. 


40. (i) find the sum of all the positive integers less than 1,000 that are not 
multiples of 3. 

(ii) The sixth term of a geometric series of positive numbers is 10 and the 
sixteenth term is 01. What is the eleventh term? 

Find the sum to infinity correct to the nearest unit. 


41. Find to n terms the sum of the following series: 


(i) 3 . I 2 4- 5 . 2 2 4- 7 . 3 2 4- . . . 

(ii) 1 .2.34-2.3.44-3.4.54-... 

(iii) l 3 - 2 3 4 - 3 3 - 4 3 4- . . . (to 2/j terms). 



CHAPTER V 


Permutations and Combinations, and the 

Binomial Theorem 


Permutations and Combinations. Each of the arrangements that 
can be made by taking some or all of a number of different objects is 
known as a permutation. 

Each of the groups or selections that can be made by taking some 
or all of a number of different objects is called a combination. 

Example. Consider the four letters a, b, c, d. The following are the 
arrangements of these letters taken two at a time. (Letters are all different.) 

ab, ac, ad, be, bd, cd, ba, ca, da, cb, db, dc 
and each of these is a permutation of the four letters taken two at a time. 
Hence, there are twelve permutations of four things taken two at a time. 

When considering the groups without the order of the letters being 
taken into account, the first six constitute the number of groups (or 
selections) of the four letters taken two at a time. Thus, there are six 
combinations of four objects taken two at a time. 

The number of permutations of n different objects taken r at a 
time is denoted by n Pr and the number of combinations of n 
different objects taken rata time is denoted by n C,. 

Theorem. If one operation can be done in m ways, and (when this is 
done) a second operation can be performed in n ways, the number of 
ways of performing the two operations simultaneously is mn. 

If the first operation be performed in any one way, then the second 
operation can be done in n ways, and thus, since there are m ways 
of performing the first operation, each of these ways is associated 
with n ways of performing the second operation. Thus, there will be 
mn ways of doing the two operations simultaneously. 

Example. There are six trains travelling between Newcastle and London 
and back. In how many ways can a man travel from Newcastle to London 
by one train and return by a different train? 

The man can travel on any one of the six trains to London, and has thus 

six ways of choosing his train to London. 

On his return journey he has the choice of five trains, and each of these 
five ways of travelling can be associated with any one of the six ways of 
travelling from Newcastle. Hence, there are 6 x 5 = 30 ways of making 
the double journey. 
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Theorem. To find the value of i.e. the number of permutations 
of n different objects taken r at a time, {n and r must be positive 
integers with n > r.) 

This is equivalent to finding the number of ways of filling r 
different compartments from n different things. 

The first compartment can be filled in n ways leaving a choice of 
(n — l) objects for the second compartment. The second compart¬ 
ment can therefore be filled in (n — 1) ways, and thus the number 
of ways of filling the first two compartments is n{n — 1). There are 
(« - 2) objects from which to fill the third compartment, and there¬ 
fore there are (n — 2) ways of filling this compartment, each of 
which can be associated with the number of ways of filling the first 
two compartments. Hence, there are ;i(/i — 1)(« — 2) ways of 
filling the first three compartments. 

Proceeding in this manner it can be seen that 

n Pr = /i(/j - 1 )(/i - 2) ... to r factors 

= n(n — l)(/z — 2) ... (n — r 4* 1). 

Corollary. Using r = n in this result 

n P n == n (n — 1)0j — 2 )(n — 3) ... 21 
= n ! 

Note. The symbol r! (formerly written |_r) known as ‘factorial r\ 
denotes the product of the first r natural numbers. 

Example. Find the values of S P*. 10 P t , 14 Pj. 

= 5x4x3 =60. 

10 P t = 10 x9x8x7 = 5,040. 

14 P, = 14 x 13 = 182. 

Tlieor >n. To find the value of "C„ i.e. the number of combinations 
of n different objects taken r at a time. 

Let tlu number of combinations be a*. Then each combination 
will give rise to r P, permutations, i.e. r! permutations. 

.'. .v . r! = n P r = n(n — 1)(« —2)...(« — r + 1) 

_ n(n — 1 )(n — 2 )...(« — r + 1) 

.. -x - <-r r | 

Corollary 1. 

„ c _ n( n — l)(/i — 2) — r 4- 1) 

r! 

_ n(n — 1)(/» —2)...(« — r 4 l)(/i — r)(n — r — 1) ... X 2 .1 

r !(/z ^ r)(n — r — l)...'x 2.1 
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Corollary 2. "C„ is the number of ways of choosing n objects from 
n different things, and, since this can only be done in one way, by 
taking all the objects, it must follow that B C„ = 1. 

But, "Cr = n\/r\(n — r)! 

• »C„ = = _L 

n\(n - n)\ 0! 

~ = 1, i.e. 0! = 1 (compare a Q = 1). 


Theorem. To prove that n C n -r = "CV. 

Now n Cp = n\ /p\(n — p)\ 

Using p = (n — r) in this, 

„ c = _ n\ _ = n\ 

(n — r)\(n — h — r) ( n — r) !r! 

= "G. 

Replacing r by n in this result 

"C 0 = "C„ = 1 


Example. 



11 x 10 x 9 
3! 


11 x 10 x 9 
1 x 2 x 3' 


165. 


Theorem. To find the number of ways in which (rn + n) different 
objects can be divided into two groups of m and n things. 

The number of ways required is equal to the number of ways of 
choosing m objects out of the (m + ri) objects, where m and n are not 


equal, i.e. there are m + "C« ways 

= ( w + ”) ! 
m\ . n\ 


ways 


When m = n, the two groups are indistinguishable for any one 
selection, and can be interchanged without obtaining a new dis¬ 
tribution. Hence, in this case, the number of ways is 

(m -f- n)l _ (2m)j 

m\n\2\ “ (m\) 2 .2!' 


Theorem. To find the number of ways that (m -+-/!+/>) different 
articles can be divided into three groups containing m, n, p things 
severally , and different from all the rest. 

The number of ways of dividing the (m n -f- p) objects into two 

groups of m and (n + p) objects respectively will be 

(m + n + p)\ 
m\(n 1 p) I 

by the previous theorem. 
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The number of ways of dividing the (n + p) objects into two 
groups of /i and p objects will be (« + p)\l(n\p !), and each of these 
ways can be associated with the number of ways of performing the 
first operation. Hence, the number of ways of dividing the objects 

into three groups (m + «+/’) is 

(tn + n+p )! (n+p )\ = (m + n + />)? 

m\(n + pV- n\p\ m\n\p\ 

If rn = n = p , any one selected set of groups can be rearranged 
in 3! ways without giving rise to a new grouping. Hence, the number 
of ways in this case, as given by the above result, must be divided 
by 3!, when m = n = p, and the required number of ways is then 

( 3m)! 

(m!) 3 . 3!* 

Similarly, when m = /» 4 ■ p the number of ways is 

(2 m + p)\ 


Cm!) 2 p !2l* 


etc. 


Example. The number of ways in which thirty schoolchildren can be 
divided into three equal groups is 30!/(10!) 3 . 3!, and the number of 
ways in which these schoolchildren can be placed in three different 
schools in groups of ten in each school is 30!/(10!)», since each set of 
groups can be arranged among the three different schools in 3! ways. 

Note. In some problems it is advisable to make an analysis of the 
grouping before proceeding to find the number of selections. 

Example (l.u.). Find from first principles the number of selections r at a 

time that can be made from n different things. 

A committee of four is to be chosen from five Englishmen and three 
Americans. In how many ways can this be done so that the committee 
contains («) at least one Englishman, ( b ) at least one of each nationality. 
The bookwork has already been proved. 

(a) In this case the committee possibilities are: 

1 Englishman, 3 Americans. 

2 Englishmen, 2 Americans. 

3 Englishmen, 1 American. 

4 Englishmen, 0 Americans. 

The first of these gives rise to 6 C, x 1 = 5 ways (1 Englishman in 
5 C, ways and Americans in 1 way). 

The second gives rise to 

5x4 

6 C, x 3 C, = - 


1 x 2 


■X X ~> 

< j -^2 - 30 ways. 

(2 Englishmen in 6 C a ways and 2 Americans in 3 C* ways.) 
The third gives rise to 

5x4x3 


C, x 3 C, = 


1 


x 2 x 3 


—- x 3 = 30 ways. 


(3 Englishmen in 6 C S ways and 1 American in 3 C\ ways.) 
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The fourth gives rise to J C, x 1 = S C, x 1 = 5 ways (4 Englishmen 
in *C 4 ways) 

Therefore total number of ways = 5 + 30 + 30 + 5 = 70. 

(Z>) The number of ways of choosing the committee is the same as in (a) 
except that four Englishmen cannot be chosen, as at least one member of 
each nationality is required. 

Therefore number of ways = 5 + 30 + 30 = 65. 


(«) 

(b) 

(c) 
id) 
( e ) 

(/) 


Bowlers 

4 

4 

5 

5 

6 
6 


Example (l.u.). A cricket eleven has to be chosen from fifteen players 
of whom six can bowl and three keep wicket, while none can bowl and 
keep wicket. In how many ways can the eleven be chosen so as to con¬ 
tain at least four bowlers and two wicket-keepers? 

The following are the possible distributions for the team (analysis ot 
team). 

Wicket-keepers Batsmen only 

2 5 

3 4 

2 4 

3 3 

2 3 

32 

and these are chosen from 6 bowlers, 3 wicket-keepers, and 6 others. 

For (a) there will be 8 C 4 x 3 C 2 x 8 C S = 15 x 3 x 6 * 270 way 
of picking the team (4 bowlers out of 6, 2 wicket-keepers out ot ., an 
out of 6 batsmen). 

For (b) there will be 8 C 4 x 1 x 8 C 4 = 15 x 15 = 225 ways. 

For (c) there will be «C t x 3 C, x 8 C 4 = 6 x 3 x 15 = 270 ways. 

For (cl) there will be 8 C t x 1 x °C S = 6 x 1 x 20 = 120 ways. 

For (e) the number of ways of choosing the eleven is 

1 x 3 C 2 x 8 C, = 3 x 20 = 60. 

For ( f ) the number of ways of picking the eleven is 

1 x 1 x 8 C, - 15. 

Therefore the total number of ways of choosing the team 

= 270 + 225 + 270 + 120 + 60 + 15 = 960. 


Permutations and Combinations when Some of the Objects are Alike. 

Two objects are said to be like when they are indistinguishable from 
one another to the eye. Previously only cases have been dealt wit 1 
where all the objects were diirerent, and now the problems ot ea mg 
with like objects will be considered. 

Theorem. To find the number of ways in which n objects can be 
arranged amongst themselves taken all at a time, when p are exact y 
alike of one kind, q exactly alike of a second kind , r exactly alike of 
a third kind, and all the rest are different. 

Let x be the required number of permutations. If the p like 
objects be replaced by p unlike objects different from any ot the 
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rest, from any one of the * permutations p\ permutations cm be 
obtained without altering the position of the remaining things. 
Hence, if the change be made in each of the x permutations x.p. 

permutations are obtained. . , 

Similarly if the q like objects, in addition, be replaced by q 

different things, the total number of permutations will be 

[x(p\)](q)\ = x.(p)\(q)l 

And further, if the r like objects be replaced by unlike things the 
total number of permutations will be (x./?!^!).r! — x.p.q.r.. 
But now all the objects will be different, and the number of arrange¬ 
ments = rt\, 

.*. x.p\q\r\ = /i!, 

n\ 

.*. * = , n - 

plqlrl 

This theorem can be extended to cover any number of groups of like 
objects. 

Example (l.u.). A signaller has six flags, of which one is blue, two are 
white, and three are^red. He sends messages by hoisting flags on a 
flaizpole, the message being conveyed by the order in which the colours are 
arranged. Find how many different messages he can send, (i) by using 
exactly six flags, (ii) by using exactly five flags. 

(i) The number of messages is equal to the number of permutations of 
the flags taken all together, and, by the previous theorem, the number of 

messages 

6 ! 6x5x4x3x2xl 

3!2! 


= 60. 


3x2x1 x 2 x 1 

(ii) In this case the possible selection ol five flags must be first considered 
and is given as follows: 

Blue White Red 

(a) 1 2 2 

(b) 1 13 

(c) 0 2 3 

By the previous theorem: 

5 » 5x4x3x^xl 

For (a) there will be = -—; - = 30 messages. 


For ( b) there will be 


For (c) there will be 


2!2! 

5! 


2x2 


3! 

5! 


5x4x3x2xl 

=-^ - = 20 messages. 

120 

2 ! 3 ! ~ 12 

Therefore the total number of messages that can be sent with five flags 

= 30 + 20 + 10 = 60. 


= 10 messages. 
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Example. Find the number of arrangements of the letters of the word 
‘committee ' taken all at a time. 

In the word there are nine letters consisting of 2 m s, 2 t s, 2 e s, 1 c, 

1 o, and 1 i, therefore required number of arrangements 

= _9!_ _ 9x8x7x6x5x4x3x2xl _ 

21212! 2x2x2 

Theorem. To find the number of arrangements of n things taken 
rat a time , when each may be repeated up to r times in any permutation. 

This is a case of filling a number (r) of compartments with the 
objects, when any of the n objects can be used as many times as is 

liked in any arrangement. 

The first compartment can be filled in n ways, and, when that is 
filled, there are n ways of filling the second compartment since all 
the objects can be used again. Hence, the first two compartments can 
be filled in n x n = n 2 ways. 

Similarly there are n ways of filling the third compartment, and 
therefore the number of ways of filling the first three compartments 
is n 2 x n = n 3 . 

Proceeding in this manner, it can be seen that the r compartmen s 
can be filled in n r ways. 

Example. How many numbers of three digits can be formed from the 
numbers 1, 2, 3, 4, 5, when each of these can be repeated up to live times. 
How many of these have two or more equal digits? 

From the previous theorem there will be 5 3 numbers having the three 
digits, i.e. 125 numbers. 

There will be B />, of these numbers having all different digits (i.e. 
the number of arrangements of five different objects taken three at a time , 
i.e. 5 x 4 x 3 = 60 numbers. 

Hence, there will be 125 - 60 = 65 numbers having two or more 
equal digits. 

Theorem. To find the total number of ways of mak ing a selection by 

taking some or all of n objects. . 

Every object can be dealt with in two ways, for it may be \ en o 
left, and since the ways of dealing with one particular o jec is 
associated with the ways of dealing with each of the other objects, 
the number of ways of dealing with the n objects is 

2 x 2 X 2 X ... to n factors = 2". 

This, however, includes the case in which all the objects are left, 
which is not permissible. Hence, the required number of selections 

is 2» - 1 . 

Example. There are five people living in a house. In how many ways 
can one or more of them leave the house? 

This is a particular case of the last theorem and hence the required 
number of ways is 2 6 - 1 = 32 — 1 =31. 
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Example (l.u.). («) Prove that 3/i unlike things can be divided into n sets 
each containing three of the things in 

(3*)! 
n\ 6 n 


dl tfoVlike^bjects are to be placed in three unlike boxes so that there is 
at least one object in each box. Find the number of different ways this 

can be done. . 

(a) Consider the objecLs being put into n unlike boxes, three in each 
The first box can be filled in 3 "C, ways leaving (3/» - 3) objects from 
which to fill the second box, giving 3n 3 C , ways of filling the second box. 

The third box can similarly be filled in 3 - 8 C, ways the fourth m 
3 ” ®C, ways, and so on, and finally there will be three objects left to fil 

the last box, which can therefore be filled in one way only. 

Hence, since these ways of filling the boxes can be associated with one 
another, the total number of ways of filling the boxes is 

3n C, x 3n - 3 C, x 3 »- a C, x ... x “C, x 1 


(3/i)! 


x 


(3 n - 6)\ 

x — 


(3/i - 3)! 

(3/i - 6)!3! ~ (3/i - 9)!3! 


6! 


x 


313! 


x 1 


(3/i — 3)13! 

(3/i)! _ (3/i)! 

(3!)” 6" 

The /i boxes can be arranged amongst themselves in n\ ways. Hence, 
if x be the number of selections, the number of arrangements will be n.x. 


n\x = - 


(3//)! 


6 ’* 


(3/i)! 

/i!6” 


(/>) Let the boxes be lettered A, B, C. Since there must be at least one 
object in each box, the first box can be filled in (/i — 2) ways (i.e. there can 
be any number from 1 to (n — 2) balls in box A). If there be one ball in A 
the remaining (/i — 1) balls can be divided amongst D and C in (// — 2) 
ways (there can be any number from 1 to (n — 2) balls in B and the 
remainder in C). 

Similarly, if there be two balls in A % the remaining balls can be distn- 
buted amongst B and C in (/i - 3) ways; if there be three balls in A, the 
remaining balls can be distributed amongst B and C in (/i — 4) ways, 
and so on, until when there are (/i - 2) balls in A there will only be one 
way of filling B and C (one ball each). 

Hence, the required number of ways is 

(/* — 2) + (/i — 3) + (/i — 4) + ... + 2 + 1 

- a + n - 01 - --P- 


The Binomial Theorem and its Applications. Any expression, 
such as (a + x) involving two terms is known as a binomial expres¬ 
sion, and thus (<i a)” is a binomial function, and the statement of 

its expansion in powers of jc is known as the binomial theorem. 
(// is the index.) 
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The method used in proving the binomial theorem for a positive 
integral index is known as the method of induction , and in this method 
(which can be applied to various other theorems and problems), it is 
assumed that the expansion holds true for the power /l Next it is 
proved by algebra that the result is true when n is replaced by (« + )• 
The expansion is then proved to be valid for n = 2. This eing ie 
case, it will also be true for n = 3, and therefore n = , an so on 
for all positive integral values of n. 

Proof of the Binomial Theorem by Induction for Positive Integral 
Indices. It is assumed that, if n be a positive integer, then 

(a + x)" = a n + n C 1 a n ~ 1 x + n C 2 a n ~-x 2 4- . • • + "Cf-xU” r + 1 x r 1 

+ "CVa""'*'+ 0- 

Multiplying (1) by (a + x), and showing only necessary terms, 
(a _j_ x)"+ l = a n+1 4- n C x a n x + n C 2 a n »x 2 + • • • + n C' a " ' x 

I QX n 

+fl"x+-C 1 fl-- 1 x*+. • . + "G_ 1 tf"-' + 1 xM- ; • -+*" + 1 


= a n + 1 + ("C, + 1 )a n x 4 - ("C 2 4- n C x )a* *x 2 4 


• • 


4 - ("Cr 4- + 4- • • • 4- x + . • 

Now n C x 4-1 = n 4- 1 = " +1 G. 

n\ 


and ”G 4- "Cr_i = - 77 - 

rl(n 


//! 


= m! {- 


- r)l 

1 


n + ; 


(r - l)!(/i - r 4- 1)'- 

1 


rr + 7 


1 


7\{n - r)\ 1 (r-l)!(« - r 4- W-l 
n \ j(n - r 4~ !)'• . r! I 


- 4- 


(r 1)!] 


r!(/i — / 4- 1)’- I («-')’• 

_ _l(/i - r 4- 1) + r] 

~ r!(/i - r 4- 1)1 

(n 4- 1).«!_ = ( n + 1)! 

= r!(/i - r + 1)1 '■'•(» “ ' + , ) ! 

= "+'Cr. 

Using these results (2) becomes 
(a 4- x) n + 1 = a n + 1 4 _ " + 1 Ci« n x 4- w + 1 C 2 tf n_, x 2 4 

»+iCrfl n-r + 1 ^ f + • • • + x f . 

If n be replaced by (n 4- 1) in (1) lhc equation (3) is 
Thus, if the binomial theorem be true for the index n it must also b 

true for the index (/i 4- .. 

By algebra, 

(a 4 - x ) 2 = a 2 + 2 ax 4- x 2 
= a 2 4- 2 C x ax 4- x 2 
(a 4- x ) 3 = a 3 4- 3a 2 x 4- 3ax 2 4- x 3 

= a 3 4- *C 1 a*x 4- 3 C 2 ax 2 4- x 3 . 


(2 = 2 C.) 
(3 = 3 C, = 3 G) 
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But these are the results of replacing n by 2 and 3 respectively in 
equation ( 1 ), and therefore the binomial theorem is true for n = 2 

and n = 3. ^ .. 

Hence, by statement (,4), since the theorem is true for n — 3, it 

must be true for n = 4, and since it is true for n = 4 it must be true 

for « = 5, and so on for all positive integral values of n. 

Thus, for all positive integral values of n 

(a + x) n = a n + n C 1 a n ~ 1 x + n C 2 a n ~ 2 x 2 + .. . 

+ n C r a n ~ r x r + • • • + x". 

The notation "CV is best reserved for the proof and the expansion 
of the binomial theorem should be remembered in the following 
equivalent form, since it also applies to the case when n is not a 
positive integer. 

(a 4 x) n = a n + na n ~ 1 x + 2 \ '~ ^ a "~ 2 * a + * * * 


+ ”(” - 'X” - 2) ■■■(»- r + + ... 

No proof is given for the cases w hen n is negative or fractional as 
the proofs are beyond the scope of this book, but it is assumed that 
the binomial theorem in its last form is valid when n is fractional or 
negative and the numerical value of x is less than the numerical 
value of a. 

Note. When one part of the binomial expression is negative it is advis¬ 
able to consider the negative quantity as 4- x in (a 4- .v) n . In this manner 
the formula, as stated, can be used with all positive signs between the 
terms. 


Example. Find the expansions of (a) (2 - 3/) 4 , ( 6 ) (3 - z) 5 . 
By the binomial theorem 

4 x) n = o’ 1 I na n X x 4- j — ^ g w ~ 2 Jf a 4- . . . 

njn - 1) ■■■("- r + 1^,.,^ + 
r! 

(i) Let a = 2 and x = —3 y 9 n = 4 . 

.-. (2 - 3 v ) 4 = (2)‘ 4- 4(2) 3 ( - 3/) 4- ^-|p(2)*( - 3/)* 


(ii) Let a 
(3 - z r 


4- 4 X 3 , X -~ (2)( ~ 3 /) 3 + (-3 /) 4 

16-96/4- 216/* - 216/* 4- 81/ 4 . 

3, x = ( - z), n = 5. 

3 & 4- 5(3)*( - z) + (3) 3 ( — z ) 3 4- — * X -(3) g (-z ) 3 

+ + (-*>• 

1 X Z X j X 4 

243 - 405z 4- 270z 3 - 90z 3 4- 15z 4 - z 5 . 
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Points to be noted relating to the binomial theorem are the follow¬ 
ing: 

(i) When n is a positive integer there are a finite number (;i + 1) 
terms in the expansion, and in all other cases there are an in mite 

number. 

(ii) The (r + l)th term in the binomial expansion is known as the 
general term, and is seen to be 

n{n — 1)(h —2 — r + l) f7H - rv ^ [ 

r\ 

which has r factors in both numerator and denominator of its 
coefficient, the factors decreasing by unity in succession in each case. 

(iii) The sum of the powers of a and x in each term is equal to n. 

(iv) If a = 1 the expansion becomes 

(1 + x) n = 1 + nx + n ^ n 2 , * 2 + • • • 


. n(n - \)(n - 2)...(* - r -M )^ + . . . 

+ 7 \ 

which is simpler to remember and manipulate than the general 

expansion. , „• ^ r 

Hence, in many cases, it is advisable to base the expansion of 

(a 4- x) n on the expansion of (1 + y)" as follows: 

(a + xY = [a{ 1 + x/a)Y = <*"(» +>')"* 

where y = xla. . , , . • ■ 

(v) When there are an infinite number of terms in the bi n°niial 

expansion the expansion is only valid if the numerica va “ 

* ( | x | ) is less than that of a ( | a | ) for (a + x)- in ascending 
powers of x. ( | x | stands for ‘modulus x .) 

Example, (i) Find the fifth term in the expansion of 

( x> --&)■ 

(ii) Find the middle term in the expansion of (2 a - 3b)' 0 . 

(iii) Find the coefficient of x 10 in the expansion of 

t 2 * 1 --I)” 

(iv) Find the term not containing x in the expansion of 

(i) The fifth term in the expansion of (a + yY is 

n(n — l)(n — 2)(n _3) 


(r- 4) 
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Using n = 6, a = x 9 , y = - 
6 x 5 x 4 x 3 


2x 


, the required term is 


. U 3 ) 2 


4 x 3 x 2 x 1 


(- i-r - 


\5x* x 


1 


16a:* 


15 

16 


a: 2 . 


(ii) The middle term will be the sixth term since there will be eleven 
terms in the expansion. Therefore the required term (as in (i)) is, 

10x9x8x7x 6 _ 3f) y 

5x4x3x2xl v 

= 252 x 32a B x (-2436*) 

= - l,959,552a 5 6 5 . 

(iii) The (r 4 - l)th term in the expansion of (2x* - 3 /x) 11 is 


11 x 10 x ...(11 - r + 1) 


r! 


(Tv 2 ) 


11 


<-±Y 


11 x 10 x ...(12 r) 2 ii-r Jt~ f ( 3) r 


r\ 


11 x 10 x ...(12 - r) 


r! 


. 2 u -'(-3)' . a: 


22 - Sr 


If this be the term in a; 10 , then 22-3 r = 10, i.e. 12 = 3r r — A 
and the required coefficient is 

11 x IQx. ..(12 -4) _ 11 x 10 x9 *± x 128 x 81 

4! K J 4 x 3 x 2 x 1 

- 330 x 128 x 81 = 3,421,440. 

(iv) The (r + l)th term in the expansion is 


8x7x...(8-r+l) 


. x 


,-8 r 


r 




= (- l) r . 


8 x 7 x ... (9 - r) 


- x 


8-2 r 


3' . (r)! 

The term will not contain x if 8 - 2r — 0, i.e. r = 4, therefore required 
term is 


(- 1 ) 


8 x 7 x 6 x 5 
4 x 3 x 2 x 1 x 3 4 


70 

81 


Example. Find, in ascending powers of a:, the following 
expansions to three terms. 




(ii) V4 + 5a-, 



1 

(2 + x) 9 ' 


binomial 
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!■♦(-*)(-£) 


+ 




T )'* • ■•) 


= £[1 + lx + hx* + ...] 

= £ + Ax + Ax 2 to three terms. 


(u)V4 + 5x = (4 + 5x)i = { 4 ( J + “<f) ) * = 


•M*) 


+ 


5x 
4 

(£>( -1) 


4m 1 + 


+ 


5x V 


, , 5x 25x 2 
2 1 +—-+ • • • 


! 


8 


2 + 


5x 


128 

25x 2 

64 


to three terms, 


(iii) 


1 


_ = «1 + W» 


(2 + x)* [2(1 +£x)] 3 2 3 (1 + ix) 

= i + + - ~ 3) 2 ( |~ —<**)’ + 

= if. - £ + + ••• 


1 

8 


— + to three terms. 

16 16 


Note 1. In the expansion of (1 - yY M where n is positive all the ter 
will be positive, as the (r + l)th term 

(-«K- /i - 1 K -/i - 2)... (- ( _ y y 


rl 


( l) r ^ + M* 1 + ^ • • - ( n + r ___ P. (_ \)'y' 

f 1 

— / _ 1\2 f n ( n + + 2) . . • (” _~ L r " 1 )yf 

— ( U r! 

^ n(n + l)(w + 2)...(/! + r - 0 „ 

Note 2. The following expansions, which can be readily obtained by 
using the binomial theorem, should be memorised. 


1 -(I - x) ‘ 

1 - x 


1 

1 + x 

1 


(1 + X) 1 


1 X + X 2 + X s + • . . + X" + • • • 
1 - X + X 2 - X 5 + • 


• •* 


(1 - X) 2 
1 

(1 + X) 2 


(1 _ x ) * = 1 + 2x + 3x 2 + 4x 3 + • • 


(1 + x) 2 


1 - 2x + 3x 2 - 4x s + • . 


• • 
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In each case the expansion is only true if — 1 < x <1, which can be 
written | x | <1. 

Approximations using the Binomial Theorem. When x be.small 
compared with a, a first approximation to (a -f *) n will be given by 
the first two terms of the binomial expansion, i.e. <r» + na n ~ x x. A 
second and better approximation is given by the first three terms in 
the binomial expansion, i.e. 

a* + n a"-ix + n(<n ~~ 


and so on for farther approximations. 

The approximation chosen in any particular problem is dependent 
upon the degree of accuracy required in the result, and it can be 
usually ascertained, in the process of working, which is the first term 
that can be neglected. 


Example. Evaluate the following to four decimal places. 

(i) ■ ^. og . (») (1'98)‘, (iii) i/ 7-76. 

Note. It is always advisable to base approximation questions on the 
expansion of (1 + /)”, where y is small. 



1 

4 08 


1 


1(1 + 0-02)-l 


2yT-02 

1 [ 1 + ( - i )(0 02 ) + 


(-!)(- f) 


2 ! 


(0 02) 2 


. 



= 1(1 - 0 01 + 0 00015 + negligible terms) 

= 1(0 99015) = 0-4951 to four decimal places. 

(ii) (1-98)* = 2 5 (0 99) 6 = 32(1 - 0-01) 5 

- 32[ 1 + 5( — 0 01) + 10(-001) 2 

+ 10(-001) 3 +- 5( — 0-01) 4 f(-0-01)»] 
= 32[1 - 0 05 + 0-001 - 0 00001 + 0 00000005 - J 

(since the quantity inside the bracket is multiplied by 32 it must be taken 
to seven decimal places to obtain a result correct to four decimal places). 
(1-9S) 5 - 32 - 1 6 + 0 032 - 0 00032 


(iii) £ 7-76 


+ terms not affecting the fifth decimal place 
= 30-43168 = 30-4317 to four decimal places. 


= (8 - 0 24)1 = 81(1 - 0 03)» 

= 2 Jl + i( - 0 03) + (-0-03)* 

+ " .f, )( ~^ ( ~0 03) s + 

J • 

= 211 0 01 - 0 0001 - 0 000002 ]. 
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(working to six decimal places inside the brackets since it is multiplied by a 
number between 1 and 10 outside the brackets). 

.*. -^7-76 = 2(0-989898) = 1-9798 to 4 decimal places. 

Note. When dealing with the expansions or approximations obtained 
from a fraction /(x)/?(x), it is advisable to put the given fraction in the 
form /(x) x [<?(x)] 1 before attempting to use the binomial theorem. 
The degree of the approximation will either be stated in the problem or 
implied in it. 

Thus, if a required result be wanted as far as x 2 . all terms in x 3 , x , etc., 
will be usually neglected at each stage. 


Example. If x be so small that x 2 and higher powers of x may be neglected, 
find the values of: 



( 8 + 3 x)i_ 

(1 + 2x)V4 - lx 



(1 4- sx)- 3 (4 - 5x)l 
(4 + x)2 


(i)_ (8 4- 3 x)l 

(1 + 2x)V4 - lx 

= 81(1 + |x)*(l + 2x) 1 . i 



= 4[1 4- §(gx) + ...][1 - 2x + ...] 

x *{l + ( - 1>(- ) + •*• 

- 2[1 4- }x 4- . . .][1 -2x4.. •][! + lx + ...] 

= 2[1 4- ix - 2x 4- lx + . . .] 



- ix + ...] 



(neglecting x 2 , etc.). 



(ii) 


(1 4- Jx)- S x (4 - 5x)l 
(4 + x)* 


/ 5x 

- (1 + |x)- 3 x 41^1 - - 4 - 
= 4-‘[l + (- 3)(gx) 4 . . •] 




[1 + (- })(i*> + • • • 


“ ill -2x4.. •][! " U 4- . . .][! " \x + ...] 
= ill - 2x - fix - ix - ...] 

“ ii' — 3x4-...] 

— i - \x (neglecting x 2 , etc.). 


Example. Find the first three terms in the expansion of 

1(1 + x)» 4 V l 4 5x) 

(1 - x) 2 


H 
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[(1 + a)* + Vl + 5 a] 

(1 - X) 2 

= ([ 1+i * + iy> *> + ...] 

+ [l + «5 a) + (5a) 2 + . . } U " x) 2 

= [1 + lx - 5 3 .,-a 2 + 1 + *a - -\*x* + . . .][1 + 2.V + 3a 3 + . . .] 

= [2 + -’/a - + . . .J[l + 2x + 3a 2 + . . .] 

= (2 + J/.v - -V'^a 3 + ...) + (4a + j 2 3 -a 2 + •••) + 6a- 2 4- .. 

= 2 + yoc + %Y-Jt a to three terms. 

Extension of the Binomial Theorem. The binomial theorem can be 
modified to apply to a trinomial expression (a + b -f- c) n and further 
extended to apply to multinomial expressions (more than three 
terms). In the case of the trinomial expression {a + b + c)" the 
quantity {b + c) is chosen as a single term initially and the expression 
to be expanded will be written as 

[a (b + c)] n = a n -f na"~ l (b -f c) -f- n ^ n ^ — ^-a n ~ 2 (b -f c) 2 + • ♦ • 

The quantities (b -\- c) 2 , (b + c) 3 , etc., will then each be expanded 
by the binomial theorem, and the required expansion obtained after 
simplification. 

Note. If a, b, or c be equal to unity, that term is generally kept as the 
single term and the remaining two combined as a single term. 

Example, (i) Expand (1 - 3.v + a 2 ) 4 in powers of a* as far as the term 
containing a 4 . 

(ii) Find the coefficient of a 5 in the expansion of (1 + a + a 3 ) 9 . 

(i) (I - 3 a + a 2 ) 4 

= [1 H- a(a - 3)] 4 

= 1 + 4a(a - 3) + 6[a(a - 3)] 2 + 4[a(a - 3)] 3 + [a(a — 3)] 4 

- I ^ 4.v 2 - 12 a + 6a 2 (a s - 6a + 9) + 4a 3 (a 3 - 9.v 3 + 27 a - 27) 

+ a 4 (81 - . . .) 

= 1 + 4 v 3 - 12 a 4- 6a* - 36a 3 + 54a 3 + 108a 4 - 108a 3 + 81a 4 + . .. 

= 1 - 12a + 58.v 3 - 144 a 3 + 195a 4 as far as a 4 . 

(ii) (I + A -1- A 3 ) 9 '-= [(I + A) + A 3 ] 9 = (1 + A) 9 + 9(1 + A) 8 . A 3 

+ 36(1 + a) 7 . a 8 + . . . 

Considering only the first two terms in this expansion, since further 
terms contain a 8 and higher powers of a, the coefficient of a 5 is 

°C i + 9 x 9 C, = 126 + 9 x 28 = 378. 

Example (l.u.). (i) In the expansion of (1 + a 2 + <ja 3 ) 4 , the coefficient 
of a 4 is equal to the coefficient of a 8 . Find a. 

(ii) The fifth, sixth, and seventh coefficients in the expansion of (1 + a) m 
in ascending powers of a are in arithmetical progression, find the possible 
values of //. 
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(i) (1 + x 2 + ax 3 ) 4 = [1 + X 2 (l + ax)] 4 

= 1 + 4x 2 (l + ax) + 6x 4 (l + ax) 2 

+ 4x*(l + ax) 3 + x*(l + ax) 4 . 

The coefficient of x 4 in the expansion is 6, and the coefficient of x* is 
6a 2 + 4 (6a 2 from expansion of third term and 4 from expansion of the 
fourth term). 

Hence, 6a 2 +4 = 6 3a ! = 1 

a = +1/V3 = ±V3/3. 

(ii) The coefficients of the fifth, sixth, and seventh terms in the expansion 
of (1 + x)” are respectively "C 4 , "C 6 , and "C«, and since these are in 
arithmetical progression 

- "C« = "C« - n C b 2 n C b = n C t + "C« 

2 n(n - 1) ...(n - 4) n(n - 1) . . . (n - 3) n(n - 1) ... (w - 5 ) 

ie * 51 4! 6! 

„ . . . n(n - 1 )(n - 2)(/i - 3) 

Cancelling through by -- ^ - 

(/i + 0, 1, 2, 3 or expansion would not have 7 terms) 

2(/i - 4) , , (« - 4 )(n - 5) 

5 - 1 + 5.6 

12 (n - 4) = 30 + (n - 4)(/i - 5) 

12 n - 48 = 30 + n 2 - 9n + 20 
j.e. /i 2 - 21/i + 98 = 0 
/. (/i - 7)(/i - 14) = 0 

n = 1 or 14. 


Theorems connected with the Binomial Theorem 

Theorem. To find the greatest coefficient in the expansion of 
(1 + x) n , where n is a positive integer. 

The coefficient of the (/• 4- 1 )th term (i.e. of x') is n C„ and that of the 
rth term is "G. i. Now, 

»C r _ n(n - 1)(* -2)...(« -r4- 1) v (r - 1)! 

-G_, rl n(n - 1) ... (n - r + 2) 

n - r 4- 1 _ n 4- 1 _ j 

r r 

Now the (r 4- l)th coefficient will be greater than the rth coefficient 
if {n 4- l)/r — 1 > 1, i-e- (« + l)l r > 2, 


n 4- 1 

i.e. 2 


> r 



But r must be an integer, and therefore, when n is even, the greatest 
coefficient is given by the greatest value of r consistent with (1), 
i.e. r = nil, and hence the greatest coefficient is "C„ /2 . 

Similarly if n be odd the greatest coefficient is given when 
r = - 1) or \{n 4- 1) and the coefficient itself will be 

"Q(»+ 1> = "Cun- 1 ). 
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Theorem. To find the numerically greatest term in the expansion of 
(,a 4- x) n , where n is a positive integer. 

Let Tr+i be the (r + l)th term in the expansion, and T r the rth 

term, then 

T f + i = n C,a n ~ T x T i T r = n C r -ia n ~ r + 1 x r ~ 1 


• 

Tr+l 


”Cr 

a n ~ r 

x* 

• 

Tr 


n Cr— l * 

a n " f + 1 

* . v *" 1 


n — r + \ 


n 


r 

1 


x 

a 


- 1 


x 

a 


(The ‘modulus' sign | | 
means the numerical 
value, i.e. the sign is not 
taken into account.) 


Thus | 7V + 1 | > | Tr 1 if — - 1 ] 


1 


-V 

a 


> 1, 


n 11 , ^ 

i.e.- — 1 > 

r 


i.e. 


n + 1 


1 


// + 1 


a 
x 
a 
x 

> r 


( (ji + 1) /r — 1 must be 
positive since n > r.) 


i.e. " ~ — r > r .(1) 

Thus 7V+, will be the greatest term if r has the greatest value con¬ 
sistent with the inequality (1), where r is a positive integer. 

Note. | - £ | = | — 3 | =3, etc. 

Theorem. To prove that c 0 + c x -f c 3 4- . . . 4- c» = 2". (In this 
and following theorems c r denotes n CV.) 

Now c 0 = c n = 1 

.'. (i 4- x) n = 1 + c x x + c 2 x z 4- . .. -f x" 

= c 0 4- c x x 4- c«x 2 4- — 4- CnX*. 

Using .v = 1 in this result 

2 n = c 0 4- <4 4- c 2 4- . . . 4- c n . 

Theorem. To prove that 

Cq 4 c 2 -j- c 4 T . . . = q 4 c 3 t 4- . .. = 2 n_1 
(1 4- -v) n = c 0 4- c x x 4- c 2 x 2 4- ... 4- CnX n . 

Putting .v = — 1 in this 

0 = c 0 - c x 4- c 2 — c 3 4- .. * 
e 0 t c 2 4- c 4 4~ ... = c x 4- e 3 4- c 5 4- . •. 

= 4- c x 4- c a 4- c 3 4- ...] 

= A(2 n ) (by previous theorem) 

= 2 n_1 . 


Theorem. To find the value of c 0 + 2c x 4- 3c 2 4- . . . + (fl 4- l)c». 
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Note. The easiest method is by calculus (see later chapter), as shown. 
(1 + x)” = c 0 + c,x + c 2 x 2 + . . . + c n x n . 

Differentiating this equation with respect to x 

n( 1 + x)" -1 = c, + 2c 2 x 4- 3 c 3 x 2 -f- — + nc n x n ~ 1 . 


Using x = 1 in this 

n. 2 n ~ l = c, 4- 2c 2 3c 3 4- ... 4* nc„ .(1) 

But 2 n = c„ 4- c, + c 2 4- . . . 4- c n .(2) 

Adding (1) and (2) 


2" _1 (2 + n) = c 0 4- 2c, + 3 c 2 + ••• + («+ l)c». 


Theorem. To find the value of (c 0 ) 2 -f (c,) 2 + • • • + (c n ) 2 . 
Consider the expansion of the product of (1 f x)” and (x + l) n . 

(1 + x)"(x 4- 1)" = (c 0 4- c,x 4- . • • 4- c f xr 4-... 4- c„x") 

(c 0 x n 4- CiX” -1 4- ... 4 - Cn) 

.*.(14- x) 2 ” = (c 0 4- c,x 4- • • • 4- c„x")(c 0 x" 4- c,x"-> 

4- ... 4" Cn).(1) 

The coefficient of x" on the right-hand side (R.H.S.) of (1), picking it 
out term by term, is 

c 0 2 4- c, 2 4- c 2 2 4* • • • 4- Cn 2 , 

and the coefficient on the left-hand side of (1) is 2 "Cn 
Hence, 

(2/i)! 

c 0 2 4- c, 2 4- c 2 2 4- . • • 4- cn 2 - "C„ - (#l!) * • 

Note. If it were required to find the value of 

Co 2 - c, 2 + Ct 2 - C, a + . . ., 

*t would be necessary to consider the expansion of (1 — xI'Kx + 1)”, 
and if n be eve the result is "Cn/*. When n is odd the result is zero as 
(1 _ x ) n (x - 1 - 1 )" = (1 - x 2 )' 1 which docs not contain any odd powers in 

its expansion. 


Example (l.u.). Show that the binomal expansion of (x*> + 1 /x 2 />) 3 ", 
where n is a positive integer, always contains a term which is independent 
of x. Find the value of this term for n = 4 


Find the greatest term in the expansion of (x + 1 lx 2 ) 12 when x = 

The (r + I)th term in the expansion of (xP + 1 fx 2 P) n where n is 
positive integer is 


,n Cr(xP) in - f 



r 


*»C,x 3 P n -P r 

x 2 P r 


2 »C,x 3 P (»-'>. 


§. 


a 


Hence, when r = n there will be a term independent of x, and this is 
always possible since n is a positive integer, therefore there will always be a 
term in the expansion which is independent of x and its value will be 
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When ;/ = 4 the value of this term will be 

12 x 11 x 10 x 9 


12 


C 4 = 


= 495. 


4 x 3 x 2 x 1 

Let Tr + i be the (r 4- l)th term in the expansion of (.v 4- 1 /* 2 ) 12 and 
T, be the rth term in this expansion. 

Then T r + l = 12 C,.v 12 3 ' (by first part of question), 

Tr = 12 C,-i* 1# - 3r . 

Tr + x 12 c, -X 12 ~ 3r = 1 2 - r + 1 

■rlS-3r r 


1 


r. 


xzr- 
w-1 

13 - r 3 3 , 

' when - v = 5- 


Therefore T, + 1 > T, as long as 


13 - r 


27 

* 8 - > '• 


i.e. as long as 351 - 27r > 8r, 
i.e. as long as 351 > 35r. 

Therefore (r 4 - l)th term will be the greatest if r = 10, i.e. the 11th term 
is the greatest, and its value is 

12 C io (3) 12 3C = *=C S . (2) 18 

12.11 3 18 

x tTs 


2 . 1 


31 # 

= ^ x oTT • 


Example (l.u.). If (2 - 3.v) 20 = c 0 - c,.v 4- o a .v 2 - . . . + c 20 -v 20 prove 
that, (i) c„ - c, 4- r a - c, 4- . . . + c ao = 1, 00 c ls > any other co- 

cflicient. 

(i) (2 - 3.v) 20 = Co - CxX 4 c j.v 2 - . . • + c so x ao 
Using .V = 1 in this, 

(- l) 20 = Co - Cx 4- Ct - <*3 + . . . + c 20 
Co - c, 4- c a - c 9 4- . . . 4- c t0 = 1. 

(ii) Now c r is the coefficient of the (r 4- 1 )th term in the expansion of 
(2 - 3.v) =0 neglecting the sign, therefore c, = 20 C,(2) 20 r (3) r . 

Also, c, , - 80 Cr.,(2) 20 ' + W l 

c, -°Cr 3 _ 20 - r 4- 1 3 = 21 - r 3 

’' c M ^ 2U C, x 2 ~ r 2 r 2' 

. 21 - r 3 

.*. c r > c,~x as long as —-— ' 2 > lf 

i.e. as long as 63 - 3r > 2r y 
i.e. as long as 63 > 5r. 

Therefore the greatest value of c, will be given by the greatest value of 
r consistent with the above inequality, i.e. when r = 12 

.*. c,, > any other coefficient. 
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EXAMPLES V 


1. (i) Four people draw simultaneously a card each from an ordinary pack 
of fifty-two cards. In how many different ways can the draw result in four 
cards of the same suit? (ii) How many different arrangements can be made by 
using all the letters of the word syzygyl 

2. Obtain a formula (i) for the number of permutations, (ii) for the number 
of combinations of n unlike things taken rata time. 

There are ten articles, two of which are alike and the rest all difierent. In 
how many ways can a selection of five articles be made ? 

3. Two straight lines intersect at O. Points A„ A t . A„ are taken on one 

line, and B u B 2 , • . on the other. 

Prove that the number of triangles that can be drawn with three of the points 

for vertices is 

(i) n 2 (n - 1), if ‘fie point O be not used, 

(ii) ;i 3 , if O may be used. 

4. (i) Find from first principles the number of permutations of n different 
things taken three at a time, (ii) In how many ways can an escort of four 
soldiers be chosen from nine soldiers, and in how many of these escorts will a 
particular soldier be included? 

5. How many numbers, each of four digits, can be formed from the digits 
1, 2, 3, 4 when each digit can be repeated four times? 

Calculate the sum of all these numbers. 

6. Prove that the number of different permutations of n things of which 
a are of one kind, b of another kind, and the rest all different, is n\ l(a\ ■ b\). 

Find the number of different permutations of the letters of the word parallel 
taken all together, and find also the number of such permutations in which 
no two /’s are consecutive. 

7. How many ‘words’, each consisting of one vowel and two consonants, 
can be formed from the letters of the word permutations , where, in each case, 
the vowel must occur in the middle? 

How many of these words will begin with the letter p and how many with the 
letter /? 

8. Prove that if "C, denote the number of combinations of n different 
things when they are taken r together, r . n C, = n . "~ l C r . ,. (If any formula lor 

”C, be used it must be proved.) ... 

How many points of intersection are made by w straight lines and n circles 
drawn in a plane if each line (straight or curved) intersects every other line, 
none of the circles touches a straight line or another circle, and no three lines 


have a point in common? 

9. How many numbers are there having four digits, and such that each 

digit is one of the numbers 1, 2, 3, 4, 5? . . 

How many of these numbers have two or more equal digits? How many or 
them have two equal digits and two other digits which arc dillercnt from each 


other and from the equal digits? 

10. Find the number of combinations of n dissimilar things taken r at a time. 
Out of nine articles five arc alike and the rest unlike. How many difierent 

permutations of three articles can be made from the nine? 

11. Find the number of permutations of // things taken all at a time, of which 
P things arc alike of one kind, <t alike of another, and the rest all difierent. 

Find the number of ways in which ten labels, five alike of one kind and five 
alike of another, can be attached to ten out of fifteen dillercnt boxes. 
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12. How many different selections of r objects can be made from n different 

In how many ways can the letters of the word infinitesimal be arranged, 
when all are taken at a time? 

13. Find the number of permutations n P r of n different things taken r at a 
time, and deduce the number of combinations n C r of n different things taken 

r at a time. „ _ _ _ 

Prove that 7 C 3 = S C 3 + = 6 C S + C % • C x + C x 

= *C 3 4- 4 C a . 3 C\ 4- *C l . 3 C a + 3 C a . 

14 (i) If n C r denotes the number of combinations ot n unlike things r at 
a time, prove that "C, 4- 2 . "C r _, 4- "C,_ a = ” + 2 C,. (ii) There are four 
ladies and four gentlemen ready to play tennis, but only one court is available. 
In how many ways is it possible to arrange for one ‘mixed doubles’ to be played, 
i.e. a lady and gentleman to play a second lady and gentleman? 

15. n points divide the circumference of a circle into n equal parts. Find the 
number of triangles that can be made with three of the points for vertices. 

If n be even and not divisible by three, prove that n(n - 2)12 of the triangles 
are isosceles, but that, when n is even and divisible by three, the number of 
isosceles triangles is «(3// - 10)/6. 

16. Prove that, if n be a positive integer, 

(l -f ,v)m = i 4- £*|.v + c,x* 4- ... 4- c r x r + . . . 4- x n , 
where c r — /»! /[r\(n - /*)!). 

Find the term independent of x in the expansion of (2x4- 1/x 1 ) 12 in 
descending powers of x, and find the greatest term in the expansion when 

x 

17. By using the relation (1 - x 2 )" = (1 - x)"(l + x)\ or otherwise, 
prove that, if n be a positive integer, and 

(1 4- x)" = « 0 4- fl t x 4- a a x* 4- ... 4- a, ,x n , 
then a 0 - - a, 2 + a 2 2 + . . . 4- ( - l)"a 2 n = 0 if n be odd, but is equal to 

( _ , + 4 > • • • < 2w) 

if n be even. 

18. If the coefficients of x r_1 , x r , x r+1 in the binomial expansion of 
(I — x) n are in A.P., prove that n 3 - /»(4r 4- 1) 4- 4 r 2 -2 = 0. 

Find tliree consecutive coefficients of the expansion of (1 4- x) 1 * which 
form an A. 1*. 

19. (i> Write down and simplify the coefficient of x® in the expansion of 

(5 - 2x) 11 . 

(ii) If T r be the rth term in the expansion of (1 4- x) n in ascending powers 
of x, prove that 

T f v * (n - r 4- 1 )(n - r) 9 
Tr ~ ~ r(r 4-1) * ‘ 

If C, be the coefficient of x r_1 in the expansion of (1 4- 2x) 10 in ascending 
powers of x, find / when 



20. If (1 4- x) n = c 0 4- c,x 4- c t x 3 4- ... 4- c„x n , prove that 
f 0 4 fj + r 4 + ... = r ( 4 fj + c t 4- . . . = 2 w_l . 
Prove also that, when n is even, 

c 0 4- 2Vj 4- 2*c 4 4- ... 4- 2"c n 


= i(3» 4- 1). 
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21. If (1 4- x)” = Co + c,x + c t x 2 4- ... 4- c„x”. find the value of 
Cr/Cf-i, and show that 

(i) — + 2 — + 3 — + . . . + n = */i(/i + 1 ). 

Cq C | Cj ^n-l 

(n + \) n 

(ii) (c 0 4- cJCcj + c*) . . . (c n -! 4- c n ) = c 0 c, . . .c„-, • fl , 

22. Find the positive integral value of n which makes the ratio of the 
coefficient of x* to that of x 3 in the xpanson of (1 4- 2x 4- 3x 2 ) n in a series 
of powers of x equal to 121 /28. 

23. (i) In the expansion of (3 4- 2x)'° in ascending powers of x the ratio of 
one of the coefficients to the preceding coefficient is -J. Express these two 
coefficients in prime factors, (ii) In the expansion of (1 4- x ! )(l 4- x) n in 
ascending powers of x, when n is a positive integer, the coefficient of x 3 is six 
times that of x. Find n and for this value the coefficient of x 4 . 

24. Write down the coefficient of x 16 in the expansion of (1 - 2x ) 18 in 
ascending powers of x. 

If (1 4 - ax 4- 6 x 2 )(l - 2x ) 18 be expressed in ascending powers of x, 
determine a and b if the coefficients of x 3 and x* are both zero. 

25. (i) Prove that the ratio of the (r 4- l)th term to the rth term in the 

expansion of (1 4- x) n by the binomial theorem is (n - r 4- \)xjr. 

Find which is the greatest term in the expansion of (4 4- 3x)'- when x — j. 

(ii) Prove that the coefficients of x 2 and x 3 in the expansion of (2 4- 2x I x 2 )’ 1 

in ascending po ers of x are n 2 . 2 n ~ l and \n(rr - 1 ) 2 ,1_1 . 

26. (i) Write down the (r 4- l)th term in the binomial expansion of 

(4 4- 3x ) 19 and find the greatest coefficient in the expansion, (ii) If 0 bean 
acute angle such that cos 0=1 - x, where x is so small that x- is negligible 
compared with unity, prove that cos 20 = I - 4x and cos 30 = 1 - 9x, 

approximately. (Hint: cos 20 = 2 cos 2 0 - 1, cos 30 = 4 cos 0 - 3 cos .) 

27. Obtain the expansion of (1 4- x)" in powers of x, when n is a positive 
integer. 

By comparing the coefficients of x f on both sides of the identity 

(1 4- x)” =(14- x) 2 ( I 4- x)»- 2 , 
prove that n C r = n ~*C, + 2 . "' 2 C f _, 4- n "*C,_*. 

28. (i) The expansion of (2 4- ax ) 11 is c 0 4- c,x 4- c,x* 4 . . . 4- 
If c, be greater than any other coefficient, prove that 4 < a < 6 . 

(ii) Find the expansion in powers of x of (3 - 2x + x 2 ) 4 . 

29. (i) If x be so small that x 3 and higher powers can be neglected, show that 

(1 - Jx) 6 (2 + 3x ) 8 = 64 4- 96x - 720x 2 
(ii) Expand (1 - \x - x 2 ) 5 in ascending powers of x as far as the term in x 4 . 

30. Find the coefficient of x in the expansion of (2x - 3 /x) sl as a series 
of descending powers of x ; determine also the greatest term in the expansion 
when x «= . Express both results in prime factors. 

31. Find the term independent of x in the binomial expansion of 

( 2 x 3 - 1 /x) 12 . 

Find, without using tables, the value of (1 0 I)>° 4- (0 99 ) 10 correct to eight 
places of decimals. . . 

32. State the binomial theorem in the case when the index is a positive 

integer. 
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If n be a positive integer, prove that the coefficients of x 2 and of x 3 in the 
expansion of (x 3 4- 2x 4- 2) n are ^ 

2” _1 . nr and ——«(«* — 1 ) 

respectively. 

33. If (1 4- x 2 )=(l 4- x)" = c 0 + c t x 4- c t x 2 4- c s x 3 4- . . ., and if c 0 , c u 
c % arc in A.P., show that there are two possible values of //, and find them. 

Write out the complete expansion of the expression in powers of x for these 
values of n. 

34. Find the first three terms in the expansion of (1 4* x) w + n (l - x) m ~ n , 
where m and n arc both positive integers and m > n. 

If the coefficients of x and of x 2 in the expansion of (1 + x)£ a (l - x)P^ a ~ 1 \ 
where p and a arc positive integers, are equal to one another, find an expression 
for p in terms of a. 

35. State and prove the binomial theorem for a positive integral index. ^ 

Obtain the coefficients of .v and of .v s in the expansion of (1 /x - 2x 4- 3x 3 ) 5 . 


36. Obtain the expansion of (1 4- x) n in ascending powers of x, n being a 
positive integer. 

Show that it is impossible for three consecutive terms of this expansion to be 
in geometric progression. 

37. (i) If n C, be the coefficient of x r in the expansion of (1 4- x) n , whete 
n is a positive integer, prove that n C r -f n C r . l = n + , C r . 


(ii) If 


"-'C,., "-»c f 

a b 


nl C r + l 

- * 

C 


prove that 


r 

38. Prove that 


o(h + c) 

—rs -, and n 

b- - ac 


(a + b)(b 4- c) 
b 3 - ac 


n 

(1 -f- . V )n = 2»«C r .V r . 

r = 0 

where r is a positive integer. 

Prove that the term independent of x in the expansion of (.v s + 1 /.v) 4n 
by the binomial theorem is 4 ' , C' 3 „. Show that this term is the greatest term if 

n -f 1 . n 

- - V * >- 

3/i 3/i + r 


39. In the expansion of (1 


2x 


o.v a ) n in ascending powers of x, the 


third term is zero. Find a, and the coefficients of .v 3 and x* in terms of n. 


40. Obtain the expansion of (1 4- .v)”, where n is a positive integer, in 
ascending powers of .v. 

Prove that, it the coefficients of three consecutive powers of .v in the expan¬ 
sion ol (1 a. , V )» are in A.P., (// 4 2) must be the square of an integer. 

Find the coefficients when n - 7. 

41. Obtain the formula for the expansion of (1 4 - .v)” in a series of ascending 
powers ol v when n is a positive integer; give the coefficient of x r where r is a 
positive integer less than n. 

Prove that the coefficient of a’ 1 in the expansion of (1 4- .v) 2 ” is double the 
coefficient of .v” in the expansion of (I 4 - .v) 2 "- 1 . 


42. Obtain the expansion of (a 4- b) M , for a positive integral value of n. 
Show (\ 2 \ 3)" 4 (\ 2 - \ 3 )’ 1 is an integer if n be even, or an integral 

multiple of \ 2 if n be odd. 

Evaluate ( \ 2 r \ 3j- + ( v '2 - v'3)». 
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43. State and prove the formula for the expansion of (1 + x) n in ascending 
powers of x, n being a positive integer, and give the general term involving x r , 
where r is an integer less than n. 

Find the coefficient of a 9 in the expansion of (5o a - 4 a- ) , and the term 
independent of x in that of (3 a — 2 /a 2 ) 14 . 

44. Obtain the expansion of (1 + a)” in the form 

C 0 + Cl A + CjA 2 + . . . + C , x r + . . . + C„A". 
where n is a positive integer, giving an expression for the coefficient c,. 

Show that the values of the coefficients increase to a maximum, and then 
diminish, but that three consecutive coefficients cannot be in geometrical 
progression. 

45. (i) Write down the genera! term in the expansion of (a 2 + 1 /a)" in 
descending powers of a, and show therefrom that the powers of a which occur 
are alternately even and odd. Show that, if a term involving a 9 occurs, then 
n must be a multiple of 3. (ii) Find the expansion of (n + b)\a - b ) 3 in a 
series of ascending powers of b. 

46. If (A + fl,)(A + (X + On) = A" + />,*"- 1 + PzX"-* + .. . + Pn, 

prove that p,-fliPr-i + Qi'Pr-t + • • • + (— 1 ) r o» r is equal to the sum 
of the products rat a time ol a 2 > <i 3 , . • •» 

Deduce that n ~ 1 C r = n C r - n C,. x + H CV-* D r . 

47. Prove that the coefficient of a' in the expansion of (1 + a)", when n is a 
positive integer, is n(n - 1) ... (n - r + l)/r!. 

If a be small, prove that the value of (2 + «a) 4 (2 i 3a 2 ) 2 - (2 + a> 
is approximately 20a 3 . 

48. (i) Find the term independent of x in the expansion of 

(a - 1 lx )'"(a + 1 /A)*. 

(ii) If the expansion of (1 + ca)", where n > 3 and c * 0 is 

1 + a,a + a . x * + a t a 3 + + . . . 

find n, c if 16 { a x - «i) = 3« 3 = a t . 

49. (i) Find the coefficient of a 7 in the expansion of (2a s - 1 /4a)". 

(ii) If (1 + a) m *= c 0 + c,a + c t x* + • • • H c,A r -\- ... + c u a , find the 

value of r for which c, = 2< f + 1 , and lind c, and c r + l . 

When a = § in this expansion, prove that two consecutive terms are equal 

and that these terms are greater than any other. 

50. (i) Given that *C, : nC r ,, :/»C, + i - 1 :2 : 3, find the values of /« 
and r. (ii) There arc ten candidates for three vacancies, and an elector can 
vote for any number of candidates not greater than the number of vacancies. 
In how many ways can an elector vote.' 

51. (i) How many numbers not exceeding 10,000 can be made without 
using the digits 8 and 9? (ii) In how many ways can eight different beads be 
strung on a necklace, if all the beads are to be used? (in) A bag contains six 
white and two black balls. One ball is drawn out of the bag. What is the 
probability that it will be («) while, (/>) black.' 

52. State the formula for nC„ the number of selections of r objects that can 
be made from n different objects, and explain why nC, = 

A party of nine persons is to travel in two cars, one of which will not hold 
more than seven persons, and the other not more than four. In how many 
ways can the party travel? 

53. A boy has eleven different objects, five of which arc black and six are 
white. In how many ways can he arrange three objects in a row with a black 

one in the middle? 
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If the eleven objects are put in a bag, what is the probability of drawing 
out two in the order white, black? 


54. (i) How many permutations can be made of the letters of the word 
Canada , each of the six letters being used once in each permutation? 

In how many of these permutations will the three a's be together? In how 
many will two a's be together, but not three? 


(ii) Given that nC, = 


n\ 


prove that 


r!(n - r)!’ 
nC r + nC r -i = n -f 1 C f , 
/iC r + , 4- 2 . nC T = n 4- 2C r -n 


55. If C, + , = C r = kCr-u where C f _„ C r , C r + l have their usual meaning 
in the expansion (1 4- x)" = C 0 4- C, x 4- C 2 x 2 4- . . show that (i) n is 
odd, (ii) 3 ^ k > 1, and find n and r in terms of k. 


56. Prove that 

(x 4- a) n = x n + n C l x n ~ 1 a 4- ... 4- n C r x n r a r + . . . + a n , 
when n is a positive integer. 

Find the first four terms in the expansion of (r s - 2ary. + a 2 ) -1 in powers 
of r~ l , where | p. | < 1 and | a | < | r |. 

57. Write down the first four terms in the expansion of (1 - x)~ n by the 
binomial theorem, n being a positive integer. 

Show that the expansions of the expressions (i) (1 — 2x) -x 4- 0 — x) -a 
( 1° \ -1 / 9 \- a 

and (ii) ^1 - yxj + - ~ x j agree for the first three terms. 

If the coefficient of x n in the expansion of the first expression is denoted by 
/(«), show that /(/i 4- 1) = 2 J(n) - n. 

58. Write down the expansion of (1 -i- .v) 10 as far as the term involving x*, 
and use it to evaluate I 01 10 correct to five decimal places. 

Find correct to three decimal places the sum to ten terms of the series: 

(«) 1 + 101 + 1 01 3 -F 1 -01 3 + . . . 

(/>) 1 - 1 01 + 1 - 01 3 - 1 - 01 3 + . . . 

59. (i) Write down the series for the expansion of (1 -f- x) n in ascending 
powers of .v, where n is a positive integer. 

Use tlie expansion to show that to four decimal places (1 -01 ) la exceeds 
(102)° by an amount 0 0007. 

(ii) Find the coefficient of .v 5 and of x 7 in the expansion of (1 + x 2 + x 3 )" 
in ascending powers of x. 

60. (i) Find the coefficient of x 4 in the expansion of (2 - x/3) 9 by the 
binomial theorem, (ii) If v is so small that its second and higher powers may be 
neglected, prove that the expression (1 — 5v)Hl + 2v)“! is approximately 
equal to (6 - 19v)/6. 

61. (i) Find the coefficient of x 7 in the expansion, in ascending powers of x, 

of (1 3x)/(l -i- 2x)l. (ii) Find V101 correct to six decimal places by 

using the binomial expansion of (100 + x)l. 

62. Write down the series for the expansion of (1 4- x) n in ascending 
powers of x, when n is a positive integer. 

Show that (1 f v 3)" ‘ (1 - \'3) n is always rational providing n is a 
positive integer. 

Show also that (\'2 + \ / 3) n 4- (\/2 - \/3)” is rational when n is an even 
integer, and evaluate (v / 2 4- v'3) 6 4- (\/2 - -v/3) 8 . 
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63. (i) Write down the general term in the expansion of (1 + x)P'i, where 
0 < x < 1, p, q are positive integers and p > q, and explain why the terms 
must ultimately alternate in sign. 


Show that 


yn 

4 


11 11 1.3 J_ 

2 ’ 2* 2.4 ’ 2 8 2.4.6 2 1 * ‘ ‘ 


(ii) A candidate taking an examination consisting of three papers each 
carrying a maximum of 100 marks. 

Find the number of ways in which he can score 200 marks on the three 


papers. 

64. (i) Find the coefficient of x 3 in the expansion of (1 + 3x 4- 2x*) 10 . 
(ii) Expand (1 + x) _1 (4 + x*H in ascending powers of x as far as and 

including the term in x 3 . For what values of x is the expansion valid? 

65. (i) Write down the expansion of (1 + x) 7 by the binomial theorem, 
and use it to calculate the value of (0-998) 7 , correct to six decimal places. 

(ii) Find the coefficient of x 3 in the expansion of 


(2x + 



66. (i) Find the number of ways of arranging seven red, four white, and 
two blue counters in a row. 

In how many of these arrangements will the two blue counters come together? 
(ii) Prove the binomial theorem for the expansion of (1 + x)” where n 
is a positive integer. 

Find the coefficient of x 3 in the expansion of (1 - 5x + 2x*)\ 


67. (i) In how many ways can three consonants and two vowels be chosen 
from the word logarithms, and in how many of these will the letter / occur? 

(ii) Write down the (r + l)th term in the expansion of (a + bx) n as a 
series in ascending powers of x, where n is a positive integer. 

Find a positive value of a which will make the coefficient of x 5 equal to that 
of x 15 in the expansion of (2x* + a/x 3 ) 10 . 



CHAPTER VI 


Trigonometry 

Circular Functions, Heights and Distances, 
Solution of Trigonometrical Equations, 
Compound Angles, etc. 


Circular Functions of the Acute Angle. If ABC be a triangle right- 
angled at A, with the acute angle ACB — 0, then the following ratios 
are known as the circular or trigonometric functions: 


B 


C A 

A]f CA AB BC BC CA_ 

BC * BC * CA ’ ~AB* CA' AB ’ 

and arc denoted by sine 0, cosine 0, tangent 0, cosecant 0, secant 0, 
and cotangent 0, or more briefly sin 0, cos 0, tan 0, cosec 0, sec 0, and 
cot 0 respectively. 

Tables known as Mathematical Tables can be obtained in which 
the particular circular function can be obtained for any given angle. 
From the definitions 



cosec 0 = 1 /sin 0, sec 0 = 1 /cos 0, tan 0 = sin 0 /cos 0, 

cot 0 = 1 /tan 0 = cos 0/sin 0. 

Also, since BC ^ AB and BC ^ AC, 

sin 0 1, cos 0^1, cosec 0^1, and sec 0^1, 

and since AB -b CA ^ BC, 


AB 

BC + 


CA 


1 , 


BC 

i.e. sin 0 4- cos 0 > 1. 


Using Pythagoras’ theorem on the above triangle, 

AB 2 + CA 2 = BC 2 . 
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Dividing through (1) by BC 2 


AB 2 
BC 2 


CA 2 

BC 2 




(cos 0) 2 4- (sin 0) 2 = 1 

(cos 0) 2 is written cos 2 0, and (sin 0) 2 = sin 2 0, etc. 

cos 2 0 sin 2 0 = 1.... 



This result is the fundamental identity in trigonometry and is extremely 
important. 

Dividing through (2) by cos 2 0, 

sin 2 0 _ 1 

cos 2 0 cos 2 0’ 

i.e. 1 + tan 2 0 = sec 2 0.(3) 


Dividing through (2) by sin 2 0, 

cos 2 0 1 

^"0 + 1 " sin 2 ”©’ 

i.e. cot 2 0 + 1 = cosec 2 0.(4) 

The identities (2), (3), (4) can be used when 0 is acute, and therefore 

when all the circular functions are positive, to find the various 
trigonometrical functions when one of them is given. 

Thus, if sec 0 = 2, using (3) (with 0 acute) 

1 + tan 2 0 = sec 2 0 = 4 .*. tan 2 0 = 3 

tan 0 = \/3» and cot 0 = 1 /tan 0=1 j\/ 3. 

cos 0 = 1/sec 0 = l, 

sin 0 = tan 0 x cos 0 = V3 X J = V3/2 
cosec 0 = 1 /sin 0 = 2/\/3. 


Radian Measure. The angle subtended at the centre of a circle by 
an arc of the circle equal in length to its radius is known as a radian. 

Now the angle subtended by the circumference at the centre of a 
circle is one complete turn, i.e. 360°. Since the circumference of a 
circle is In x its radius it will subtend In radians (2n‘) at its centre 

2 n radians = 360°, 

. , .. 180 ° _ 

i.e. 1 radian = - - ->/ to • 

71 

Also, 1 * = 3 2 " radians = f g ‘ Q . 
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Thus, to convert radians to degrees, it is necessary to multiply the 
angle by 180 "Jr., and to convert from degrees to radians multiply by 

7Z C 

180' 

Theorem. To find the length of arc of a circle radius r subtending an 
angle 0 radians at its centre. 

Since the size of the angle at the centre of a circle is proportional 
to the arc subtending it, it follows that (S' = length of arc subtending 
zlO), 

S circumference of circle 

- • 

0 number of radians subtended at the centre 

by its circumference 

S 2izr t 

— = —=—, where r = radius of circle. 

0 2tt 

.*. 5 = rO. 


Theorem. If the area of a circle be taken as nr 2 , to find the area of a 
sector subtending 0 C at the centre of the circle (radius r ). 

Let A be the area required. 

Since the area of a sector is proportional to the angle it subtends 
at the centre, it follows that 

A area of circle ?tr 2 r 2 

0 ~ 2tc ~ ~~ 2 ' 

A = Ar 2 0. 


Fxampi f. Find the number of seconds in the angle subtended at the centre 
of a circle of radius live miles by an arc of length 2 feet. 

Let 0 be the required angle in radians, r the radius. 

.\ arc =-• rO = 5 x 1,760 x 3 x 0 feet 

2 = 5 x 1,760 x 30 



2 2 180 
5 x 1,760 x 3 rad,ans 5 x , 760 -- 3 x „ 


5 x 44 


x 


1 


x 60 x 60 seconds 


540 

,. =15-6 seconds. 


Example, The development of a cone is a sector of a circle of radius r 
and angle 4 ( 2 - f ). Find the semi-vertical angle of the cone. 

Let x be the radius ot the cone and 0 its semi-vertical angle. Its slant 
length = r, and the circumference 2-x of the base of the cone is equal 


to the arc ~r of the sector. 
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.*. sin 0 = x/r = J r/r = i = 0-33333, 

0 = 19° 28'. 




Trigonometric Functions of the Angles 0°, 30°, 45°, 60°, 90°. The 
most important trigonometric functions are sine, cosine, and tan¬ 
gents, and these will be the only ones considered in this case, since 
those for the other three trigonometric functions can be obtained 
from them by inverting the results. 

(i) The angle 0°. Consider the triangle ABC right-angled at A 
with /_BCA = 0, where 0 is very small. 



As 0 approaches zero, A, B tend to coincide, i.e. as 0 approaches 
zero, AB approaches zero, and CB tends to equality with CA. 


sin 0 = 


cos 0 = 
tan 0 = 


AB 

BC 

CA 

BC 

AB 

CA 



sin 0° = 
cos 0° = 
tan 0° = 


0 _ 

BC 

CA 

CA 

0 

CA 


= 0 . 
= 1. 
= 0. 


(ii) The angles 30° and 60°. Consider the equilateral triangle 
ABC of side a , with AD drawn perpendicular to BC. (Left-hand 
figure on next page.) 

By geometry D is the mid-point of BC and AD bisects BAC, 

BAD = 30°. 


From Pythagoras’ theorem, 

AB 2 = AD 2 + BD 2 /. 
i.e. a 2 = AD 2 + \a 2 , .*. 

i.e. AD = 


a 2 = AD 2 + (£ a) 2 
AD 2 = \a 2 , 

V3 


a. 


1 
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sin 60° = 


cos 60 = 


tan 60° — 


AD 

Q 

m 

> " 

ii 

V3. 

« 

sin 30° = 

BD 

~~ AB 

a 

2 


AB 

BD 

ii 

3.1 

II 


cos 30° = 

AD 

~ AB 

a 



AB 

AD 

2 


tan 30° = 

BD 

AD 


BD 


= V3; 



a 

V3_ 



Ja 

V3 

2 ' 

13 


V?. 

2 ’ 

1 

V3' 


(iii) The angle 45°. Consider the isosceles triangle ABC right- 
angled at A with AB = AC = a. (Right-hand figure.) 

Then ABC = BCA = 45°. 

By Pythagoras BC 2 = /1Z? 2 + C/1 2 = a 2 -f a 2 = 2a 2 

BC = V2 a 


sin 45° = 


cos 45 " — 


tan 45° = - 


AB _ a _ 
BC ~ ay/2 ~~ 
AC a 
BC ~ ay/2 ~ 
AB a 

AC ~ a ~~ 


1 

Vi 

l 

V2 


(iv) The angle 90°. Using the diagram and notation of (i), as 0 
approaches zero CBA -> 90° (->- denotes ‘approaches’) 

sin CBA = - C sin 90° = — = 1 

BC AC 


cos CBA = 


tan CBA = 


AC 

BC 

AB 

BC 

CA 

AB 


cos 90° = - = 0 

BC 


tan 90° = 


CA 


— co. 


The complete set of results is given in the following table. 
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Angle 

0° 

30° 

45° 

60° 

90° 

Sine 

0 

\ 

1/V2 

a/3/2 

1 

Cosine 

1 

V3/2 

1 IV2 

b 

•it 

0 

Tangent 

0 

1/V3 

1 

\/3 

CO 


Heights and Distances. (Left-hand figure.) If a point D be viewed 
from a point A below it, the angle that AB makes with the horizontal 
through A in the same vertical plane as AB is known as the angle of 
elevation of B from A. 

If the point A be viewed from the point B above it, then the angle 
that BA makes with the horizontal line through B in the same vertical 
plane as AB is known as the angle of depression of B seen from A. 

By geometry, the above angles of elevation and depression are 
equal. 


Problem. (Right-hand figure.) To find the distance across a river 
where the distance cannot be measured directly. 

Take some visible point B on the opposite side of the river (banks 
parallel), and find a point A directly opposite it by means of a 
theodolite. 

Move to a point C on the bank and measure the distance AC and 

ACB = a by means of instruments. 

Then AB = AC tan «. 

Theorem. To find the height of a tower, when the foot of the tower 
is inaccessible. 

Let A be the foot of the tower and D the top. Let B and C be two 
points on the same level as A such that C, B, A, are collinear. By 
means of instruments (theodolite) measure the angles DBA = a and 
DCA = (S. The distance BC = a is also measured. Let x be the 
height of the tower. From the diagram 

AB = x cot a, AC = x cot (3, 

AC - AB = x cot p - x cot a, 
i.e. a = x(cot p — cot a), 

a 

• * x = cot p - cot a’ 
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When C and B are on opposite 

AC + AB = 
i.e. a = 



sides of A as shown in diagram (ii) 

x cot p 4- x cot a 
x(cot p cot a) 

a 

cot p + cot a 



Example. Two observers, i mile apart, observe a kite in the same vertical 
plane and are both on the same side of it. The angles of elevation of the 
kite are 15° and 10°. Find the height of the kite. 

Let AT be the kite, A the first observer and B the second observer. Let 
KD = //mile be the height of the kite. 

K 



From 
.*. BD 


the diagram BD = //cot 10°. 
-AD — //(cot 10° - cot 15°) 
i.e. i = //(5-6713 - 3-7321) 


AD = //cot 15°, 


.*. 1-9392// 


0-5 i.e. // 


0-5 

1 -9392 


h “ 3-8784 = m ** e (using'tables of reciprocals). 


Example (l.u.). At a point A at the bottom of a hill the elevation of the 
top of a tower on the hill is 51° 18'. At a point B on the side of the hill 
and in the same vertical plane as A and the tower, the elevation is 71° 40'. 
AB makes an angle 20° with the horizontal and the distance AB = 52 feet. 
Determine the height of the top of the tower above A. (Left-hand figure 
on opposite page.) 

C is the top of the tower and CL its height above A. BM is the per¬ 
pendicular from B on CL, x = CL. 

AL = x cot 51° 18'. 

BM ~ CM cot 71 ° 40' 

“ (* ~ 52 sin 20°) cot 71° 40'. 
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AL - BM 

= jccot 51° 18' - (x - 52 sin 20°) cot 71° 40', 
i.e. 52 cos 20 ° 

= x[cot 51° 18' - cot 71° 40'] 

+ 52 sin 20° cot 71° 40', 
x[cot 51° 18' - cot 71° 40 ] 

= 52[cos 20° - sin 20° cot 71° 40 ], 
.'. *[0-80115 - 0-33147] 

= 52[0-93969 - 0-34202 x 0-33147], 
x x 0-46968 = 52[0-82632], 

52 x 0-82632 

x “ 0-46968 

= 91 -48 feet 

using 5-figure log tables. 


log 52 = 1-71600 
log 0-82632 = 1 91715 

1-63315 

log 0-46968 = T-67180 

1 -96135 



Example (l.u.). Two points A, B of a straight horizontal road are at a 
distance 400 feet apart. A vertical flag-pole, 100 feet high, is at equal 
distances from A and B, and the angle subtended by AB at the foot C of 
the pole (which is in the same horizontal plane as the road) is 80°. (Right- 
hand figure.) 

Find (i) the distance from the road to the foot of the pole; 

(ii) the angle subtended by A B at the top of the pole. 

D is the top of the pole and CE the perpendicular from C on AB. 

By geometry, E is the mid-point of AB, CE bisects LACB and DE is 
perpendicular to AB (AD = DB by symmetry). 

From right-angled triangle A EC, 

EC = AE cot 40° = 200 x 1-19175 = 238-4 feet. 

By Pythagoras, DE Z = DC 2 + EC 1 = 100 2 + 200 2 cot 2 40° 

= 100 2 [1 + 4 x 1-19175 2 ] 

= 100 2 [1 + 4 x 1-4201] = 100 s x 6-6804 
• DE = 100V6-6804 = 100 x 2-585 ~ 258-5 
.*. cot ADE = DE/AE = 258-5/200 = 1-2925 
LADE = 37° 44' /. LADB = 75° 28'. 

Projections. The projection of a straight line AB on another 
straight line XY in the same plane is the distance between the feet of 
the perpendiculars drawn from A and B on to the straight line XY. 
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unit, and the projections of PS and RQ will be cos 0 units. The pro¬ 
jected area will therefore be a rectangle whose area equals cos 0 
square units. 

Next consider the area A and its projection on a plane — with which 
it makes an angle 0. Divide the area A into small unit squares by 
means of lines parallel to the plane ~ and others perpendicular to 
these. (Right-hand figure.) 



The number of small unit squares (small to efface irregularities) 
will be A, and the projection of each unit square on the plane tc will 
have an area of cos 0 square units. Hence, the projected area of A 
will be A cos 0 square units. 


Definition. A right pyramid is a pyramid having its vertex directly 
over the centroid of the base. (A pyramid is formed by joining any 
point in space to the vertices of a plane polygon, the polygon being 
known as the base of the pyramid and the point in space is the 
vertex.) 

Example (l.u.). On a plane inclined at an angle of 5° to the horizontal 
an equilateral triangle ADC is drawn with AD horizontal and 10 inches 
in length. If P be the foot of the perpendicular from C on the horizontal 

plane through AD, find LAPD. 



If D be the middle point of DC, find the angles of inclination of AD and 
AC to the horizontal plane. 

L is the mid-point of AD. .... . 

By geometry, PA =■ PD, and PL bisects LAPD and is at right angles to 

AD. i.CLP = 5° and CL = lOx J\/3 <= 5\/3 inches. 
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PL = CL cos 5° = 5V3 cos5°, 

cot LAPL = PL/AL = 5V3 cos 5°/5 - V3 cos 5°, 
log (cot Z_APL) = i log 3 4- log (cos 5°) = 0-23856 4- T-99834 

= 0-23690, 

/. LAPL = 30° 6' Z/1-P.S = 60° 12'. 


If DM be the perpendicular from D on the plane ABP, by geometry 
DM = iCP = 4 x 5 V 3 sin 5° inches, and AD = 5\/3 inches 

45 sin 5° 


sin LDAM = 


DM 

AD 


5 V3 - " * SiD 5 ‘ 
x 0-08716 — 0-04358, 


sin LCAP = 
log (sin LCAP) = 


Z CAP = 


LDAM 
CP I AC 


■ 4 

■ 2° 30' 

= 5 v^3 sin 5°/10 = 4^3 sin 5 
4 log 3 + log (sin 5°) — log 2 
0-23856 + 2-94030 - 0-30103 
2-87783, 

4° 194'. 


Example (l.u.). A pyramid (right) OABCD stands on a square base 
A BCD of side 2 a and is of height 4a. 

Find the angle OA makes with the base and the angle between the 
planes OA B, OAD. 



/’ is the centre of the square ABCD. The angle OA makes with ABCD 

is LOAE. ( Z_OEA = 90°.) 

Now AE «= Via (J diagonal of square) 

cot LOAE = AE/OE 

= Via 14a - 4V2 
= 1-4142/4 
■= 0-35355 
LOAE = 70° 32'. 

BP is the perpendicular from B to OA, and by geometry DP is per¬ 
pendicular to OA and BP = DP by symmetry. But E is the mid-point 
of BD, therefore PE is perpendicular to BD and bisects Z.BPD. 

By Pythagoras, 

OA 3 = OE 3 + AE 1 = 16a * + 2a 8 = 18a* 

/. OA = a Vi 8 = 3 V la. 
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If h be the perpendicular from O on AB, 

h 2 = OA 2 - (\AB )* (using Pythagoras). 

= 18a* - a 2 = 17 a 2 , 
h = Vila. __ 

twice area of A OAB = h x AB = Vila x 2a. 

Also, twice area of A OAB = BP j*. OA = BP x 3 Via, 

BP x 3 V2a = lV 17a 2 , 



12-3693 

17 


= 0-72761 


LBPE = 46° 41', 

.*. LBPD = 1/.BPE = 93° 22', 


i.e. the angle between the planes OAB, OAD is 93° 22'. 


Example. The vertex V of a right pyramid stands over a regular pen¬ 
tagonal base ABODE. If the length of a slant edge VA be 20 inches and 
an edge AB of the base be 10 inches, calculate the height and the volume of 
the pyramid and the dihedral angle between the lateral face and the base. 


V 



O is the centroid of the base and P the mid-point of AB. Then VP and 
OP are perpendicular to AB. 

Since ABODE is a regular pentagon, Z EAB ■= 108 , therefore 

LOAB => 54° (by geometry). 

From A OAP, OA ~ AP sec 54° = 5 sec 54° 

= 5 x 1-70130 ~ 8-5065. 

By Pythagoras, 

VO * «= VA* - OA* 

= 400 - 72-361 = 327-639 

VO = 18-10 inches correct to 4 significant figures. 
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The volume V of the pyramid is given by 

V = \ area of base x height 
= | x AO/lfl x VO 

= | x 5 x OP x 1810 
= -f]x 25 tan 54° x 18-10. 
log V = iog 125 + log tan 54° 

+ log 181 — log 3 

= 301621 

V «= 1,038 cubic inches. 

,an AVPO - VO/OP = jJgLf 


log 125 = 2-09691 
log tan 54° = 0-13874 
log 18-10 = 1-25768 

3-49333 
log 3 = 0-47712 

3-01621 

3-62 
tan 54° 


log (tan AVPO) = log 3-62 - log (tan 54°) = 0-55871 - 0-13874 

= 0-41997, 

.*. /_VPO = 69° 11'. 


Example (l.u.). A , D, C are three farms on a plain. The distance and 
bearing of D from A are three miles E. 19° N.; of C from B four miles, N. 

22° W. Find how far E. or W., and how far N. or 
S-, C is of A. What is the bearing of C from A? 

BX is the N.-S. line through B and AP, CQ are 
the perpendiculars from A and C on BX. 

Then C is E. of A a distance 

AP - CQ = 3 cos 19° - 4 sin 22° 

= 2-83656 - 1-49844 
= 1-338 miles. 

C is N. of A a distance 

PB + BQ = 3 sin 19° + 4 cos 22° 

= 0-97671 + 3-70872 
= 4-685 miles. 

If C be 0° E. of N. of A , then, 
tan 0 = 1-338/4-685 
log (tan 0) = log 1-338 - log 4-685 

“ 0-12645 - 0-67072 = 1-45573 
/. o = 15° 56' 

Cis 15° 56' E. of N. of A. 

Circular Functions of the General Angle. The general angle is an 
angle of any size including negative angles. 

Let OX, OY be the usual perpendicular axes used in graphical 
work, and let the same scales be used along the axes of .x and of y. 

If P be the point (.v, y), OP = r (always positive), and /_POX = 0, 
the following are the definitions of the trigonometric functions when 
0 is the general angle. 


sin 0 = 

y 

r' 

cos 0 = 

X 

r 9 

cosec 0 = 

r 

7* 

sec 0 = 

r 

X* 


tan 0 = 


y 

X 

X 

y 
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It is to be noted that the position OP can be arrived at by turning 
through any number of complete turns plus the angle 0, and all 
positive angles are obtained by turning in an anti-clockwise direction 
from OX, and negative angles by turning in a clockwise direction from 
OX. 

From the above definitions the following identities are readily 
obtained: 

cosec 0 = 1 /sin 0, sec 0 = 1 /cos 0, 

. y/r sin 0 . 1 cos 0 

tan 0 = - . - = -x-, cot 0 = - — r, = —;— n . 

x/r cos0 tan 0 sin 0 

If PM be the ordinate of P, from right-angled triangle OPM, 
using Pythagoras, 

OM 2 + PM 2 = OP 2 , i.e. x 2 + y 2 = r 2 . 

2 2 

-f = 1, i.e. cos 2 0 + sin 2 0 = 1.(1), 

r 2 r 2 

which is the same fundamental identity as obtained for an acute 
angle 0. It will be found that all the identities relating to an acute 
angle 0 are also true for the general angle 0. 

Dividing through the identity (1) by cos 2 0 and sin 2 0 in succession, 

1 + tan 2 0 = sec 2 0| 
cot 2 0 + 1 = coscc 2 0* 

The signs of the circular functions of 0 in the four quadrants 
XOY, X'OY, X'OY', XOY' (first, second, third, and fourth quadrants 
respectively) are obtained in the following table. 


Quadrant 

X 

y 

r 

sin 0 = y/r 

cos 0 = x/r 

tan 0 = y lx 

1st 

+ 

+ 

+ 

+ 

+ 

+ 

2 nd 

— 

+ 

+ 

+ 

— 

— 

3rd 

— 

— 

+ 

— 

— 

+ 

4th 

+ 

— 

+ 

— 

+ 

— 


To remember these results it is advisable to follow the diagram. 


using the word ‘cast’ showing what functions 
are positive in the various quadrants. 

(fl = all, s = sine, t = tan, c = cos.) 

The signs for cosec 0, sec 0, cot 0 can be 
obtained from the table, being the same as 
for sin 0, cos 0, tan 0 respectively, since they 
are the inverses of these functions. 
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Since the position of OP is unaltered if any multiple of 2k radians 
be added or subtracted from the general angle, it follows that any 
multiple of 2k radians (360°) can be added to or subtracted from the 
angle of a trigonometric function without altering its value. 

Example. Find (i) sin 792°, (ii) tan (- 336°), using tables. 

sin 792° = sin (792° - 2 x 360°) - sin 72° = 0-95106 
tan (-336°) = tan (-336° + 360°) = tan 24° = 0-44523. 


Theorem. To find the sine, cosine, and tangent of the angles 
(i) 90° - 0, (ii) 90° + G, (iii) 180° - 0, (iv) 180° + 0, (v) 270° - 0, 
(vi) 270° + 0, (vii) 360° - 0, or -0. 

In all that follows P is the point (.x, y), OP = r, and 0 = /JPOX is 
considered acute, but the results are valid for all values of 0. 


(i) (90° — 0). OP x = r and /_P x OX = 90° — 0. From congruent 
triangles P 1 = (y, x) 

. • /r»r»o y co-ordinate of P x x 

.. sin (90 — 0) = ---- = —- = cos 0 

cos (90° - 0) = ---- = ^ = sin 0 

. S * n (90° — 0) cos 0 

tan (90° - 0) = - ~rs -- = —- Q - = cot 0 

cos (90 — 0) sin 0 



(ii) (90° + 0). OP 2 = r and Z_P 2 OX = 90° + 0. 


From congruent triangles and the fact that P 2 lies in the second 
quadrant, P 2 = ( —y, x ) 

.*. sin (90° + 0) = y co-ordinate of P 2 /r = x/r = cos 0 
cos (90° + 0) = x co-ordinate of P 2 /r = —y/r = —sin 0 

L tan(9O° + 0 ) = g s ( g: + g = ^ - —to 

(iii) (180 - 0). OP B = r, /_P z OX= 180° - 0. 
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By symmetry, P 3 = (—x, y) 

sin(180 r - 0 ) = yfr = sin 0 > 

cos (180° — 0 ) = —x/r = —cos 0 

sin 0 

tan (180° - 0 ) = = -tan 0 



(iv) 

(180° 4- 0). OP A 

= 

r. 

Z.P.OX = 

180° 

+ 0 . 

From 

the diagram. 


P* 

= (-x, - 

y) 

—sin 0 


sin (180° 

+ 

0 ) 

= -ylr 

— 


cos (180° 

+ 

6 ) 

= ~ x/r 

= - 

-cos 0 


tan (180° 

+ 

6 ) 

_ —sin 0 
—cos 0 

= 

tan 0 


(v) (270° - 0). OP 6 = r, /_P h OX = 270° - 0. 


From the diagram, P 6 

sin (270° - 0) 
cos (270° - 0) 

tan (270° - 0) 


(-y, -x) 

-x/r = 

- y/r = 

—cos 0 _ 
—sin 0 


—cos 0 > 
—sin 0 

cot 0 




From the diagram, P t = ( 7 , —x) 

sin (270° 4 - 0) = -x/r = -cos 0 
cos (270° 4- 0) = ylr = sin 0 

—cos 0 

tan (270" + 8 ) = -r^g- = -cot 8 . 
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(vii) 360° - 0 or (-6). OP 7 = r, and /_P 7 OX = 360° - 0, or -0. 
By symmetry, P 7 = (x, — y) 



The most important of these results are: 

sin (180° - 0) = sin 0 ) sin (180° 4-0) = -sin 0 ) 

cos (180° - 0) = -cos 0 cos (180° + 0) = -cos 0 

tan (180° - 0) = -tan 0 J tan (180° 4- 0) = tan 0 J 

sin (360° - 0) = sin (-0) = -sin 0 

cos (360° — 0) = cos( —0) = cos 0 , 
tan (360° — 0) = tan (—0) = —tan 0 

as these are sufficient, with the aid of tables (which only give 
trigonometric functions for angles from 0° to 90°), to find the value 
of the trigonometric function of any angle. The cosec, sec, and cot 
results are similar to the sin, cos, and tan results respectively. 

Example. Find the sine, cosine, and tangent of the angles (i) 150°, 

(ii) 255°, (iii) 295°, (iv) -140°. 

(i) sin (150°) = sin (180° - 30°) = + sin 30° = + 0-5. 

cos (150°) = cos (180° - 30°) = - cos 30° = - *V3. 

tan (150°) = tan (180° - 30°) = - tan 30° = - 1/V3. 

(ii) sin (255°) = sin (180° + 75°) - - sin 75° = - 0-96593. 

cos (255°) = cos (180° + 75°) = - cos 75° = -0-25882. 

tan (255°) = tan (180° + 75°) = + tan 75° = +3-73205. 

(iii) sin (295°) - sin (360° - 65°) = - sin 65° - -0-90631. 

cos (295°) = cos (360° - 65°) = + cos 65° = +0-42262. 

tan (295°) = tan (360° - 65°) = - tan 65° = -244451. 

(iv) sin (- 140°) = - sin 140° = - sin (180° - 40°) = - sin 40° 

= -0-64279. 

cos (- 140°) = cos 140° = cos (180° - 40°) = - cos 40° 

= -0-76604. 

tan ( - 140°) = - tan 140° = - tan (180° - 40°) = + tan 40° 

= +0-83910 

The following are the graphs of the six trigonometric functions as 
obtained from previous results and the use of tables, the graphs 
being taken between x = —360° and x = 4-360° in each case. 
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Inverse Trigonometric Functions. The inverse trigonometric 
functions are angles that are defined as follows: 

(i) sin -1 a is the angle between — 90° and -\-90° satisfying the 
equation sin 0 = a. 

(ii) cos -1 b is the angle between 0 and 180° satisfying the equation 
cos 0 = b. 

(iii) tan -1 c is the angle between — 90° and + 90° satisfying the 

equation tan 0 = c. 

Note. The angles are chosen so that their trigonometric functions 
cover all positive and negative values of a, b, c. 
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Theorem. To find the general values of the angles satisfying the 
equations , (i) sin 0 = a y (ii) cos 0 = b, (iii) tan 0 = c, where a, b t c 
are constants. 

(i) sin 0 = a. Let a = sin -1 a and OP x be the position for an 
angle a, and OP 2 be the position for an angle 180° — a. 



Since sin (180° — a) = sin a = a , it follows that both OP x and 
OP 2 will be the positions for all angles 0 satisfying sin 0 = a. 

In the position OP x 

0 = 2mn + a.(1), 

and in the position OP 2 

0 = 2pn + (tt — a) 

= (2 p -f 1 )tt —a.(2), 

where m and p are any integers. 

These results are combined in the single result 

0 = n- -f- ( — l)"a, 

where n is any integer, for when n = 2m (even) the result (1) is 
obtained, and when n = (2 p + 1) (odd) the result (2) is obtained. 

Note, jt represents ~ radians = 180% and a is taken positive but the 
result holds true if a is negative. 

(ii) coy 0 = b. Let p = cos" 1 b , P x OX = p, and P 2 OX = - p. 
Since cos ( —p) = cos p = b, the angles in the positions OP x and 
OP 2 satisfy the equation cos 0 = b. 



In the position OP Xt 0 = 2nm 4- P, and in the position OP lt 
0 = 2prz — p, where m and p are any integers. 

These are combined in the single result 0 = 2mz ± p, where n is 
any integer, (p taken acute but result is true if p obtuse.) 
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(iii) tan 9 = c. Let y = tan -1 c , P x OX = y, P 2 OX = (180° 4- y). 
Since tan (180° + y) = tan y = c, the angles in the positions OP , 
and OP 2 will satisfy the equation tan 9 = c. 



In the position OP lt 0 = 2nm + y, and in the position OP 2 , 
9 = 2/m + (tc + y) = (2p + 1)* + Y, where m and p are any 

integers. 

These results are combined to give 0 = nn -f y, where n is any 
integer, (y taken positive but result valid if y negative.) 

Note. These results are stated for cases when a. p, y are taken in radians. 
When these angles are in degrees the quantity * in the results should be 

replaced in each case by 180°. ... 

The corresponding results for the other three trigonometric functions 

are the same as for their inverses. 

Certain trigonometric equations are reducible to quadratic 
equations in sin 0, cos 0, or tan 0 by making use of the various 
trigonometric identities, and these can then be solved for the respec¬ 
tive function, and the general values of the angle then obtained. 

Example. Find the general solutions of the equations 

(i) 8 sin* 0+6 cos 0 — 9=0; 

(ii) 2 sec* 0 = 1 + 3 tan o; 

(iii) 2 sin 4 0 + sin* 0 - 1 = 0 . 

(i) Using sin* 0 = 1- cos* 0, the equation becomes, 

8-8 cos* 0 + 6 cos 0-9=0 
i.e. 8 cos* 0 — 6 cos 0 + 1 =0, 

/. (2 cos 0 - 1 )(4 cos 0 - 1) = 0 

.’. COS 0 = i . (1), 

or cos 0 = i.(2) 

From (i) 0 = m . 360° ± 604 

From (ii) 0 = /i . 360“ + 75° 31 

where m and n are any integers. 

(ii) Using sec* 0 = 1 + tan* 0, the equation becomes, 

2 + 2 tan* 0 = 1 + 3 tan 0, 
i.e. 2 tan* 0 - 3 tan 0 + 1 =0, 

(2 tan 0 - l)(tan 0 - 1) = 0, 

/. tan 0 = 1, 

or tan b = J 


K 


( 1 ) 

( 2 ). 
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From (1), 6 = m . 180° + 45°) 

From (2), 0 = n . 180° + 26° 34'i ’ 

where m and n are any integers. 

(iii) Factorising the given equation, 

(2 sin 2 0 - l)(sin 3 0 + 1) = 0 

sin 2 0 *=> i or - 1 

Now sin 2 0 + - 1, .*. sin 2 0 = i, sin 0 = ±1 /\/2. 

From sin 0 = 1 /\/2, = wm + ( — 

From sin 0 = - 1 /\/2, 0 = nit + ( — 1)”( - £n). 

These results can be classed together under the formula 0 = pn ± in, 
where p is any integer. 

Certain other types of equations, as shown in the following 
examples, can be solved by making use of the general solutions of the 
equations sin 0 = a, cos 0 = b, and tan 0 — c. 


Example. Solve the equations (i) sin 2x = sin 3.x:, (ii) cos nix = sin nx 
giving the general solutions, and also all solutions for x between x = 0 
and n in (i). 

(i) sin 3x = sin 2x 

= sin [/in + ( - l)»2x], 

where n is any integer. Therefore 3x — «n + (- 1)** . 2x. 

When n is even and equal to 2m, 

3x = 2m it + 2x, .*. x = 2 mn 
When n is odd and equal to (2 p + 1), 

3.v = (2p + 1)tt - 2.V, /. 5.v = (2 p + 1)^, 

• * _ ( 2 /l± L>, 

• • A ^ ••• 

Therefore the general solutions are .v = 2//i« 
where m and p are any integers. 

For values of x between 0 and tt, not including these end values, 
p = 0 or 1 (m cannot take any values), therefore values of x between 0 
and n are x = and 3 tt/5. 

(ii) cos mx = sin nx = cos (in - nx) 

= cos [2 pn ± (in - «.v)], p any integer 
/. mx = 2 pn ± (in — //.vj. 

Using the negative sign, 

4 p - i 

On - n)x = (4 p - l)in, /. x = —- • in. 

m — n 

Using the positive sign. 

On + n)x «= (4 p + l)in .*. x = — - • in, 

m + n 

where p is any integer. 


Trigonometric Functions of the Compound Angles (.4 ± B). In the 
following proofs /_A and /_B are taken to be acute and /_ (A -+ B) 
is taken to be acute (/_ A > /_B), but the results are valid for all 
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angles as can be shown by applying the results for the trigonometric 
functions of 90° ± 0, 180° ± 0, 270° ± 0, 360° - 0 to the identities 
obtained. 

Theorem. To find the expansions of the sine, cosine, and tangent of 
the angle (A -f B), where /_A and l_B are acute and L(A f B) is 
acute. 

In the diagram Z_XOY = /_A, zYOZ = LB, P is any point on 
OZ\PL , PM are the perpendiculars from P on OX. OY respectively; 
MN, MS are the perpendiculars from M on OX and PL respectively. 



Since PL and PM are perpendicular to OX and OY respectively, 

lmps = la. 

From the construction, SLNM is a rectangle, and 

SL = MN; SM = LN. 

PL PS + SL _ PS MN 
Now sin (A + B) = = pQ - pQ + po 

_ MN - i PS ~ 

~ PO PO 

MN OM PS PM 

OM PO PM PO 

= sin A cos B -f cos A sin B. 

OL ON — LN _ ON _ SM 

cos (A+B) = — = ~ Qp " OP OP 

ON OM _ SM PM 

= OM OP PM OP 

— cos A cos B — sin A sin B. 
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sin (A B) _ sin A cos B + cos A sin B 
cos {A + B) cos A cos B — sin A sin B 
sin A cos B cos A sin B 
cos A cos B ^ cos A cos B _ tan A 4- tan B 
cos A cos B sin A sin B 1 — tan A tan B' 

cos A cos B cos A cos B 


Theorem. To find the expansions of the sine , cosine, and tangent of 
the angle (A — B), where /_A and /_B are acute with Z_A > /_B. 



In the diagram 

Z_XOY= /_A, 
Z_YOZ = Z.B\ 

P is any point OZ and PL, 
PM are the perpendiculars 
from P on OX and OY re¬ 
spectively ; MN is the per¬ 
pendicular from M on OX 
and PS the perpendicular 
from P on MN. 


Since PM and MN are perpendicular to OY and OX respectively, 
/_PMS = ZA. 

By construction, SNLP is a rectangle, SN = PL, NL = SP. 

PL SN MN - MS MN MS 


sin (A — B) 


cos (A — B) = 


tan (A — B) — 


OP 

MN 


OP 

OM 


OP 

MS 


OP 


OP 


MP 


OM OP MP OP 
sin A cos B — cos A sin B. 

OL ON 4- NL ON 


OP 

ON 

OM 


OP 


4- 


OM 

OP 


4- 


SP 


OP 
MP 


SP 

OP 


MP OP 
cos A cos B 4- sin A sin B. 
sin (A — B) _ sin A cos B — cos A sin B 
cos (A - 


- B) 
sin A cos B 


__ cos A cos B cos A cos B 
cos A cos B ^ sin A sin B 


cos A cos B 4- sin A sin B 
cos A sin B 

tan A — tan B 


1 4- tan A tan B 


cos A cos B 


cos A cos B 
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Example. Find the values of 

sin (8 ± 9 ), cos (6 ± 9 ), 

tan (0 ± 9 ), given sin 0 = £, 
cos 9 = where 0 is obtuse 
and 9 is acute. 

From the right-angled tri¬ 
angles shown in the diagram, 

cos 6 = - £, 
tan 0 = — f, 
sin 9 = ir» 

tan 9 = V- 



sin (0 + 9 ) = sin 0 cos 9 4 




3 

5 X 


sin (0 - 9 ) 


cos (0 4 9 ) 


cos (0 - 9 ) 


sin 


3 

5 x 


h ♦ (V 4 ) * 

0 cos 9 — cos 3 sin 9 


5 

13 


cos o cos S' 

(m) 


3 

- 5 X 


4 


tan (0 -f 9 ) 
tan (0 - 9 ) 


(^ 4 )(f3, • 5 

sin (0 -1- 9 ) _ ~ 33/ 65 
cos (0 + 9 ) _ 56 /65 

sin (0 - 9 ) 63/65 _ 63 


12 

15 

48 

33 

13 

65 

65 

65' 

12 

15 

48 

63 

13 

65 

+ 65 ” 

65' 

> 

12 

-20 

36 

-56 

13 

65 

65 

65 ' 

> 

12 

-20 

36 

16 

13 

65 

+ 65 = 

65' 


33 

56 


=» ■ 

COS (0 - 9) 

Check, tan (0 4 9 ) = 


_ 33/20 33 


tan (0 - 9 ) 


16/65 16 

_- I + 12 /5 

1 - tan 0 tan 9 

tan 0 - tan 9 • . -- ■ - - 

1 4 tan 0 tan 9 1 4 (— i)(12/5) — 16/20 16 


tan 0 4 tan 9 — 4 ■ _ —«— — 

1 - (- J)(12/5) 56/20 56 

- 3 - 12/5 -63/20 63 


uumu - w j + t an 0 tan 9 1 + (-3K12/5) - lb/zu it) 

Note. The results for the compound angles (A ± D) can be used in 
expanding the sine, cosine, and tangent of the angles (A ± 1 ). 


Example. Expand sin M + B + C) in sines and cosines of (he angles 
A, B, and C. 

sin (A 4 0 4 0 = sin [(A 4 B) 4 C] = sin (A 4 0)cosC 

+ cos (A + B) sin C 

= (sin A cos B 4 cos A sin B) cos C 

4 (cos A cos B - sin A sin B) sin C 

- sin A cos 0cos C 4 cos A sin B cos C 

4 cos A cos B sin C - sin A sin B sin C. 
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Example. Without the use of tables, find the values of cos 15° and tan 75°. 
cos 15° = cos (45° - 30°) = cos 45° cos 30° + sin 45° sin 30° 


1 

v'2 


V3 

2 


1 

+ V2 


4 = 


V 3 + 1 


tan 75° = tan (45° + 30°) = 


2\/2 
tan 45° + tan 30° 


V6 + V2 


1 + 1 / V3 


V3 + 1 


1 - tan 45° tan 30° 1-1 /V3 

(V3 + l ) 3 4 + 2V3 


V3 - 1 (V 3 - 1)(V3 + 1) 


= 2+V3. 


Example. Simplify the following: 

(i) cos x + sin y sin (a - y ); 

(ii) cos 30 cos (0 + 9 ) - sin 30 sin (0 + 9 ); 

(iii) sin (a- - y) cos 2y + cos (x - y) sin 2 y; 



tan (0 - 9 ) + tan (0 + 9 ) 

1 - tan (0 — 9 ) tan (0 + 9 )* 


(i) Using sin (a- — y) = sin x cosy - cos x siny, 

cos ,v + sin y sin (x - y) = cos a* + sin y (sin a cosy - cos a siny) 

= cosa( 1 - sin 3 y) + sin xsinycosy 
= cos a cos 2 y + sin a sin y cosy 

(1 - sin 2 y = cos 2 y) 
= cos y (cos a cos y + sin a sin y) 

= cosy cos (a - y). 

(cos (a — y) = cos a cos y + sin a sin y) 

(ii) Now cos A cos B - sin A sin B = cos (A + B) 


/. cos 30 cos (0 + 9 ) - sin 30 sin (0 4 - 9 ) = cos [30 -f- (0 + <p)] 

= cos (40 + 9 ). 

(iii) Now sin A cos B + cos A sin B = sin (A + B), 
sin (a - y) cos 2y + cos (a - y) sin 2y = sin [(a - y) + 2y] 

= sin (a + y). 

,■ . tan A 4- tan B 

(,v) --- —-= tan (A + B) 

1 - tan A tan B 


. tan (0 - 9 ) + tan (0 + 9 ) 

1 - tan (6 - 9 ) tan (0 + 9 ) 


tan [(0 - 9 ) + (0 + 9 )] 


tan 20 . 


Example (l.u.). Express cos (A + B + C + D) in terms of the sines 
and cosines ot A, B, C, D, and hence, or otherwise, obtain the identity 
cos 40 = 8 cos 1 0-8 cos 2 0+1. 

cos {A + B + C + D) 

= cos (a + y), where a = A + B, y = C + D. 
cos a cos y - sin a sin y 

cos (A + B) cos (C + D) - sin (A + B) sin (C + D) 

- (cos A cos B - sin A sin £)(cos Ceos D - sin Csin D ) 

- (sin A cos B + cos A sin B )(sin Ccos D + cos Csin D ) 
= cos A cos B cos Ccos D - sin A sin B cos Ceos D 

- cos A cos B sin C sin D - sin A cos B sin C cos D 

- sin A cos B cos C sin D — cos A sin B sin Ceos D 

- cos A sin B cos C sin D + sin A sin B sin C sin D. 
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Putting A=B = C = D = Q in this result, 
cos 46 = cos 4 0-6 sin 2 0 cos 2 0 + sin 4 0 

= cos 4 0 - 6 cos 2 0 (1 - cos 2 0) + (1 - cos 2 0) 2 
= cos 4 0-6 cos 2 0 + 6 cos 4 0 + (1 - 2 cos 2 0 + cos 4 0) 
= 8 cos 4 0-8 cos 2 0 + 1. 


Example (l.u.). If «, P. y> 8 be four angles, prove that 

(i) sin «sin(p - y) + sin Psin(y - «) + sin y sin (a - 0) == 0; 

(ii) sin(p - y) sin (a - 8) + sin (y - *)sin(p - 8) 

+ sin (a - 0) sin (y - 8) = 0. 

(i) L.H.S. = sin «[sin p cos y - cos P sin y] 

+ sin p[sin y cos « - cos y sin a] 

+ sin Y[sin a cos p - cos a sin p] 
= sin « sin p cos y - sin a cos p sin y 

+ cos a sin p sin y - sin a sin p cos y 

+ sin a cos p sin y - cos a sin p sin y 


= 0 . 

(ii) L.H.S. = (sin p cos y - cos p sin Y)(sin a cos S - cos * sin 8) 

+ (sin y cos a - cos y sin a)(sin p cos 8 - cos P sin 8) 
+ (sin a cos p - cos a sin p)(sin y cos 8 - cos y sin 8) 
= sin « sin p cos y cos 8 - sin « cos p sin y cos 8 

- cos a sin p cos y sin 8 + cos a cos P sin y sin 8 
+ cos « sin P sin y cos 8 - sin « sin p cos y cos 8 

- cos « cos p sin y sin 8 + sin a cos p cos y sin 8 
+ sin a cos P sin y cos 8 - sin a cos p cos « sin 8 

- cos a sin p sin y cos 8 + cos a sin p cos y sin 8 



Example (l.u.). Express tan (A + B) in terms of tan A and tan B. 

Prove that, if A + B + C = 180°, 

tan A + tan B + tan C = tan A tan B tan C. 

Also, prove that 

tan O tan (0 + 60°) + tan 0 tan (0 - 60°) + tan (0 + 60°) tan (0 - 60°) 
Since A + B + C - 180°, 

tanC = tan (180° - A - B) 

= - tan (A + B) 

_ (tan A + tan B) 

1 - tan A tan B 

(1 - tan A tan B) tan C = - tan A - tan B 
i.e. tan C - tan A tan B tan C = - tan A - tan B 
i.e. tan A + tan B t tan C = tan A tan B tan C. 

Now 

tan (0 + 60°) - tan 0 
tan 60" - tan [(6 + 60") - »] - f+ tan 0 tan (60" + T) 


-3 


i.e. v'3( 1 + tan 0 tan 60° + 0) 
/. 1 + tan 0 tan (60° + 0) 


tan (0 + 60°) - tan 0 

-i-[tan(0 + 60°) - tan 0]-(1). 

\/3 
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Similarly 

1 + tan 0 tan (0 - 60°) = - -^[tan (0 - 60°) - tan 0]. {2). 

Also 

tan (0 4- 60°) - tan (0 - 60°) 
tan 120" - tan [(0 + 60") - (6 - 60")] = t + tan (9 + 60°) tan (6 - 60°) ' 

Now tan 120° — - \/3 

.*. - v/3[l 4- tan (0 4- 60°) tan (0 - 60°)] 

= tan (0 4- 60°) - tan (0 - 60°) 

i.e. 1 + tan (0 4- 60°) tan (0 - 60°) 

=-^-[tan (0 4- 60°) - tan (0 - 60°)].(3) 

v 3 

(1) + (2) + (3) gives 

3 + tan 0 tan (0 4- 60°) 4- tan 0 tan (0 - 60°) 

4- tan (0 4- 60°) tan (0 - 60°) = 0 

tan 0 tan (0 4- 60°) 4- tan 0 tan (0 - 60°) 

4- tan( 0 4- 60°) tan (0 - 60°) = - 3. 


Example (l.u.). 

(i) Prove that 

sin 2 4- B) cos 2 &A - B) - cos 2 HA 4- B)sin 2 *(A - B) = sin A sin B. 

(ii) If the angles are positive and acute, prove that 

cos -1 3/\/10 4- cos- 1 2/-\/5 = J- 

(i) sin 2 i(.4 4- B) cos 2 - B) - cos 2 HA 4- B) sin 2 i(A - B) 

= [sin HA 4- B) cos HA - B) 4- cos HA 4- B) sin HA - B)] 

x [sin HA 4- B) cos 4(.-I - B) - cos HA 4- B) sin HA - £)] 

= sin [HA 4- B) 4 HA - /?>! sin [i (A 4 - B) - HA - £)] 

(using sin (.x 4- y) = sin x cos y 4- cos* sin y 
and sin (.v - y) = sin .v cosy - cos x sin y) 

= sin A sin B. 

(ii) Let 0, ^cos ^/x/lO and 0, = cos 1 2/-\/5, where 0 X and 0 t 
are positive and acute. Therefore cos 0i = 3/\/10, cos 0 t = 2/\/5, 
and from these 

sin 0, = \ (1 - cos 2 0,) = \/(! - 9/10) = 1/V10, 
sin 0. = \ (I - cos 2 0 S ) = V(1 ~ 4/5) = 1 fy/5 

(sin 0, and sin o 2 are positive since 0, and 0* are acute). 

cos (0, 4- 0,) = cos 0j cos 0, - sin 0i sin 0, 

3 2 11 5 

v'l0 X V5 V10 X V5 ~ V50 

= UV2. 

Therefore since 0, and 0, are both acute, 0, 4- 0* = 






MULTIPLE AND SUBMULTIPLE ANGLES 


Trigonometric Functions of Multiple and Submultiple Angles 
has been proved that 

= sin x cos y + cos x sin y . 

= cos x cos y — sin x sin y . 

tan x + tan y 


sin (x + y) 
cos (x + >■) 
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It 

( 1 ) 

( 2 ) 

(3). 


tan (x -f v) = 

1 - tan x tan y 

Let x = y = 0 in each of these identities, then, 

sin 20 = 2 sin 0 cos 0 
cos 20 = cos 2 0 — sin 2 0 

= 2 cos’ 0 - 1} (us j n g sin’0 + cos’9 = 1) 

— 1 2 sin 0 

2 tan 0 

tan 20 =-—* 

1 — tan 2 0 

The last two results for cos 20 should also be memorised in the 
following forms ^ e = * (1 + cos 2 0). 

sin 2 0 = 4(1 — cos 20). 

If the angle 0 be replaced by 4<p the following results are obtained: 


sin 9 
cos 9 


tan 9 = 


2 sin 49 cos 49 
cos 2 49 - sin 2 £9 
2 cos 2 §9 — 1 
1 — 2 sin 2 49 

2 tan £9 




1 — tan 2 49 

cos 2 49 = $0 “h < P) 
sin 2 49 = ^(1 - cos 9) 

Note. The quadrant in which the angle 0 lies will determine the sign 
to be used for cos 0 and sin 0 when using the formulae 

cos 2 0 = 4(1 + cos 20) and sin 2 0 = i(l - cos 20 ). 

Example. Without using tables, find the sine, cosine and tangent of 22 
Using the previous formulae and the fact that sin 22i°, cos 224 
tan 224 ° arc all positive, 

4(1 - cos 45°) = 4(1-1 IV 2) 

(1 /2\/2)(\/2 - 1) = 1(2 - V2) 

Vi(2 - V2) = W(2 - V2) 

4(1 + cos 45°) = 4(1 * 1 / v /2 ) 

4(2 + V2) 

cos 224° ■= 4V(2 + V2)‘ 
sin 224° 4 V(2 - V2) = / 2 _r_V 2 

: cos 224° “ 4V(2 + V2) V 2 + V 

(2 - V2)^_ _ 2 " V 2 

(2 '+' v/2)(2 - \/2) " V2 


sin 2 224 
. sin 224 

COS 8 224 


tan 224 


V 


V2 

V2 - 1 . 
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Theorem. To find sin 20 and cos 20 in terms oft — 

2 sin 0 cos 0 

• on o • n n cos2 0 2 tan 0 

1 sec 2 0 

cos 2 0 

It 


tan 0. 


2 tan 0 
1 + tan 2 0 


cos 20 = 


cos 2 0 — sin 2 0 

1 

cos 2 0 _ sin 2 0 

cos 2 0 cos 2 0 

cos 2 0 sin 2 0 

cos 2 0 cos 2 6 


1 + t- 

cos 2 0 — sin 2 0 
cos 2 0 + sin 2 0 

_ 1 — tan 2 0 _ 
1 -4- tan 2 0 


(cos 2 0 + sin 2 0 = 

1 “if 
l + 7 * 


Note. If /, = tan Jat, by similar reasoning. 


2/> 

sin x = ---, 

1 + r, 2 


cos x = 


1 iJl 

1 + t y 


Theorem. To find sin 3.x in terms of sin x, and cos 3.x in terms of 


COS X. 


sin 3.x = sin (2.x 4 .x) = sin 2.x cos .x 4* cos 2.x sin x 
= 2 sin .x cos ,x X cos a 4- (1 — 2 sin 2 .x) sin x 
= 2 sin .x cos 2 .x 4- sin x — 2 sin 3 .x 

= 2 sin .x (1 — sin 2 .x) 4- sin .x — 2 sin 3 x 

= 3 sin x — 4 sin 3 x. 

cos 3.x - cos (2 x 4- a) = cos 2.x cos ,x — sin 2.x sin .x 

— = (2 cos 2 x — 1) cos .x — 2 sin x cos .x X sin .x 

— 2 cos 3 .x — cos a — 2 cos .x sin 2 a 

— 2 cos 3 a — cos a — 2 cos ,x(l — cos 2 a) 

= 4 cos 3 A — 3 COS A. 


Example. Show that sin 30 = cos 20 when 0 = 18°, and use the result 


to find sin 18° without using tables. 

When 0 = J8 r , sin 30 = sin 54° = cos 36° = cos 20. 

Now sin 30 = 3 sin 0-4 sin 3 0 

cos 20 = 1 — 2 sin 2 0 

therefore when o = 18° sin 30 = cos 20, 

i.e. 3 sin 0 - 4sin 3 0 = 1 - 2 sin 2 0, 
i.e. 4 sin 3 0-2 sin 2 0-3 sin 0 -f- 1 = 0.(1). 

Now sin 0 = 1 satisfies this equation therefore (sin 0 — 1) is a factor 
of the L.H.S. ot (1) and dividing the L.H.S. by sin 0—1 the remaining 
factor is 

4 sin 2 0 + 2 sin 0 - 1 = 0.(2) 


Clearly, since 0 = 18°, sin 0+1, therefore 0 satisfies (2). 
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Solving (2) as a quadratic in sin 0, 

- 1 ± Vl + 4 


-1 ± vl +4 - 1 ± \/5 

sin 6 = --- = - z -• 

4 4 

But sin 18° is positive, therefore only the positive sign can be used 

Vs - 1 

i.e. sin 18° = —--• 

Example (l.u.). Prove that: 

(i) cos 30 = 4 cos 3 6-3 cos 0, 

cos_30 _ COS60 _ 2(cos 2e _ cos 40) 
cos 0 cos 20 

(iii) tan a 4- tan (60° 4- a) + tan (120° 4- <*) = 3 tan 3«. 

(i) This has been proved as a theorem. 


.... cos 30 
(u) cosT 


= 2(cos 20 - cos 40) 


(ii) From (i), °° S ~* 6 = 4 cos 2 0-3 

cos 0 


( 1 ). 


an d cos _ = 4 cos 2 20 - 3 (replacing 0 by 20 in (1)), 
cos 20 


“ s _ 30 - “ s 60 _ (4 cos 3 0 - 3) - (4 cos 1 20 - 3) 
cos 0 cos 20 

= 4 cos 2 0-4 cos 2 20 
= 2(1 4- cos 20) - 2(1 + cos 40) 

(using cos 2 x — 4(1 4- cos 2x)) 
= 2(cos 20 - cos 40). 

(iii) tan a 4 - tan (60° 4- a) 4- tan (120° 4- *) 

tan 60° 4- tan a i tan 120° 4- tan « 

= tan a + j _ tango® tan « + 1 - tan 120 ° tan a 

tan a + V3 . tan a - \/3 

= tan a H- 7 =- + 

1 - V3 tan a 1 + V3 tan a 

(tan 60 ° = V3 = - tan 120°) 

tan «(1 - 3 tan 2 «) 4- (tan a 4- v'3)(I 4- v^3 tan <*) 

+ (tan a - \/3)(l - V 3 tan «) 

= 1-3 tan 2 « 

tan a - 3 tan 3 a 4 (4 tan a 4 - V3 tan 2 « + \/3) 

4 (4 tan a - V3 tan 2 «- \/3) 

= 1 - 3 tan 2 a 

_ 9 tan « - 3 tan 8 a 
1 - 3 tan 2 a 

, tan 2 a 4 - tan a (2 tan a)/(l - tan 2 «) 4 tan a 

4ow tan 3a - { _ tan , a 7(2 tan a)/(l - tan 2 a) 

2 tan a 4 - tan a(l - tan 2 «) = 3 tan a - tan* « 

= /t «/.n 2 ? tnn z a 1 “ 3 ttlH 2 cl 


cos o 


(4 cos 2 0 - 3) - (4 cos 2 20 - 3) 


Now tan 3 a 


(] - tan 2 a) - 2 tan 2 a 1 - J tan a 

tan a 4- tan (60° 4- a) 4- tan (120° + *) = 3 tan 3«. 
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Example. Solve the following equations: 

(i) cos 2 x + cos 2x = 2 cos x 

(ii) tan 2 ? + 6 cot 9 = 0 

(i) Using cos 2.v = 2 cos 2 x - 1 the equation becomes 

cos 2 x + 2 cos 2 x — 1 = 2 cos x 
i.e. 3 cos 2 x — 2 cos x — 1 = 0 
.*. (3 cos .v + l)(cos.x - 1) = 0 

cos x = - 1 or 1 . 

When cos x = -0-33333, x = m . 360° ± 109° 28'. 

When cos x = 1, x = n . 360°. (m, n are integers.) 

/••x .. • ~ 2 tan 9 . 

( 11 ) Using tan 29 = r-— the equation becomes 

1 — tan -9 

2 tan 9 6 ^ 

1 - tan 3 9 tan 9 

i.e. 2 tan 3 9 + 6(1 — tan 2 9) = 0. 
i.e. 4 tan 3 9 = 6, .*. tan 9 = ±v'l*5 = ±1-2247, 
.'. 9 = n . 180° ± 50° 46' (/j any integer). 


Theorem. To find the values of R and a when 
a cos 0 -j- b sin 0 = R cos (0 — a), and R is positive with 0 ^ a ^ 360°. 

a cos 0 -f- b sin 0 = R cos (0 — a) 

= R cos 0 cos a + R sin 0 sin a 

Using 0 = 0° a = R cos a.(1) 

0 = 90°, b = R sin a.(2) 

(1) 2 ± (2) 2 gives, « 2 4- b 2 = R% cos 2 a +• sin 2 a) = R 2 

R = va 2 -f b*\ 

(2) ± (1) gives, tan a = b la J 

Note. 1 he quadrant in which a lies is determined by the equations (1) 
and (2) with R positive. 

By using a similar method the values of R and a can be determined in the 

following cases: 

(i) a cos 0 ± b sin 0 = R cos (0 + a) 

(ii) a cos 0 + /> sin 0 = R sin (0 + a) 

(iii) a cos 0 4 - b sin 0 = R sin (0 - a). 

In all these cases R = Va- ± b\ but the value of « will vary. 

Since a cos 0 ± b sin 0 e= \'a 2 -( b- cos (0 — <*)_ and the greatest 

value ot cos x is unity and its least value is — 1 . it follows that the greatest 

value ot a cos 4 - b sin 0 is \ (u a ± 6 2 ) and its least value is — V(a 3 + 6 s ). 

If it is required to trace the graph of y =-- a sin 0 ± b cos 0 , it is advisable 
to convert the expression into the form v (« 3 + b 2 ) . cos (0 - «), where 
a must be determined, and the graph is then seen to be an ordinary cosine 
curve with the origin moved along the 0 axis through a distance a. 

Theorem. To solve the equation a cos x * b sin x — c\ where a , b , c 
aie constants. 
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Method (/). Let a cos x -f b sin x = R cos (x — a), where R is 
positive and 0 < a < 360°. (Could use R sin (x + a), etc.) 

a cos x 4- b sin x = R cos x cos a -f R sin x sin a. 

Using x = 0°, a = R cos a.(1). 

Using x = 90°, b = R sin a.(2). 

(1) 2 + (2) 2 gives, a 2 + b 2 = R% cos 2 a + sin 2 a) = R 2 

.\ R = \/(a 2 + b 2 ). 

(2) +- (1) gives tan a = b/a, and the quadrant in which a lies is 
determined from (1) and (2). 

With these values of R and a the given equation becomes, 

R cos (x — a) = c, 

i.e. cos (x - «) = v((j2 C + 

If /( 2^1 = 

V(<* + b 2 ) 

then x — a = n . 360° ± (3, 

.*. x = n . 360° ± p + a, 

where n is any integer. 

Method (//). It has been shown that 

2 # ] _ t 2 

sin x = --cos x = , , where t = tan \x. 

1 + t 2 14 - t 2 

Substituting these in the given equation it becomes 

(l^ 2 ) _2 bt = 

1 4- t 2 1 4- t 2 

i.e. a( 1 - t 2 ) 4-2 bt = c(l + t 2 ), 
i.e. (a 4- c)t 2 — 2bt + (c — a) = 0. 

This is a quadratic equation in /, and from this can be obtained two 
values of t each giving rise to a set of values for x. 

Example (l.u.). If t = tan *0, show that cos 0 = (1 - /*)/(! + /*) 
and sin 0 = 2/ /(I + r 2 ). 

Hence, and otherwise, find all the angles between 0° and 360° which 
satisfy the equation 52 cos 0 + 39 sin 0 = 60. 

The first part of the question has been proved as a theorem. 

Method (/). Using the values of cos 0 and sin 0 in terms of t, the 
equation becomes 

i.e. 52(1 - t') + 78 1 = 60(1 + / 2 ) 

.-. 112/ 2 - 78r + 8 - 0 
i.e. 56/ 2 - 39/ + 4 =0 
.'. (7/ - 4)(8/ - 1) = 0 

t = tan JO *= 4/7 = 0-57143. 

or t = tan JO = J =0-125. 


( 1 ) 

( 2 ) 
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From (1), £0 = // . 180° + 29° 45' 0 = n . 360 + 59° 30'. 

From (2), *9 = m . 180° + 7° 1\' 9 = m . 360° + 14° 15'. (m 

and n are integers.) 

Clearly, values of 9 between 0° and 360° are only obtained for m = 0 
and n = 0, and these are 0 = 14° 15' or 59° 30'. 

Method (//). Let 52 cos 0 + 39 sin 0 = R sin (0 + a), where R is 
positive and 0 < 0 < 360°. 

Therefore 52 cos 0 + 39 sin 0 = R sin 0 cos a + R cos 0 sin a. 


When 0 = 0, 52 = R sin a.(1). 

When 0 = 90°, 39 — R cos a.(2). 


(I) 2 + (2) 2 gives, R 2 = 52 2 + 39 2 = 13 2 (4 2 + 3 1 ) = 13 2 x 25, 

/. R = 65. 

From (1) and (2), a is in the first quadrant and 

i “ i = 1-33333, 

a = 53° 8'. 

With these values the given equation can be written 
65 sin (0 + 53° 8') = 60 

sin (0 + 53" 80 - = 1? = 0-92308 

o D 13 

0 f 53° 8' = n . 180° + (—l) rt . 67° 23' (n any integer) 

0 = /* . 180° + ( - 1)" 67° 23' - 53° 8'. 

1 he only values of 0 between 0° and 360° are given by n — 0 and n = 1. 

When // = 0, 0 = 67° 23' - 53° 8' = 14° 15', 

and when n = 1, 0 = 180° - 67° 23' - 53° 8' = 59° 29'. 

Note. The slight discrepancy in the results is due to the use of tables. 


Example (l.u.). (i) If tan 0 =4/3, and if 0° < 0 < 360°, find, without 
tables, the possible values of tan i0 and sin iO. (ii) Solve the equation 
10 sin 2 $8 - 5 sin 0 = 4, giving values of 0 between 0° and 360°. 



tan 0 


2 tan £0 4 

1 - tan 2 £0 = 3’ 


•*. 6 tan £0 = 4-4 tan 2 £0, 
i.e. 2 tan* £0 4- 3 tan £0 - 2 = 0, 

.*. (2 tan £0 - l)(tan £0 + 2) = 0, .*. tan £0 = £ or -2. 

Both values are permissible since £0 lies between 0° and 180°, and hence 
tan £0 can be positive or negative. 


Now 

cosec 2 £0 

= I + cot 2 £0, 

1 



sin 2 £0 

When 

tan £0 = 

£, = 1 

1+4 = 5 . 



sin 2 £0 




.'. sin £0 = 

-h 

II 

<n 

-i> 

-H 


= 1 + 

\ sin 2 £0 

5 


tan 2 £0 
= 1 

~ 5 


Now 0° < £0 < 180° .*. sin £0 is positive sin £0 = Vs/5. 
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When tan *9 ~ - 2, - 1 + i - * 

sin 2 $9 = 4/5, and as before, sin $6 = 2V 5 /5. 

(ii) sin 2 £0 = $(1 - cos 0) therefore the equation can be written 

5(1 - cos 0) - 5 sin 0 = 4 
i.e. 5 cos O + 5 sin 0 = 1 

cos 0 + sin 0 = A.0) 

Let cos 0 + sin 0 = R cos (0 - <*), where 0 < a < 360° and R is 
positive. Therefore cos 0 + sin 0 = R cos 0 cos a R sin 0 sin a. 

Using 0=0, 1 = R cos a.(2) 

and 0 = 90°, 1 = R sin a.(3). 

(2) 2 + (3) 2 gives, 2 = R\ /. R = y/2. 

From (2) and (3), a lies in the first quadrant and tan « = 1, 

« = 45°. 


Using these in (1) the equation becomes 

Vi cos (0 - 45°) - A /. cos (0 - 45°) «=* V2/10 - 0- 14142. 

0 - 45° - n . 360° ± 81° 52', /. 0 = n . 360° ± 81° 52' + 45°. 

Tan values of 0 between 0° and 360° are given by 

n = 0 with + sign, i.e. 0 = 81° 52' + 45° = 126° 52' | 

n = 1 with -vesign, i.e. 0 = 360° - 81° 52' + 45° = 323° 8' I 


Example (l.u.). If tan 2x + tan 2 y = 0, prove that x + y is an integral 
multiple of 

Find all pairs of angles x, y which lie between 0° and 180°, and satisfy 
the simultaneous equations 

tan x + tan y + 3 = 0, tan 2x + tan 2 y = 0. 


tan 2x - 1 - tan 2 y 


sin 2x s in 2 y 

’ " cos 2x cos 2 y 


0 , 


sin 2x co. c 2 y + cos 2x sin 2 y = 0, (multiply through by 

. \ n cos 2x cos 2 y) 

i.e. sin (2x + 2y) «= 0, s' 

2x + 2y — nr., where n is any integer, 
x + y = n . 1*. 

Since tan 2x + tan 2 y = 0, by part (i ) x + y = inn. But, both x and y 
lie between 0° and 180° 

/. 0 < (x + y) < 360° 

.*. x + y “ 1 . i«, 2 . in or 3 . = 90°, 180°, or 270°. 

„ v tan x + tan y 
tan (x + y) «= 


Now 

Since 


1 - tan x tany 
tan x + tan y = - 3.... 

tan (x + y) = , _ 


( 1 ) 

( 2 ) 


Also since tan x + tan y is negative, x + y + 90°. 

When x + y = 270°, tan (x + y) = «o .\ 1 - tan x tan y ~ 0 

(from (2)) 

i.e. tan x tan y ■= 1.t-U- 
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When x + y = 180°, tan (x 4- y) = 0, which is impossible unless 
1 - tan x tan y = co giving tan x and tan y each infinite and therefore 
x = y = 90° which does not satisfy (1), therefore x + y * 180°. 
Substituting from (3) in (1) for tan y, 

1 

tan x + - = — 3 

tan x 

i.e tan 2 x + 3 tan x + 1 = 0 

.*. tanx = i( —3 ± V5) = 4(-3 ± 2-2361) 

= -0-3820 or - 2-6181 
.*. x = 180° - 20° 54' = 159° 6' 
or x = 180° - 69° 6' = 110° 54'. 

Since x + y = 270° the corresponding values of y are 110° 54' and 
159° 6', therefore required solutions are x = 159° 6' 1 110° 54'1 

y = 110° 54'/ ’ 159° 6' / 

The Addition and Subtraction Theorems. These deal with the sum 


and difference of two sines and also of two cosines. 

It has been shown that: 

sin (A + B) = sin A cos B 4- cos A sin B .(1), 

sin (A — B) = sin A cos B — cos A sin B .(2), 

cos ( A -4- B) = cos A cos B — sin A sin B .(3), 

cos (A — B) = cos A cos B + sin A sin B .(4). 


(1) -{- (2) gives, sin (/l -f- B) -f sin (A — B) = 2 sin A cos B. .(5). 

(1) — (2) gives, sin (A -f- B) — sin (A — B) = 2 cos A sin B. .(6). 

(3) -t- (4) gives, cos (A -f B) + cos (A — B) = 2 cos A cos B. .(7). 

(4) — (3) gives, cos (A — B) — cos (A + B) = 2 sin A sin B. .(8). 

Let A i - B = x, A - B = v, .*. A = 4(x -f y ), B = 4(x — y). 


and the results (5), (6), (7), (8) become, 

sin x -r sin y = 2 sin v) cos i(x — y). 

sin x — sin y — 2 cos 4(x + y) sin £(x — y). 

cos x -r cosy = 2 cos 4(x v) cos — /)• 

cos V — cos x = 2 sin £(x + y) sin — >’)• 


It is extremely important that these results should be memorised 
and the peculiarity in the result cosy — cos x be noted, and in 
addition the results (5), (6), (7) and (8), which are also very important, 
should be memorised in the following reversed forms: 

2 sin A cos B = sin (A + B) sin (A — B) 

2 cos A sin B = sin (A + B) — sin (A — B) I 

2 cos A cos B = cos (A + B) + cos (A — B) j 

2 sin A sin B = cos (A — B) — cos (A -h B) J 

Example. Find in the product form: 

(i) cos 20 + cos 30, 

(iii) sin n 9 -f sin w 0 , 

(v) sin (« + P) + sin (a - p). 


(ii) cos 0 - cos 40, 

(iv) sin 29 - sin 49 , 

(vi) cos (x + 2 y) - cos y. 
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29 + 30 3o - 20 50 0 

(i) cos 20 4- cos 30 = 2 cos-— cos-^- = 2 cos - cos — 

0 + 40 40-0 _ . 5° . 30 

(ii) cos 0 - cos 40 = 2 sin ——— sin —— — - sin ^ s,n 2 ' 

n <? + w0 /i<? - n 0 

(iii) sin /19 4- sin /z0 = 2 sin---cos- - 


(iv) sin 29 - sin 4? = - (sin 49 - sin 29 ) 


= 2 sin i( 6 + *) cos 2 <? “ °)« 


4<? + 2<? . 49 — 29 ^ ~ 

= - 2 cos ——- Sin ---= - 2 cos 39 Sin 9 . 


(v) sin (« + P) 4- sin (a - p) 

- . (« + P) + (« - P) nr (“ + P) - (<* - P) 

= 2 sin---cos- ^ 


2 sin a cos p. 


(vi) cos (x 4- 2y) - cosy = -[cos_y - cos(x 4- 2 y)] 

(largest angle in first cosine, .*. takeout -vcsign) 

_ . v + x + 2y . (x + 2y) - y 
= - 2 sin - —•- sin -“- 

_ . x 4- 3 y . x -V y 
= - 2 sin —~ sm — 2 —* 

Example. Express the following products as the sum or difference of two 
sines or two cosines: 

(i) 2 sin 0 cos 30, (ii) 2cosxcos3x, 

(iii) 2 sin 40 cos 0, (iv) sin (A 4- B) sin B, 

(v) COS(/|0 4- «)cos(n0 - a), (vi) cos (x 4- 2y) sin y. 

(i) 2 sin 0 cos 30 = 2 cos 30 sin u = sin (30 4- 0) - sin (30 - 0) 

= sin 40 - sin 20. 

(ii) 2 cos* cos 3x = 2cos3xcosx = cos(3x + x) + cos(3x - x) 

= cos 4x 4- cos 2x. 

(iii) 2 sin 40 cos 0 = sin (40 4- 0) + sin (40 - 0) = sin 50 + sin 30. 

(iv) sin (A 4- B) sin B = i{cos [(/i + B) - B) - cos [(A 4- B) 4- B]) 

= i[cos/t - cos (A + 2 B)]. 

(v) COS («0 + a) COS (n 0 - a) = j{cOS [(/|0 + a) + («0 - a)] 

+ COS [(/|0 + a) - (n0 - a)]| 
= J[cos 2//0 + COS 2a]. 

(vi) cos (x 4- 2 y) sin y = i{sin [(x 4 2 y) + y) - sin [(x 4- 2 y) - jO} 

_ , = j[sin(x 4- 3v) - sin(x +_>')]. 

Example. Prove that 

sin lx — sin 3x — sin 5x -H sin x 


L.H.S. 


cos lx 4- cos 3x - cos 5x - cos x 
(sin lx - sin 3x) - (sin 5x - sin x) 
(cos lx 4- cos 3x) - (cos 5x 4 cos x) 
2 cos 5x sin 2x - 2 cos 3x sin 2x 
2 cos 5x cos 2x - 2 cos 3x cos 2x 
2 sin 2x(cos 5x - cos 3x) = sin 2x 
2 cos 2x(cos 5x - cos 3x) cos 2x 


tan 2x. 


tan 2x. 


L 
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Angles of a Triangle. In problems on the angles of a triangle it is 
known that the sum of the angles is 180°, and this is made use of 
together with the following trigonometric identities: 

(i) sin 2 0 = i(l — cos 20), 

(ii) cos 2 0 = i(l -f- cos 20), 

(Hi) sin * + sin y = 2 sin + )’) cos £(* — y), 

(iv) sin x — sin y = 2 cos i(x 4- y) sin i(„v — y), 

(v) cos x 4- cos y = 2 cos i(.r 4- y) cos £(.v — y), 

(vi) cos .v — cos y = 2 sin h(x 4- v) sin i( v — x). 


Example (l.u.). (i) Prove that, if A + B 4- C = 180° then 

sin 2A 4- sin 2B 4- sin 2C 0 . , „ . , „ . , „ 

— Z —;-:- n —; :—= 8 sin \A SID \B sin £C. 

sm A 4- sin B 4- sin C 

(ii) Show that, if (1 4- sin 0) cot 6 = 4a, (1 — sin 8) cot 0 

ab = (a 2 - Z> 2 ) 2 . 


4b, then 




(sin 2 A 4- sin 2 B) 4- sin 2C 
(sin A 4- sin B) + sin C 

2 sin (A + B) cos (A - B) 4- sin 2 C 
2 sin i(A 4- B) cos }(A - B) + sin C 

2 sin (180° - C) cos (A - B) 4- 2 sin C cos C 
2 sin (90° - iC) cos i(A - B) + 2 sin iCcos iC 
_ sin Ceos (A - B) + sin Ccos (180° - A - B) 
cos i C cos HA - B) 4- cos iCsin [90° - \{A 4- B)] 
sin C [cos (A - B) - cos ( A 4- 5)] 
cos AC [cos i (A - B) 4- cos HA + B)] 

_ sin C x 2 sin A sin B 
cos iC x 2 cos iA cos IB 

= 2 sin iC cos 4C x 2 sin 4 A cos 4^1 x 2 sin 4 B cos 4 B 

cos 4C cos 4 A cos 4 B 
= 8 sin 4 A sin 4 B sin 4C. 


a 

ab 

a 2 - b 2 


i(l 4- sin 0) cot 0, b = 4(1 - sin 0) cot 0 
A(1 - sin 2 0) cot 2 0 = tV cos 2 0 x cot 2 0 
A cos* 0 /sin 2 0. 

A(1 4-sin 0) 3 cot 2 0 - -AO -sin8) 2 cot 2 0 
cot 2 0 

,, [(1 4-2 sm 0 4- sin 2 0) — (1 — 2 sin 0 4- sin 2 0)] 


4 cot 2 0 sin 0 
16 



cos* 0 
sin 2 0 



cos 2 0 
sin 0 ’ 


/. (a 2 - b 2 ) 2 
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Example (l.u.). Prove that, 

,. v v (tan a + l)(tan* * + 1) 

(0 tan a - 2 tan (« + in) + tan (<* + in) = tan . (tan 7) 

(ii) In any triangle ABC, sin 9 A + sin 2 B - sin 2 C = 2 sin A sin B cos C 
(i) tan « - 2 tan (a + 4*) + tan (a + in) 


2 (tan a + tan J-) 

= tan a - --— - cot a 


1 - tan a tan i~ 
2 (tan « + 1) 


1 


= tan a. - 

1 - tan a tan a 

_ tan 2 a(l - tan a) - 2 tan a(tan a + 1) - (1 - tan a) 

~ tan a(l - tan a) 

tan* a — tan 3 a - 2 tan 3 a - 2 tan a — 1 + tanjx 
— tan a(l - tan a) 

(tan* a + tan 2 a + tan a 4- 1) 
tan a(l - tan a) 

[tan 2 «(1 + tan <*) + (! + tan a)] (tan « + l)(tan 2 a + 1) 
“ tan a(tan a - 1) tan a(tan a - 1) 

(ii) sin 2 A + sin 2 B - sin 2 C 

= 4(1 - cos 2 A) + 40 - cos 2 B) - sin 2 C 
= 1 - i cos 2/1 - 4 cos 2 B - sin 2 C 
= (1 - sin 2 C) - 4(cos 2A + cos 2 B) 

= cos 2 C - cos (A + B) cos (A - B) 

= cos Ceos (180° - A - B) - cos (180° - C)cos(/i - B) 
= - cos C cos (A + B) + cos C cos (A - B) 

= cos C[cos (A - B) - cos (A + B)] 

= cos C x 2 sin A sin B — 2 sin A sin B cos C. 

Note The addition and subtraction theorems can also be used to find 
the solutions of trigonometric equations and proving identities involving 
three or more sines or cosines, as shown in the following example. The 
method is usually to group the sines or cosines in pairs, usually one pair 
consisting of those with the largest and smallest angles. (1 = cos 0 .) 

Example (l.u.). Prove that cos A + cos B = 2 cos 4 (A + B)cos 4 (A - B). 
Find all the values of 0 between 0 and 2n which satisfy the equation 
cos 60 -p cos 40 + cos 20 + 1 = 0. 

The first part of the question is bookwork. 

The given equation can be written 

(cos 60 + 1) + (cos 40 + cos 20) = 0 
i.e. 2 cos 2 30 + 2 cos 30 cos 0 =0 
i.e. 2 cos 30(cos 30 + cos 0 ) = 0 
2 cos 30 x 2 cos 20 cos 0 =0 
.*. cos 0 = 0, cos 20 = 0, or cos 30 = 0. 

From cos 0 = 0, 0 “ 2m " =*= } R, | ni, n, p are 

From cos 20 = 0, 20 = 2 rm ± 4* 0 = nn ± tn. integers. 

From cos 30 = 0, 30 = 2 pn ± 4* 0 “ \ 2 pn ± 
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Using m =■ 0, 1; n = 0, 1, 2; p = 0, 1, 2, 3; the following values of 0 
between 0 and 2jt are obtained: 


m = 0 , 

1, 


6 = 

71 

3tt 





— 

or 








2 

2 




n = 0 , 

1, 



TZ 

3 7T 5 TZ 

In 



2 , 

0 = 

— 









4 

' 4 ’ 4 * 

4 



p = 0, 

1, 


0 = 

TZ 

7Z 5 71 

In 

3^ 

1 1 TC 

2, 3, 

6 

’ 2 * 6 ’ 

6 ’ 

2 ’ 

6 ' 


Hence, required values of 0 are 

n n n 3rr 5 tt 7tt 5- 3n 7rr 117t 

"6’ T* Y’ 4 ’ IT’ "6"* 4 ’ * 2 ”’ T"* ~ 6 
We conclude the chapter with examples involvingcompound angles. 


Example (l.u.). An aeroplane is describing a horizontal circle of radius 
x at a height h ; a man is standing on the ground at a distance y from the 
projection of the centre of the circular path on the ground, where y > x; 



and A, B denote the points of the path which are nearest to and furthest 
from the man. The man notices that the angles of elevation of the aero¬ 
plane when it is at A and at B are a, 0 respectively. Prove that 

x : y : /* = sin (a - p) : sin (« + p) : 2 sin a sin 0. 

Taking a = 30°, 0 = 25°, find the angle of elevation of the aeroplane 
when it is at a point on its path equidistant from A and B. 

O is the centre of the circle and D its projection on the level ground. 
C is a point on the circle midway between A and B. L and M are the 
projections of A and B on the level ground and will lie on PL and PD 
produced respectively, where P is the man’s position. 

PL — PD — LD = y — x; PM = PD + DM = y + * 

From the diagram. 


h — AL = PL tan a, i.e. /* = Qy - x) tan a. . 
h = BM = PM tan 0 , i.e. h = (y + x) tan 0 

From (1) and (2), (y - x ) tan a = (y -f- x ) tan 0 , 

>(tan a - tan 0 ) = i(tan a + tan 0 ), 



x 


sin a 

COS a 


sin 0 \ _ / sin a 

cos 0 / \cosY 


sin 0 
cos 0 


( 1 ). 

( 2 ). 





HEIGHTS AND DISTANCES 


149 


i.e. x(sin a cos p + cos a sin P) = y(sin a cos p - cos a sin P), 

i.e. a: sin (a + p) = ysin(a - p).(3), 

.'. x : y = sin (« - P) : sin (x + p). 

Using (3) in (1), 

x sin (a + p) \ 

h = —:—-— - x tan a 

sin (a - p) j 

sin (a + p) - sin (a - p) 


sin (a - p) 


tan a 


(a + p) + (a - P) . (a + P) - (« - P) 
2x cos --- sin -r- 


tan a 

sin (« - P) 


. tan a 
2x cos a sin p——-— 


sin (a - P) 


^ sin a sin p 
2x— 


sin (a - p)’ 

x : h = sin (a - p) : 2 sin <* sin p. 

Hence, x : y : h = sin (a - p) : sin (a + p) : 2 sin a sin p. 

If E be the projection of C on the ground, DE = x, and Z.PDE = 90°. 
Using Pythagoras’ theorem 

PE * = PD a + ED a = y* + x *.(4) 

If 0 be the angle of elevation of C, PE = EC cot 0 => /»cot 0. 

Using this in (4) 

h 2 cot 2 0 ~ y 2 + x 2 


cot* o 


h 2 h 2 

sin* (« + P) + sin* (a - p) 


4 sin* a sin* P 


Using 


cot* 0 


30°, p - 25° in this, 
sin* 55° + sin* 5 


sin* 25 


4 sin* « sin* P 

(by previous result). 

(sin 30° = i) 


= ^7100^0^0760 = 0 6786/sin* 25° (using tables) 
sin* 25° 

log (cot 0) •= i log 0-6786 - log (sin 25°) 

- J(T-83161) - 1-62595 

- 0-28986, 

0 - 27° 10'. 


Example (l.u.). A ladder rests against a wall at an angle a to the horizon¬ 
tal. Its foot is pulled outwards from the wall through a distance a, 
causing its top to fall a distance b down the wall, while its inclination to the 
horizontal decreases to p. 

Show that a = b tan 1(« + P). . 

Let AB be the initial position of the ladder and A t B, its final position 
as shown, with O the intersection of the wall and horizontal in the plane 
of the ladder. 
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Let OA = x , and OB x => y, and the length of the ladder be 

/ = AB = A X B X . 

From the right-angled triangles OAB, OA x B Xt 

X = / COS a. 


(3) - (1) gives, 
(2) - (4) gives, 

(5) -r (6) gives. 


y 4- b = / sin a.. 
x 4- a = / cos p.. 

y = / sin p- 

a = /(cos p - cos a) 
b = /(sin a - sin p) 
a _ cos p - cos a 

b sin a - sin p 


2 s in &(« -|- p) sin |(a - p) 
2 cos i(a + p) sin J(a - p) 


“ tan J(« + P), 
a ■= b tan J(« + P). 


0 ), 

( 2 ), 

(3) , 

(4) . 

(5) . 

( 6 ) . 


EXAMPLES VI 

NOTE. A few of the following examples will require the use of the sine rule 
which is given in the next chapter. 

1. Explain how the inclination of a straight line to a plane is measured. 
An isosceles triangle ABC in which AB = AC = 2 . BC — 2a lying in a 

horizontal plane - is rotated about the base BC until A is a vertical height a 
above the plane tt. Calculate the angle through which the triangle ABC is 
rotated and the inclination of AC to the horizontal in its final position. 

2. .1, B, C, D arc four landmarks in the same horizontal level. B is four 
miles N. 31 ° E. from A ; C is six miles S. 10° 15' E. from B\ D is three miles 
E. from C. Calculate the distance and bearing of D from A. 

3. An aeroplane is observed at the same instant from three stations A, B, C 
in a horizontal straight line, but not in a vertical plane through the aeroplane. 
If AB = BC = c, and the angles of elevation from A, B, C are respectively 
«, P, Y. prove that the height of the aeroplane is 

c\/2/(cot 3 a 4 - cot* Y - 2 cot* P)l. 

(Hint. If O be the foot of the perpendicular on the horizontal plane from 
aeroplane, then OA * 4- OC 3 = 20B* 4 - 2 AB 1 2 .) 
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4. The three edges of a tetrahedron OABC meeting at a vertex O have the 
same length a and make equal angles 0 with each other. Prove the following 
results: 

(i) AB = BC = CA = 2 a sin * 6 . 

(ii) If p be the perpendicular from O to the plane ABC, then 

3/j 2 = (1 + 2 cos 0)a*. 

(iii) The volume of the tetrahedron is a 3 (l - cosO)(l + 2 cos 6)1. 

5. The elevation of the top Q of a flagstaff PQ from three distant points 
A, B, C, which are in a horizontal line with P, are 0, 26, 30 respectively. Prove 
that AB = 3 BC approximately. (Use tan 0 ~ 0.) 

6 . A pyramid has a square base A BCD of side a, all its lateral edges are 
equal, and the distance of the apex E from the base is 2a. Determine the angle 
between the planes AEB and A BCD, and the angle which AE makes with the 
plane ABCD. 

7. The ridges of two roofs meet at right angles and the roofs are inclined 
at angles of a and p to the horizon. Prove that, if 9 be the inclination to the 
horizon of the line of intersection of the roofs, cot* 9 = cot* a + cot 2 p. 

8 . A pyramid stands on a rectangular base the lengths of whose sides are 
a and b. The faces terminating in the edges of length a are inclined at an 
angle 6 to the horizontal and the vertex is vertically above the mid-point of the 
base. Find the volume of the pyramid and prove that its surface area is 

\b[a sec 0 + (a* + 6 * tan* 6 )»). 

9. AB is a horizontal line 12 feet long drawn on a plane inclined at 30 
to the horizontal. From B a length BC of 10 feet is measured on the plane in a 
direction making 60° with AB produced; and at C a vertical pole CD, 10 leet 
long, is erected. Find the distance AD, and the inclination of AD to the plane 

10. If 0 be measured in radians, prove that 


0 0 6 

(See work on Limits.) r 

C is a point due north of A on level ground. From A a base line AB ol 
length 320 feet is set off in a direction 42° S. of E. From B the bearing of C 
is found to be 19° 18' W. of N. Calculate AC and find what error would be 
made in AC if the bearing of C from B were wrongly taken with an error of 15 . 

11. From a point on the top of a tree the angle of depression of a small 
plant on horizontal ground is 24° 15'. From a point on a wall 10 feet above 
the ground, 50 feet from the tree and due north of it. the angle of depression o 
the plant is 11 0 17' and its bearing is 63° E. of N Find the height above the 
ground of the point on the tree. 

12. ABCD is a trapezium; AB, DC are the parallel sides, BC is perpen- 
dicular to them, and 0 denotes the angle ADD. If DC — p , CD q t o ain 
an expression for the length of AD, and show that the length of AB is 

(p* + </*) sinj^ 

p cos 0 + q sin 0 " 

13. The angles of elevation of a tower from two places A, B on level ground 
through its base arc «, P respectively. A is due south of the tower, an 

due east of A. If AB a, show that the height of the tower is 

a sin « sin P _ 

(sin (a f pFsinT* - Wl* 
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14. Explain how the angle between (i) a plane and a straight line, (ii) two 
planes, is measured. 

A pyramid DABC stands on an equilateral triangle as base, the vertex D 
being equidistant from A, B , C and at a height above the base equal to treble 
the length of a side. 

Find (i) the inclination of a lateral edge to the base, and (ii) the mutual 
inclination of two lateral faces. 

15. PN is a line perpendicular to a plane NAB, A and B being points in 

this plane such that AB = 4-13, /NAB = 63° 30', /_ NBA = 41 ° 45', 

/.PAN = 27° 12'. 

Calculate the length of the perpendicular PN and the angle PBN. 

16. OA, OB, and OC are three mutually perpendicular lines and OA = a, 
OB = b, OC = c. Show that the angle between the planes OBC and ABC 
is tan* 1 a(6* 4- c*)i I be. 

Calculate the length of ihe perpendicular from O to the plane ABC when 
OA = 6 cm., OB = 3 cm., OC = 4 cm. 

17. A tower is built on the top of a hill, the side of the latter being inclined 
at an angle 0 to the horizontal. P and Q are points on the hillside, on a line 
of greatest slope through the foot of the tower. From P the elevation of the 
top of the tower is a and from Q it is p. If P is higher than Q and PQ = c, 
prove that the height of the tower is 

csin(a — 0)sin(p — 0) 
sin (a - p) cos 0 

18. Two lighthouses, the heights of whose lanterns above sea level are 
150 feet and 250 feet respectively, are at such a distance apart that the light 
of each is just visible from the lantern of the other. Find this distance, given 
that the radius of the earth is 3,959 miles. 

Also find the dip of the horizon from each lighthouse. 

19. A building has a hemispherical roof, and a man stands near it with 
his eyes on the same level as the centre of the sphere. The elevation of the roof 
is x. The man then walks a distance a towards the centre, and the elevation 
of the roof becomes p. Prove that the radius of the sphere is 

£a sin a sin p 
sin i(p - x) cos jfp + a) 

Calculate the radius, given that a = 16 feet, a = 30°, p == 60°. 

20. A motorist's danger signal is in the form of an equilateral triangle on a 
horizontal base facing due south. The sun’s bearing is S.W., and its altitude 
is 60°. Prove that the shadow is a right-angled triangle, and calculate the 
angles of this triangle. 

21 . C and D arc two points on a horizontal plane, which lie in the vertical 

Plane through the line of flight of an aeroplane, and E is a point on the line 
CD produced in the direction of D. A and Z?arc two positions of the aeroplane. 
The following observations are made: /ACD = 64°, /ADE = 82°, 
/BCD = 18°, / BDE = 25°, CD = 100 feet. Determine the inclination 

of the line of flight AB to the horizontal. 

22. From two points A and B , 100 yards apart, the angles BAC, ABC to 
the foot of a tower at C are 40° and 120° respectively, and at A the elevation 
of the top of the tower is 9°. Find the height of the tower if A, B, C all lie 
in the same horizontal plane. 

23. A flagstaff, 60 feet long, is 10° out of the vertical towards the north, 
in a vertical plane running north and south. 

When the sun is due west and at an elevation above the horizon of 23° 15', 
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find the direction in which the shadow of the flagstaff is po.nting, and its length 
correct to the nearest tenth of a foot. 

24. A, B, and C are three points on a level base line with AB = BC = a. 
The angles of elevation of the top of a tower from A, B, and C are respectively 
«, P, Y- Find the height of the tower. 

If a = 950 yards, tan a = 1 /50, tan p = 1 /52, tan y = 1 /170, find the 
height of the tower. 

25. Explain how the inclination of a straight line to a plane is measured. 
An equilateral triangle ABC lying in a horizontal plane is rotated through 

an angle of 30° about the side AB. Find the inclination of AC to its original 
position and to the horizontal plane. 

26. Two vertical columns of equal height stand on level ground, and a man 
on the ground midway between them observes the angle of elevation of the 
top of either of them to be a. On walking cl feet directly towards one of them, 
its elevation increases to p. Prove that the elevation of the other has decreased 
to y, where cot y = 2 cot a — cot p, and that the height of either column 
above the eye of the observer is cl sin a sin P /sin ((3 - a) feet. 

27. AB is a vertical flagstaff with the end A on level ground, and C is its 
mid-point. The portions AC, CB subtend angles a. (3 respectively at a point 
P on the ground such that AP = n . AB. Show that tan p = /i/(2/j + 1). 

Hence, show that the greatest possible value of p, whatever n may be, is 
cot -1 2y/2, and that (3 has this value when n = iv/2. (Use calculus.) 

28. A, B, C are three points in a horizontal plane. C being the foot of a 
vertical tower. B is 80 yards due north of A, and C is due east of B. From A 
the elevation of the tower is 15° 25', and from B it is 23° 30'. Calculate the 
height of the tower and the distance BC. 

29. ABCD is a rectangle. Through AB a plane is drawn making an angle a 
with the plane of the rectangle and through AD a plane making an angle (3. 
If the line of intersection of the two planes drawn makes an angle 0 with the 
plane ABCD, prove that cot 2 0 = cot 2 a -F cot 2 p. 

Calculate 0 when a = 43° 14' and p = 37° 15'. 

30. (i) Express 5 cos x - 12 sin x in the form r cos (x -F «), and hence 
find the smallest positive angle which makes the expression greatest. 

(ii) Prove the identity YT^TaT^s 2 A ~ tJ " A ‘ 

31. (i) Find the pairs of angles between 0° and 180° which satisfy the 

equations sin (x -F y ) = 0-5, sin (x - y) = -0-5. 

(ii) If sin 0 sin 20 = a, and cos 0 + cos 20 = b, prove that 

(a 3 F b z )la l + b 2 - 3) = 2b. 

32. (i) Find values of A and B between 0° and 180° that satisfy the equations 

A _ B = 12° 18', cos (A + B) = 0 44568. 

(ii) Find the values of x between 0° and 360° satisfying the equation 

10 sin 2 x + 10 sin x cos x - cos 2 x ^ 2. 

33. Prove that 

(i) 2 cot \A + tan A = tan A cot 2 \A ; 

(ii) sin 0 + sin (0 + a) I sin (0 2a) d sin (0 \- 3a) 

= 4 sin^O f- | a Jcos a cos 1 a. 

34. (i) Prove that sin 30—3 sin 0-4 sin 3 0. 

(ii) Prove the identity . 

sin 3 A -F sin 3 (120° + A) + sin 3 (240° I A) -Jsin 3/4. 

(iii) Find the values of cos 3,360°. cosec ( - 3.840°). 
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35. Find all the values of 0 satisfying the equations, 

(а) 2 tan 0 + 3 sec 0 = 4 cos 0, 

(б) cos pO + cos (p + 2)0 = cos 0. 

36. Prove that cos B - cos A = 2 sin i(A + B) sin £(.4 - B). 

If S = sin 0 + sin 30 + sin 50 + sin 70, prove that 2S sin 0=1— cos 80. 
Solve the equation S = 0. 

37. Draw a graph of 3 tan 20 — 2 for all values of 0 from 0 to n. 

Hence, find the solutions of the equation 3 tan 20 - 2 + 0 = 0 between 

0 and 7c. 


38. By drawing the graphs of sin 3x and cos 2x for values of x between 
0° and 360°, find five solutions of the equation sin 3x = cos 2x. 

Verify your solutions by writing this equation in the form 

cos (90° - 3x) = cos 2 jc, 
and obtaining the general solution. 

39. Prove that 

(i) tan 0 + sec 0 = tan (£* + £ 0 ), 

(ii) cos A + cos B - cos C - cos (A + B + C) 

= 4 cos £(/4 + B ) sin i(B + C) sin £(C + +). 

40. Express a cos 0 + b sin 0 in the form r cos (0 - a), finding r and a 

in terms of a and b. 

Find the value of 0 between 0° and 180° which satisfies the equation 
12 cos 0 + 5 sin O = 9. 

41. Prove that sin 20 = - 2 tan ° cos 26 = tan> 0 

1 + tan 3 0 ’ ^ 1 + tan* 0 ‘ 

F-ind the values ot 0 between 0 and 2 tt which satisfy the equation 

55 cos 0 - 48 sin 0 = 51. 

42. (i) If A, B, C are the angles of a triangle, prove that 

(sin B - cos B ) 3 ■+ (sin C - cos C ) 3 - (sin + - cos A) 2 

= 1 - 4 sin + cos B cos C. 

(ii) Solve completely the equation sin 30 cos 30 - cos 2 20 + £ = 0, where 
0 is measured in degrees. 

43 Show that a cos 0 + b sin 0 may be written in the form r cos (0 — «) 
and determine r and a. 

Hence, or otherwise, solve the equation 8 cos 0 + 6 sin 0 = - 7 giving 
the solutions between 0° and 360° and the general solution. 

44. Prove that 

(i) sin A + sin B = 2 sin £(4 + B ) cos £(✓! - B). 

(ii) tao + B) = sin A + Sin B 

cos + + cos B' 

('") ir A + B + C = 180°, 

cos A f cos B + cos C = 1+4 sin £.4 sin £S sin £C. 

45. Show that all the angles given by the expression n . 360 J + 0 have 
the same cosine as the angle 0 , n denoting any integer 

Solve completely the equation 10 sin 0 + 13 cot 0 = 14 cosec 0. 

?. 6 : Without using tables, prove that cos 165° + sin 165° = cos 135°. 

(ii) Find the general value ot 0, in degrees, which satisfies simultaneously 
the equations tan 0 = y/ 3, sec 0 = - 2 . 


47. (i) Prove that, if t = tan 2 0, cos 0 = 


1 - t 
1 + / : 


sin 0 = 


2t 


1 + / 
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Hence, express the square root of - . - - - — - - in terms of /. 

(3 sin 0 + 4 cos 0 + 5) 

(ii) Prove that 4 sin (60° - 0) sin 6 sin (60° + 0) = sin 30. 

48. If sin a = 8/17, sin p = 28/53, find, without the use of tables, 
sin (a - p) and cos (a -f P), * and p being acute angles. 

Prove that 

sin (0 + 9 ) + cos (0 - 9 ) co s 9 + sin 9 
' sin (0 - 9 ) + cos (0 + 9 ) cos ? ~ sin 9 

(ii) If a + p + y + s = 2" 

cos a - cos p + cos y - cos 8 = 4 sin i(* + ?) cos *(* + y) cos i(a + 8 ) 

49. Show that 

(i) cos 20 = 2 cos 2 0 - 1 . 

(ii) a cos 0 + b sin 0 can be expressed in the form r cos (0 - a). 
Hence, or otherwise, find the maximum and minimum values of 

5 cos 2 0 + 2 sin 2 0 + 4 cos 0 sin 0 +1. 

50. Prove that, for all values of the angle 0, 

(i) sin 0 sin (0 + 120 °) + sin 0 sin (0 - 120 °) 

+ sin (0 + 120 °) sin (0 - 120 °) = - 

(ii) sin 2 0 + sin 2 (0 + 120°) + sin 2 (0 - 120°) = 3/2. 

51. For all values of A and B, prove that 

cos (A + B) = cos A cos B - sin + sin B. 

If A, B, C are the angles of a triangle, prove that 

sin 2 A + cos + sin B sin C = 1 + cos A cos B cos C. 

52. If k be a positive number and a be an angle between 0 and 2-, show that 
the angles 0, 9 determined by the equations sin 0 - sin 9 = A:, 0 - 9 = a, 
are real provided that k e= 2 sin £*. 

If k = 1, a = i*, determine a pair of values of 0 and 9 which satisfy 
the equations. 

53. Prove that 

(i) cos a + cos (a + 120°) + cos (a + 240°) = 0. 

(ii) (sin a + sin 3* 4- sin 5a + sin 7a) 

= tan 4a (cos a 4 - cos 3a 4- cos 5a 4 cos 7a). 

54. Prove that cos A + cos B = 2 cos J(«4 t B) cos i (A - B). 

If 0 and 9 vary so that (0 + 9 ) remains constant and equal to K, prove 
that the greatest value of cos 0 + cos 9 is 2 cos K/2, and find the least value of 
cos 0 cos 9 . 

55. If sin 0 + sin 0 cos 0 = a, and cos 0 + cos 2 0 = b, prove that 

(a 2 + b*)(a 2 4 b 2 - 2b) - <i 2 . 

56. Express a cos 2 0 + b sin 0 cos O + c sin 2 0 in the form 

A cos (20 + B) + C, 

where A, B, and C are each independent of 0. 

Use the result to find the greatest and least values of the expression 

8 cos 2 0 + 9 sin 0 cos 0-4 sin* 0, 

and find also an acute angle 0 for which this expression is equal to zero. 

57. If a cos 0 + b sin 0 = A cos (0 - a), find the values of A and «. 

Solve completely the equation cos x - 2 sin x + 1 = 0. 

Draw the graph of y = cos x - 2 sin x for - 2n < x < 2*. and from 
it find the solutions of the above equation which exist in this range. 
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58. (i) Prove geometrically that sin 20 = 2 sin 0 cos 0. 
(ii) Prove that 


sin 40 = -8 sin 0 sin ^0 ^ sin ^0 - sin ^0-— 

59. If A, B, and (A 4- B) are acute angles, prove geometrically that 

cos (A 4- B) =*= cos A cos B — sin A sin B. 

Show that cos 50 = cos 0(16 cos 1 0 — 20 cos 2 0 4 - 5). 

Deduce that the roots of the equation 16a: 4 - 20a: 2 4- 5 = 0 are 

tt 3- 1 - 9tt 


cos 


cos — 


cos 


cos 


10 


10 10 10 
and find the values of these cosines in surd form. 

60. Find all the solutions of 2 cos x — sin x = 1. 

Draw the graph of 2 cos x - sin x from x = - 2~ to x = 2tt. From your 
graph find the values of x which satisfy the equations (i) 2 cos x - sin x = 1 , 
(ii) 2 cos x - sin x = x. 

61. Express sin 20 and cos 30 in terms of sin 0 and cos 0. Use the fact 

that, when 0 = A--, sin 20 = cos 30, to prove that sin = i(- l). 
Deduce the value of sin i-. 

62. Prove that cos 2 0 + sin 2 0 = 1 , whatever the magnitude of 0. If 

cos (a -i p) = £, and cos (a - (4) = }, find general expressions for all the 

values of a and f4 satisfying these equations. 

63. Express sin A0, cos AO in terms of cos 0, and explain briefly how the 
ambiguities of sign which occur are resolved for any particular value of 0 . 

If e be a positive number < 1, 0, 9 arc positive angles each less than ir, 

and it (1 -j e cos 0 )( 1 — e cos 9 ) = 1 — e 2 , prove that: 


(i) sin 


(ii) cos 


2 

7 


= V( 


1 - e 


1 4- c cos 0 


Vt^ 


c cos 0 


'j • 0 

) s,n T 


cos — 


0 

2 ' 
0 
2 


(lii) ta 


? I\ - c 

~2 " \ y~+~e 


tan 


0 

2 


64. If 2.1 be an acute angle, prove the formula 

tan 2,4 = 2 tan .4/(1 - tan 


A), 


and deduce a formula for tan 3.4 in terms of tan A. 

IB( I) is a straight line, and P a point on the perpendicular to the line 
through .!, such that the segments AB, BC\ CD subtend equal angles at P. 

AP " h ' f,nJ in ternis ol « and h expressions for the lengths of 

BC and CD. 

If BC = ICD, show that h = V’lT a. 

6S - l ail expression for all angles which have their tangents equal to the 
tangent of a given angle. 

Find the values of 0 between 0° and 360 a which satisfy the equation 
3 cos 1 0-4 cos 0 sin U 4 - sin 2 0 = 2. 

66 ; Pr 1 ° ft vc cos 0 = “ - /*)/(! + r-). sinO = (2/)/(I 4- / 2 ), where 

t— tan i 0 . Show how the equation a cos 0 4- b sin 0 = c may be solved 
by the above substitution. 

If 0 = a, 0 = p arc two solutions of the equation, show that 

tan ia . tan A ,3 = (c - a)/(c 4 - u) 
and deduce that cos J(f4 - a)/cos i(E» 4- a) = cja. 
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67. Write down formulae expressing sin A ± sin B and cos A ± cos B 
as products. 

Prove that (i) 4 cos 0 cos ^0 + cos ^0 H——j = cos 30. 

(ii) cos 3 x + cos 2 (x + + cos 3 (x - Jtt) = 15. 

68 . (i) Show that sin 0 + sin 30 + sin 50 + sin 70 = 16 sin 0 cos 3 0 cos* 20. 
(ii) If tan a = 2, obtain all the solutions of the equation 

tan (0 - 2 a) + 11 tan (0 + 2 a) = 0 

that lie between 0° and 360°. 

69. Obtain the general solutions of the equations 

(i) 5 sin 0 - 3 cos 0 = 2. 

(ii) cot 20 + 2 tan 0 = 2 . 

70. If sin a + sin (a + £0 + sin (a + 2p) = 0, prove that 

P = (2 k + 1)* ± i-, 

where k is an integer or zero, unless (a + p) is a multiple of r.. 

71. Prove that cos 30 = 4 cos 3 0-3 cos 0. 

If 0 = 18°, prove that cos 30 = sin 20, and hence show that sin 18° is a 
root of the equation 4x 2 + 2x - 1 = 0. 

Deduce the values of sin 18° and cos 18° to five decimal places. 

72. Draw the graph of cos (0 + 60°) for values of 0 between - 180° and 
+ 180°. From your graph obtain three solutions of the equation 

cos 0 - V3 sin 0 = -0/60°, 

where 0 is measured in degrees. 

73. Draw the graph of 

( 2n\ 

2 x + — J 

from x = 0 to x = 2n. Use your graph to find the positive values which 
satisfy the equation 

x = 5 sin ^2x + —j, 

and to find the values between which k must lie in order that 

( 2 71 \ 

2x + —J 


may have at least two positive roots. 

74. Define a radian and find, to the nearest integer, the number of seconds 
in a radian, taking the value of r. to be 3-141593. 

Angles being measured in radians, use the curve y = sin x and a suitable 
straight line to solve approximately the equation x - sin x = 1-5. Express 
the value of x so obtained in degrees. 

75. A taut belt passes round two pulleys of radii 6 cm. and 2 cm. respec¬ 
tively. The straight portions of the belt are direct common tangents to the 
pulleys and are inclined to each other at an angle of 2 a radians. 

If the total length of the belt is 44 cm., show that 7 i + « t cot a =* 5-5. 

Draw the graphs of cot a and 5-5 - n - <x and hence find a. 

76. Measuring x in radians, draw the graph of the function sin (x f «tt) 
for value of x from 0 to 2 tt. 

Use your graph to find, as accurately as you can, the solutions of the equation 
* sin (x + Jtt) *= n - x 9 which lie between 0 and 2n. 
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77. Draw the graph of 1 4- cos 2x, where a- is measured in radians, for 
values of x from 0 to 2 -. 

Use your graph to determine approximately the least value of x which 
satisfies the equation 4 cos 2 x = x. 

78. An observer whose eye is 5 feet above the ground finds that, when 
standing at a point X on the horizontal line between the bases L , M of two 
vertical poles, the angular elevations of the tops of the poles are both 24°. 
On moving to a point 15 feet nearei M, he finds that the angular elevation of the 
top of one pole has increased by as much as the other has diminished. It is 
known that the length of one pole is twice that of the other. Find their lengths. 

79. A cylindrical tower of radius r is surmounted by a hemispherical dome 
of the same radius. From points A and B on the level ground on which the 
tower stands the elevations of the highest visible points of the dome are a 
and p respectively. Prove that, if B is a distance d nearer the axis of the tower 
than A, the height to the top of the dome is 


d sin a sin p 2 rsinjasinjp 
sin (a - p) cos J(p - a) 

80. A, B are two points on one bank of a straight river, and C, D are two 
points on the other bank, the direction from A to B along this river being the 
same as that from C to D. 


If AB — a, /_ CAD = at, /_ DA B = p, /_CBA = y, prove that 

CD = a sin x sin y/sin p sin (a 4 - p 4 - y). 

Calculate CD and the width of the river when a = 100 feet, a = 36°, 
P - 24°, y = 46°. 

81. An aeroplane is flying in a straight line in a direction making an angle 9 
with the horizontal, and so that its height is diminishing. The line of flight 
passes vertically above an object A on the ground, which is horizontal. When 
the aeroplane is at P , PA makes an angle a with the line of flight and when it has 
travelled a distance / to a point Q, QA makes an angle p with the line of flight. 

Prove that the height of the aeroplane when vertically over A is 

/ sin a sin p 
sin (P - a) cos O’ 

and that the distance travelled by the aeroplane from P before it reaches the 

ground is . . , , _ 

/ sm (a 4 - 9) sin p 

sin (p - a) sin O' 

82. Prove geometrically that sec 2 0 - tan 2 0 = 1 . 

Crivcn sec 0 -l- tan 0 =- //, express tan 0 and tan JO in terms of u. 
find all values between 0° and 360 J which satisfy the equation 

sec 2 JO = 2\/2 tan JO. 

83. It a, p are both acute angles, prove that 

cos (x - p) = cos a cos p 4- sin a sin p. 

If tan a ^ cos 2 i tan p, prove that 

tan (p - a) = sin 2 p/(cot 2 / + cos 2 p). 

84. (i) Prove that tan J(.-I + B) = (sin A + sin B) /(cos A + cos B). 

(ii) II .v tan 0 = v tan ? and (x + y) cos (0 - 9 ) + ( X - >•) cos ( 04 - 9 ) = 2a. 
prove that a - 2 cos 2 9 + y- sin 2 9 = a-. 

85. Prove that the value of 


cot A cot (45° - A) 

l + cot A ' 1 + cot (45 ° - A) 

the same for all values of the angle A. 
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86 . Prove that cos 20 = (1 - / 2 )/(l + f 2 ), where / = tan 0. 

Use this result to deduce that tan 22£° = \/2 - 1, and find similarly the 
value of tan 15°. 

87. From the equation 11 cos 0 -f 7 sin 0 = 13 derive the value of tan $0, 
and hence all the values of 0 between 0° and 360°. 

88 . Prove that cos 30 = cos 0 (2 cos 20 - 1 ). Show that 

cos 3/1 sin 3Zf „ 

— c . ■ p = 2 cos 2(/l + B) + 2 cos 2(A - B) + 2 cos 2A - 2 cos 2 B - 1. 
cos /% sin & 

89. Express a cos 0 + 6 sin 0 in the form A cos (6 - a), where A and a 
are independent of 0. 

Hence, or otherwise, show that 5 cos 0 + 3 cos (0 + 60°) cannot be greater 
than 7 or less than - 7. 



CHAPTER VII 


Trigonometry 
Properties of a Triangle 


Standard Notation for a Triangle ABC . In discussing a triangle 
ABC, the following notation is most usual. (All theorems employed 
require geometrical proof.) 


BC = a, CA = b, AB = c, 
ACAB = AA, AABC = AB, 
ABC A = AC; A x , B lt C x are 
the mid-points of the sides BC, 
CA, AB respectively; the lines 
AA X , BB X , CC X are the three 
medians of the triangle and are 
concurrent, meeting at a point 



G, known as the centroid of 

the triangle; area of triangle ABC = A, semiperimeter 


= s = ±(a + b + c). 


A 



The points D, E, F are the feet of the 
perpendiculars from the vertices A, B, C 
respectively on the opposite sides. The 
lines AD, BE, CF are known as the alti¬ 
tudes of the triangle and are concurrent, 
meeting at the point H known as the 
orthocentre of the triangle. The triangle 
DEE is the pedal triangle of triangle ABC. 


The perpendicular bisectors of the 
sides of the triangle ABC are concur¬ 
rent and meet at a point O which is 
known as the circumcentre of the tri¬ 
angle ABC. The circle with O as 
centre and OA as radius will pass 
through B and C and is known as the 
circumscribed circle (or circumcircle) 
of the triangle and its radius is de¬ 
noted by R. 


A 
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A 



The internal bisectors of the angles 
A, B, and C are concurrent and meet 
at a point / known as the incentre of 
the triangle. A circle, with / as centre, 
touching one side of the triangle, will 
also touch the other two sides, and is 
known as the inscribed circle of tri¬ 
angle ABC. Its radius is denoted by 
r, and its points of contact with BC, 
CAy AB respectively are X y Y, Z. 


The external bisectors of the 
angles B and C, and the internal 
bisector of /_A are also concurrent 
and meet at a point denoted by I x 
known as the first ecentre of tri¬ 
angle ABC. The circle with I x as 
centre touching BC internally at X x 
will touch AC and AB externally 
at Y x and Z x respectively. This 
circle is known as the first escribed 
circle (ecircle) of the triangle ABC, 
and its radius is denoted by r x . 



A similar circle drawn in the space opposite B is known as the 
second escribed circle, and has its centre at I 2 , radius r 2 , and touches 
BC, CA, AB at X 2 , Y 2 , Z 2 respectively. (CA internally and BC, BA 

externally.) . 

Similarly the third escribed circle will be in the space opposite C, 
and has centre / 3 , radius r a , and points ol contact with CB, CA, 
AB will be X a , Y 3 , Z 3 respectively. (Z 3 internal division, and X a , Y a 


external division.) 


Theorem. The sine rule. To prove that, in any triangle ABC 


a b c 

sin A simB sin C' 

When the proof is required for any triangle the following three 
cases must always be considered: 

(i) an acute-angled triangle, 

(ii) an obtuse-angled triangle, 

(iii) a right-angled triangle. 

Case (/) (diagram (i) on next page). 

Draw AD and BE the altitudes of triangle ABC. 

Then, AD = AB sin B — AC sin C 


.*. c sin B 


b sin C, i.e. 


b 


c 

sin C 


M 


sin B 
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There are the three cases to be considered as shown by the three 
diagrams, viz. (i) an acute-angled triangle, (ii) an obtuse-angled 
triangle, (iii) a right-angled triangle. 



Case (j). Draw AD an altitude of the triangle. 

Using Pythagoras’ theorem, 

AB 2 = AD 2 + BD 2 

= {AC 2 - CD 2 ) + BD 2 
= AC 2 - CD 2 4- (BC - CD) 2 
= AC 2 - CD 2 4- BC 2 - 2BC . CD 4- CD* 
= BC 2 4- AC 2 - 2BC . CD 
= a 2 4- b 2 - 2a . b cos C 
c 2 = a 2 + b 2 - 2ab cos C, 
or cos C = (a 2 4- 6 2 — c 2 )/2ab. 


Case (ii). C obtuse. 

Draw the perpendicular from A on BC produced. 

Using Pythagoras, 

AB 2 = AD 2 4- BD 2 

= (AC 2 - CD 2 ) 4- BD 2 
= AC 2 - CD 2 4- (BC 4 CD) 2 
= AC 2 - CD 2 4- BC 2 4- 2 BC . CD 4- CD 2 
= BC 2 4- CA 2 4- 2 BC . CD 
i.e. c 2 — a 2 4~ b 2 4~ 2o . b cos (180 C) 

= a 2 4- b 2 — 2ab cos C, 

„ a 2 + b 2 -c 2 
or COS C = -;- 


Case (iii). /_C = 90°. 

Using Pythagoras, 

AB 2 = BC 2 4- C/* 2 , 

i.e. c 2 = a 2 b 2 = a 2 4- b 2 - 2ab cos 90° 
= a 2 4- b 2 — 2ab cos C, 


or cos C 


a 2 b 2 — c 2 


(cos 90° = 0) 


2ab 
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Thus, in all cases, 

a 2 4- b 2 — c 2 


cos C = 


2 ab 


or c 2 = a 2 4- b 2 — 2 ab cos C. 


The results for cos B and cos A can be proved in a similar manner. 

Example. The sides of a triangle are x, y, and VC* 1 + y* + xy). Find 
the greatest angle. 

The greatest angle C, of the triangle ABC , will be opposite the greatest 
side c = VC* 2 + y* 4- xy). 

Using the cosine rule, cos C = {a 2 4- b* - c *) /lab, where a — x, 
b = y, c = VC* 2 4- )’* 4- xy). 

x 8 4 y* - C* 1 4- y* 4- xy) = - xy 

2 xy 2xv 

Z.C = 120 °. 


cos C 


- 1 


Theorem. In any triangle ABC t to find the values of cos A/2, 
sin A /2, tan A /2, etc ., in terms of the sides a , b, c. 

In any triangle ABC , 

b 2 4- c 2 — a 2 


cos A = 


.". 1 4~ cos A = 14- 


2 be 

b 2 + c 2 - a 2 


b 2 4- 2 be 4- c* — a 2 


i.e. 2 cos 2 A /2 = 


2be 

(b c) 2 — a 2 


2b c 

(Hc + a)(Jb + c — a) 


2bc ~ 

2s[(b 4- c + a) - 2a] 


2b c 


cos 2 A/2 = 


s(s — a) 
be 


2 be 

2s(2s - 2a) 
2 be 


But A/2 is acute, therefore cos A /2 is positive. 
Hence, cos A /2 = yj — ^ ** ' 

r s(s — b) 


Similarly, 


cos B /2 


cos 


- V 

C/2 = J 


ca 

- c) 
ab 


’i 

) 


Also 1 - cos A = 1 - b 2 + c * ~ _ 2&c — A 2 — c 2 + a 


% 


2 be 

a 2 - ( b - c) 2 
2 be 


2 be 

(a A b — c)(a — b + c) 
26c 


... 2 sin 2 A/2 = l( ° + b + c) ~ 2c][(a + * + c) - 261 

26c 
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a = b cos C + c cos B 
b = c cos A 4- a cos B\. 
c = a cos B A- b cos A 


Theorem. To prove that , in any triangle ABC , 


tan 


B - C 


b — c A 
cot 


b -h c 


2 ’ 


tan 


c — a 
c 4- a 


cot 


tan 


A - B 


a — b C 

-r cot -=■ 

a + b 2 


Using the sine rule, in any triangle ABC, 


= k (say). 


sin B sin C 

b = k sin B, c = k sin C. 

k sin B — k sin C sin B — sin C 


b — c 
b -f c 


k sin B -f k sin C sin B + sin C 

2 cos \{B 4- C) sin \(B — C) 

2 sin \{B T~C) cos ±(B - C) 


1 


tan *(* + O 

1 

ton (90° - A12) 


x tan 


B - C 


x tan 


2 

B - C 


(A + B+ C = 


1 


cot /2 


X tan 


5 - C 


(tan (90° - 8) = 


. ♦ 5 - C 

.. tan —-— = 
2 


Similarly, 


tan 


tan 


C - A 
2 

A - B 


b — c 
b 4" c 

c — a 
c -\- a 
a — b 


cot A 12. 


cot B! 2, 


cot Cl 2. 


2 a A- b 

Example. Prove that a cos i (B - C) = {b + c) sin A /2. 


By the sine rule, 


b 

sin B 


- k (say), 


sin A sin B sin C 

a — k sin A, b — k sin B, c — k sin C, 


B 

T' 


180°) 

cot 0) 
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b + c 
a 


cos \{B - C) 
i.e. a cos l(B — C ) 


k sin B 4 - k sin C sin B 4- sin C 
k sin A sin A 

2 sin J(£? 4- C) cos \(B - O) 

2 sin A /2 cos A /2 
sin (90° - }A) cos l(B - C) 
sin A /2 cos A /2 

cos jA cos j(B - C) _ cos j(B - C) 

sin /2 cos /I /2 sin /l /2 ' 

6 4- c . ... 

-sin A /2, 

a 

(b + c) sin A 12. 


Example (l.u.). Prove that, in any triangle ABC , b cos /l + a cos B 
From this, and two similar identities, deduce the following: 

cos A , cos B c 

(0- + — T — = -r; 

a b ab 


+ b* + c' 


2abc 


(iii) cos C 


. cos A cos B cos C a 2 + b* + c* 

(li) —— + —-— + - = -——-; 

abc 2abc 

..... a* 4- b* — c* 

(m) cos C = -——-. 

2 ab 

The first part of the question has been proved in an earlier theorem, 
(i) The identity in the first part and the two similar ones are 

b cos A + a cos B = c.( 

c cos A + a cos C = b .( 

c cos B + b cos C = a .( 

Dividing (1) by ab, (2) b yea, (3) by be. 


(1) 

( 2 ) 

(3) 


cos ^4 _ cos B 

a 

' b 

cos ^ 

cos C 

a 

r ' 

C 

cos 5 

__ j 

cos C 

h 

b 

C 


(4) 


(5) 


( 6 ) 


Adding (4), (5), (6) in (i). 


cos A 
a 


cos B 
+ 6 


cos C 
c 


cos A 

- + 

a 

(iii) (7) - (4) gives. 

cos C a 2 4- b 3 + c 2 
c 2abc 


cos B 
b 


cos C 
c 


ab ca 
c 2 4- b 2 4- a 2 
abc 

3 s 4~ b 2 4~ c* 
2 abc 


(7) 


4- b 2 4- c 1 — 2c* 
2 abc 


4 - b 2 - c 2 
2 abc 
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a* 4- b % - c* 

.*. COS C = -r —T -• 

lab 

Solution of any Triangle ABC. An element of a triangle means 
either a side or an angle of the triangle, and thus there are six 
elements to any triangle. 

To solve a given triangle means: given three independent elements 
to find the other three. 

Note. The three angles of a triangle are not independent since their 
sum is equal to two right angles. 

The case of the right-angled triangle was considered when dealing 
with heights and distances, and the remaining cases are classified as 
follows: 


Case (/). Three sides given , i.e. a , b , c. 

Method (a). Use any set of formulae for sin A /2, cos A /2, tan A /2, 
or sin A, etc., to find A, B, C, where 


v 




(J - b)(s - c) . „ l-<s - a) 


be 


cos A /2 


V 


be 


b 2 + c 2 - a* 

Method ( b ). Use the cosine rule, i.e. cos A = - .j- - , etc., to 

find A, B, C. ZbC 

Note. The second method is only used when a, b, c are small whole 
numbers or easy fractions, or when a certain angle is required accurately. 
(Cannot be used with logarithms.) 

The first method is to be used in all other cases since it lends itself to the 
use of logarithms. 

When using the first method it is advisable to find s, (s - a), (s - b), 
(s - c) initially. 

Example. Given a = 5-6 inches, b = 7-6 inches, c — 10-8 inches, solve 
the triangle. 

s - *(5-6 + 7-6 + 10-8) =» 12, (s - a) - 6-4, (s - b) = 4 4, (s - c) -= 1-2. 

'(s - b)(s - c) I 4-4 x 1-2 = /J! 

V 7-6 x 10-8 V 171 


sin A /2 




be 


log (sin A /2) = Klogll - log 171) -= 4(1 04139 - 2-23300) 

- J(‘2-80839) ~ 1-40420, 

.'. A/ 2 - 14" 41 A - 29° 23'. 

I(s - a)(s - c) / 6-4 x 1 2 / £ 

sin 5/2 - y-— “ V 5-6 x 10-8 V 63 

/. log (sin 5/2) - i(log 8 - l°g 6 „ 3 )_“ JK 0-90309 ” 179934) 


4(1-10375) - 1-55188, 

.-. 5/2 - 20° 524' 5-41° 45'. 
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sin C12 
log (sin C/2) 

/. C/2 


Us - a)(s - b ) 16 -4 x 4-4 12 x 44 

” V “ V 5-6 x 7-6 “ V7 x 19 

- iOog 88 - log 133) = *(1-94448 - 2*12385) 
= *(T-82063) = T-91032, 

- 54° 26', /. C = 108° 52'. 


Check. A 4 B + C = 29° 23' 4- 41 c 45' 4- 108° 52' = 180°. 



88 

133 


Example. Solve the triangle, a = 6 inches, b = 5 inches, c = 4 inches. 

In this case the lengths of the sides are small numbers and it is quicker 
to use the cosine rule. 


, b 2 + c~ - a 2 5 a + 4* — 6 2 5 

COS ‘ “ 2 be 2x5x6 40 


l 

8 


= -==- = 0125 


cos B 


LA = 82° 49'. 

c 2 + a 2 - b 2 4 a 4- 6 2 - 5 3 27 

2bc “ 2x6x4 “48 

.*. ZB = 55° 46'. 

a 2 4- b 2 - c 2 6 2 4- 5 2 - 4 2 45 

2 ab “ 2x6x5“ 60 

.*. ZC = 41° 25'. 

Check. A + B + C =* 82° 49' 4- 55° 46' + 41° 25' 


cos C 


9 

16 

3 

4 “ 
180°. 


0-5625, 


0-75, 


Case (ii). 7Vo ffr/es included angle given. (Use b, c, and A.) 

Method {a). Use tan ^- C = cot /I /2 to find (5 - C). 

2 b -f- c 

Now £ -f C = 180° — A = known quantity, therefore 5 and C can 
be found, and a is then found by using the sine rule. 

Method (b). Use the cosine formula a 2 = b~ + c 2 — 2bc cos /I 
in order to find a and then the sine rule to find B and C. 

Note. Method (b) is only suitable when b and c are small numbers, and 
when LA =--- 60° or 120°, whilst method (a) can be adapted for use with 

logarithms. 

Example (l.u.). Prove that in any triangle ABC 

(i) tan i(B - C) = ~ C cot A! 2; 

o 4 - c 

(ii) a = (/> 4 - c ) cos 9 , where sin 9 = \—— cos IA. 

b + c 

If b = 321 feet, c = 123 feet, LA = 29° 16', find B , C, and a. 

(i) This has already been proved as a theorem. 

(ii) Using the cosine rule, 

a 2 = b 2 4- c 2 - 2bc cos ^1 = ( b 2 4- 2 be 4- c=) - 2bc - 2be cos A 

= (b 4- r) 3 - 26c(l 4- cos .4) = ( 64 - c) 2 - 4fcc cos 2 *.4 

= (/; 4- c) 2 - (/> 4 - c) 2 sin 2 9 (sin 9 = [2 \'bc/(b 4- c)] cos $A) 

•= (b 4- c) 2 (l - sin 2 9 ) = (b 4 - c) 2 cos 2 9 , 

.*. a = (b 4- c) cos 9 . 
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When b = 321 feet, c = 123 feet, A = 29° 16', using 
tan KB - C) = 7 -- cot /I /2, 

£> + C 

1 Q Q 33 

tan KB - C) = 4^4 cot 14 ° 38 ' = 74 °°* 14 ° 38 ' 

log [tan KB - C)] = log 33 + log (cot 14° 38') - log 74 

= 1-51851 + 0-58318 - 1-86923 


- 0-23246 

KB - C) = 59° 39' .*. B - C = 119° 18' .(1). 

Now B + C = 180° - A = 150° 44'.(2). 

From (1) and (2), 2 B = 270° 2', .'. B = 135° 1', 

and C = 15° 43'. 

Using the sine rule, 


a _ 6 fcsin/4 = 321 sin 29° 16' 

sin A sin B ' ’ ° sin B sin 135° 1' 

log a = log 321 + log (sin 29° 16') - log (sin 135° 1') 

- 2-50651 + T-68920 - T-84936 
= 2-34635, 
a = 222-0. 

Case (///). Given one side and two angles (e.g. a , /_B, Z_C). 

Since A + B + C = 180°, A = 180° - B - C. The sides b , c 
can now be found by using the sine rule. 

Example. Solve the triangle in which a = 10 inches, LB = 41° 24 
C - 35° 18'. 

LA = 180° - B - C = 180° - 41° 24' - 35° 18' = 103° 18'. 
Using the sine rule, 

L asinfl 10 sin 41° 24' 
sin A = sin 103° 18~' ’ 

/. log b = 1 + log (sin 41° 24') - log (sin 103° 18') 

= 1 + T-82041 - T-98819 = 0-83222, 

.‘. b = 6-796 inches. 

a sin C _ 10 sin 35° 18' 

C = sin A “ sin 103° 18" 

/. logo = 1 + log (sin 35° 18') - log (sin 103° 18') 

= 1 + T-76182 - T-98819 — 0-77363, 

.*. c = 5-938 inches. 

Case (/v). Given two sides and the angle opposite one oj them (e.g. 
given b, c, and Z_B). 

This case is known as the ambiguous case, as it is possible to have 
0, 1, or 2 solutions, dependent on the values of b, c, and /_ . 

L.C is obtained by using the sine rule, viz. 

sin C = f sin B. 
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(A) Angle B acute. 

(a) If b < c sin B t then sin C > 1, which is impossible, and there 
will be no solution. 

( b) If b = c sin b y then sin C = 1 and /_C = 90°, giving only 
one solution. 

(c) If b > c sin b and b ^ c, then Z_B ^ /_ C, and /_C must be 
acute, and there is only one solution. 

(d) I f b > c sin b and b < c, there are two solutions for C, one 
being acute and the other obtuse. 

(B) Angle B obtuse 

(a) There will be no solution if b ^ c, since Z_B being obtuse is 
greater than Z.C, and there can only be one obtuse angle in a triangle. 

( b ) If b > c, there is only one solution, since /_C must be acute. 
Once the value or values of /_C have been determined, the angle 

A is found by using A -f B -f- C = 180°, and the side a is then 
determined by using the sine rule. 


Example (l.u.). Show that there may be two triangles or possibly no 
triangles at all, having assigned values for a, b, Z.A . 

When a = 25, b = 30, ZA = 50,° determine how many such 
triangles exist and complete their solutions. 

T he first part of the question has already been proved. 

By the sine rule, 

sin Z.B = - sin Z.A = ^ sin 50° = ~ x 0-76604 

= 0 91925 .(1) 

Since b > a, and b sin A < a, there will be two solutions, denoted 
by the suffixes 1 and 2. 

From (1), ZB, = 66° 49', and ZB, = 113° IF 

/. Z C, = 180° - 50° - 66° 49' = 63° IF. 

Also Cl = g- si n = 25 sin 63° IF 

sin ZA sin 50° 

/. log c, = log 25 + log (sin 63° 110 - log (sin 50°) 

= 1-39794 + 1-95059 - T-88425 = 1-46428. 

•\ c, = 29-13. 

ZC, = 180 3 - 50° - 113° IF = 16° 49'. 
c « sin Z-C, _ 25 sin 16° 49' 
sin ZA sin 50° 

log Cj = log 25 + log (sin 16° 490 - log (sin 50°) 

= 1-39794 + 1-46137 - T-88425 = 0-97506 
c a = 9-442 

solutions are, zB x = 66’ 49', ZC X = 63° IF, - 29-13,1 

ZB, = 113° IF, ZC, = 16° 49', c, = 9-442.) 

Example (l.u.). Prove that, in any triangle whose sides are a, b, c, 
and corresponding angles A, B, C, 

sin A ja = sin B jb = sin C /c 
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In an obtuse-angled triangle ABC , the angle B is 48° 24', and the lengths 
of AB, AC are respectively 5-38 and 4-29. Solve the triangle completely. 

The sine rule has already been proved as a theorem. 

Now LB = 48° 24', c = 5-38, b = 4-29. 

Using the sine rule. 


sin LC = 


c sin B 
b 


5-38 

4-29 


sin 48° 24', 


log (sin LC) = log 5-38 + log (sin 48° 24') - log 4-29 

= 0-73078 + T-87378 - 0-63246 = T-97210, 

/. LC = 69° 41' or 180° - 69° 41' = 110° 19'. 

But the triangle is obtuse-angled, therefore LC = 110° 19' (LA 
cannot be obtuse since LB = 48° 24' and LC must at least be 69° 41'). 
Hence, LA = 180° - 48° 24' - 110° 19' = 21° 17'. 

From the sine rule, 

b sin A sin 21 ° 17' 

a “ —=—« — 4-29 -—V7'» 
sin B sin 48 24 


.'. log a **» log 4-29 + log (sin 21° 17') - log (sin 48° 24') 
- 0-63246 + T-55989 - T-87378 = 0-31857, 
a - 2-083, 

therefore solution is, a = 2-083, LA = 21° 17', LC = 110° 19'. 


Theorem. To find the length of 
the internal bisector of the angle A 
of the triangle ABC. 



Let AP be the required bisector. 

Area of triangle ABC = area A A BP 4- area A APC. 

i.e. \bc sin A = \c . AP sin A /2 + \b . AP sin A /2 
be sin A = AP(b + c) sin A /2 
i.e. 2 be sin A /2 cos A /2 = AP(b + c) sin A /2 

2be A 

- - cos . 

b + c 2 

Note. The lengths of the other internal and external bisectors of the 
angles can be found in a similar manner. 


AP = 


Example (l.u.). If the bisector of the angle A of the triangle ABC meets 
BC in D, prove that, 

(i) AD(b + c) = 26c cos A /2, 

/ AD 3 \ * 

(ii) a - (b + c)^ 1- 

If AB - 9, AC = 5, AD - 6, find LA and a. 

(i) This was proved in the previous theorem. 
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(ii) Using the cosine rule, 

« 2 - b* + c 2 - 2bc cos A = b 2 + c 2 - 2bc(2cos 2 A/2 - 1) 

= 6 2 + 2 be + c 2 — 46c cos 2 A /2 

,, . ., ADHJb 4- c) 2 

= (b + c) 2 - 4 be .-- (using (i)> 


- (6 + c) 2 
a = (6 + c) 


( 

( 



,4Z> 2 \ 
6c )• 
AD 3 \ * 
be ) ’ 


c 


= 9, 6 = 5, AD = 6 

Using (i), 6 x 14 = 2 x 5 x 9 cos/I/2, 

cos A12 = 14/15 = 0-93333, . 


From (ii), 




A/2 =* 21° 2*', 

il 14V 5 
V 5 " 5 * 


Circles connected with the triangle ABC 

Theorem. To prove that, i/i a/iy triangle ABC, using standard 
notation, 

^ _ _ a _ b _ c _ abc 

2 sin A 2 sin B 2 sin C 4 A * 

There are three cases to be considered as shown in the following 
diagrams. 



In (i) l_ A is acute; in (ii) A is obtuse; and in (iii) Z_A = 90°. 
In each case A x is the mid-point of BC and in the first two cases O 
is the circumcentre of triangle ABC, and hence, by geometry, OA x 
is perpendicular to BC and bisects /_BOC. 

Also in diagram (i) /_BOC = 2/_A /_BOA x = i_A. 

In (ii), reflex /_BOC =2/_A Z_BOC = 360° - 2A, 
and /_BOA x = 180° - A. 

From diagram (i), BA X = OB sin /_BOA 

i.e. - = R sin A, ,\ R = —?— 

2 2 sin A 

From diagram (ii), BA X = OB sin Z_BOA x , 

%a = R sin (180° — A) = R sin A, 
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i.e. R = 


a 


2 sin A 

From diagram (iii), where A x is the circumcentre, 

BA X = R = R = R sin 90° = R sin A, 

R = a/ 2 sin A, 

a _ abc 

2be sin A 


in all cases. 


R = 


2 sin A 


But 


a abc 

A = \bc sin A , R = ——- = -j-t-. 

2 sin A 4 A 


a 


By the sine rule, 

2 sin 

for any triangle ABC , 

a 


R = 


2 sin 


6 

2 sin B 

b = 
2 sin B 


c 

= 2^TC’ 

c _ 

2 siiTC ~ 


4A~ 


Theorem. H'/VA standard notation , 
to find BX, CX, and A Y , o/jJ /<? /?rove 
that r = A/-s' /or any triangle ABC. 


A 



l is the incentre, and A', K, Z are the points of contact of the 
inscribed circle with BC , CA, AB respectively. Therefore 

IX = IY = IZ = r. 

Area A ABC = area A IBC + area A ICA -r area A IAB, 
i.e. A = \r . BC + \r . CA -V \r . AB 

= \ra + \rb + \rc = {\a A- \b + h c ) r = sr * 
r = A Is. 

Since the tangents from a point to a circle are equal 

AZ = /IK; £Z = BX\ CX = CT. 

>4Z + tfz + C* = + BX + CY 

= *[(,4Z + £Z + CA') A-(AY A BX A- CY)) 
= | x perimeter of Is ABC = s, 
i.e. AB CX = AC + BX = 
c + CX = b A- BX = s, 

CA' = Cf = i - c , and BX = BZ = s - b 

az = /ir = 5 - 

^r=/tz = s- o 

BX = £Z -= s - b 
CX = CY = s - c> 


Similarly, 
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Theorem. To prove that 

r = (s — a) tan A /2 = (s — b) tan 5/2 = (s — c) tan C/2, 
and r = 4/? sin A12 sin B /2 sin C/2. 

Using the diagram and results of the previous theorem: 

from triangle IAZ , IZ = AZ tan '_IAZ, i.e. r = (j — a) tan A /2, 

from triangle IBX, IX = BX tan /_IBX, i.e. r = (s — b) tan 5/2, 

from triangle ICX, IX = CX tan Z_ICX, i.e. r = (s — c) tan C/2, 

i.e. r = (s — a) tan A/2 = (s — b) tan B/2 = (s — c) tan C/2. 

Now BC = BX + A'C = r cot 5/ 2 + r cot C/2 




/cos 5 /2 cos C/2\ 

\sin B12 + sin C/2/ 

/cos B12 sin C/2 4- sin 5/2 cos C/2 
\ sin 5/2 sin C /2 

^s in (5 + C)/2 = r sin (90° - ^ /2) 
sin 5/2 sin C/2 sin 5/2 sin C/2 


/• cos /I /2 
sin 5/2 sin C/2 



But 


a = 2R sin /I, since 5 = -, etc., 

2sin 

.*. a = 45 sin /I /2 cos /2. 


Using this in (1), 

45 sin /I /2 cos A/2 = {x cos ^ /2)/(sin 5/2 sin C/2), 

r = 45 sin ,4/2 sin 5/2 sin C/2. 

Theorem. To prove that , wi7/i standard notation , 
r i = ~ ^ a = s tan A 12 = (s — b ) co/ C/2 = 0 — c) co/ 5/2 


= 45 57 >j .*1 /2 co5 5/2 cos C/2. 



/j is the first ecentre and T lf the points of contact of the first 
escribed circle with BC, CA, AB respectively as shown in the diagram. 

Since is the first ecentre, l_I\AC = .4/2, /LI X BC = 90° - 5/2, 
/_I\CB = 90° - C/2. 
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Now, area of AABC = area AI X AB + area A l x CA 

— area A l x BC 

i.e. A = \1& X • AB A U X Y X . CA - \i x X x . BC 

, , , (c + b — a) 

= \r x c + \r x b - \r x a = r x - - - 

{a A- b A- c - la) _ (2s - la) 

~ ri 2 1 2 
= r x (s-a), 

.*. A = r x (s - a), i.e. r x = A /(■* - a). 

Since the tangents from a point to a circle are equal, AZ X — AY X , 

i.e. AB A BZ X = AC A CY X .(!)• 

Also, 5Z, = BX x and CY X = CAT,, 

from(l), AB + BX , = AC A CX x 

= \[(AB + BX x ) A (AC A CX x )] 

= \(AB A BC A CA) = h * Is = s. 

i.e. AZ X = AY X = /45 + 5A\ = s 

BX x = s — AB = s — c, CX x = s - AC 

= s — b. 


From triangle I x AZ lt I X Z X 

i.e. r x 

From triangle I x BX lt I x X x 

i.e. r x 

From triangle I x CX u I x X x 

r x = 

Thus, r x 

Now, 

a = BC = BX x A CX x = 


= r 


= AZ X tan A /2 = J tan A /2, 

= s tan A /2. 

= 5A\ tan (90° - B/2) = (s - c) cot 5/2, 
= (j - c) cot 5/2. 

= CA', tan (90° - C/2) = (5 - b) cot C/2 
(.s — A) cot C/2. 

= ^ tan A /2 = (s — c) cot 5/2 
= (s — b) cot C/2. 

/,A\ tan 5/2 + A*, tan C/2 
r, tan 5/2 + r, tan C/2 

sin 5/2 


+ 


sin 


C/21 


= r 


cos 5/2 ' cos C/2 j 
sin 5/2 cos C/2 + cos 5/ 2 sin C /2 
cos 5/2 cos C/2 


sin (5 + C)/2 _ .. sin (90 ° - ^/2) 

ri coT5/2cos C/2 ‘cos 5/2 cos C/2 


= A 


cos /l /2 


But 


a = 25 sin ^ = 


.*. 45 sin >4/2cos A/2 = r 


cos 5/2 cos C /2 
45 sin Z /2 cos /I /2, 
cos /! /2 


'i = 


*cos 5/2 cos C/2’ 

45 sin Z/2 cos 5/2 cos C/2, 


N 
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Note. The following results for r, and r s are obtained by a similar 
process. 

A 


r t = 


s — b 


= s tan 5/2 = (s - a) cot C/2 = (s-c)cotA/2 

«= 45 cos A/2 sin B /2 cos C /2. 
tan C/2 = (s - a) cot 5/2 = (j - 6) cot >1/2 

5 C 

■= 45 cos >1/2 cos 5/2 sin C/2. 

Also, 

5Z a = 5Z a = j, CZ. = CT a = (s - a), AZ t = AY, = (s - c ); 
CZ. = CY, = 5Z 3 = 5Z a = (s - a), AZ , = = (s - b). 

Example (l.u.). Express in terms of the sides of the triangle the distances 
of its vertices from the centre of the inscribed circle, and calculate the 
distance from A, when a = 50, b = 37, c = 33. 

I is the incentre and Z the point of contact of the inscribed circle with 
AB. 

Z1AZ = \A 

AI = IZI sin \A 
= r /sin iA. 

But, with standard notation, 

A 1 , , 

v s(s - a)(s - b)(s - c). 


s s 
and sin A /2 


~ V 


is - b)(s - c) 
be 



1 


AI = ~ \/s(s - a)(s - 6)(.s - c ) 

if 


- V 
= V 



(s - b)(s - c ) 


Z ~ b) is - c) 
(j - a)bc 


is - 


be 

be 


b)is - c) 


Note. This could also have been obtained by using 
AI = AZ /cos iA, with AZ = (s — n), and cos J>1 = 

- c)a6 


Similarly, 5/ = ,^/ 


si s - g) 
6c 


— b)ca 

—, and Cl 


s V s 

When * = 50, 6 = 37, c -= 33, 2s = a + b + c = 120, 

.*. s - a = 10. 

10 x 37 x 33 


60 


Hence, AI 


- V 


60 


- V? 


V203-5 


= 14-27 to 4 significant figures. 

Example (l.u.). Prove, with the usual notation, the formula for the radius 
of the circumcircle of a triangle : 

a 


R 


2 sin A' 
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The side BA of a triangle ABC is produced through A to D, where 
AD = AC. If the radii of the circles ABC, BCD, ADC are in the ratio 
5:8:7, calculate the magnitudes of the angles of the triangle. 



The first part has been proved as a theorem. 

Since AD = AC, LADC = /.ACD. 

But s_a = LADC + LACD (ext. L of A) 

/. /.ADC ~ LACD = A12. 

Let R u R it R t be the circum-radii of triangles ABC, BCD, ADC 

respectively. 

BC AC _ AB 

“ 1 2sin LA ~ 2 sin /_B 2 sin LC 


R» 

R . 

• A 

’* R, 


BC 

2 sin /.ADC 
AC 

2 sin /.ADC 
sin /.ADC 
sin LA 


etc. 

etc. 

sin A12 _ 

2 sin A12 cos A /2 


1 

2 cos A 12 


. 5 1 

" 8 ~ 2 cos A12 
10 cos A /2 - 8, cos A12 = 0-8, 

/. A12 = 36° 52' .*. A = 73° 44'. . . 

Since cos/!/2-$, sin ,4/2 = $ (using right-angled A with LA 


acute). 

Using i?, 

AC 

w 

AC . Ri __ 

sin A /2 

2 sin B' 

* 2 sin A /2’ R» 

sin B 

5 

• 

'* 7 

_ 3/5 . 

sin B’ " 

sin B => ^ ■=* 0-84, 


B 

Therefore C 

- 57° 8*'. 

- 180° - A 

_ B - 180° - 130° 52*' = 49° 7i'. 


Example (l.u.). (i) In any triangle ABC, if R and r be the radii of the 
circumcirclc and inscribed circle respectively, prove that, 


Rr «= abc /2(a + b + c) 

(ii) In an isosceles triangle ABC, BC being equal to CA,\ .he length o 
AB is 3\/7 inches, and the radius of the circumcircle is 16 in 
length of BC and the radius of the inscribed circle. 
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(i) In any triangle ABC, R 

abc 


abc 


r = 


Rr = 


4 A * 

A abc 


A 

s 


abc 


4 A 


4 s 
c 


2 (a+ b + c)' 


(ii) With standard notation, R = —. 

2 sin C 



1 - 2 sin* C/2 


31 „ . „ 1 63 

± 32 , 2 sin C/2 - 32 or 32 


sin* C/2 = ior 

64 64 

Since C/2 must be acute, sin C/2 is positive, and 

sin C/2 = 


1 V63 

8 8 


cos C/2 


\/63 1 

8- ° r 8' 


(Using cos* x + sin*.x = 1 with cos C/2 +ve.) 

Since AC = AFi — a, from the properties of an isosceles triangle, 

AB = 2 AD = 2asinC/2 (D mid-point of /I B). 

i.e. 3\/l = 2 <j x i, or3V7 - 2aV63/8, 
a = 12\/7 or 4. 

When a = 6 = 12^/7 f 

s = i(24V7 + 3V7) = VV7, (^ - a) = (j - Z>) = |V7, 

and (s - c) = 2£-y/l. 

A = Vi(J - flKi - - c) = V'(VV7)(|\/7 )(|-v/7)(-V-v'7) 


^V(27 x 3 x 3 x 21) 


27 x 7 
—^—V7. 


A = 
s 

b = 4 


27 x 7 27 

— 4 V? + " 2' /7 


7 

2 ' 


When a « 

j = i(8 + 3\/7), (*-«) = (s - 6) = |V 7 , and (s - c) =» i(8 - 3\/7; 


• • 


VJ(8 + 3\/7) x (fV7) x (|V7) x i(8 - 3^7) 
JV7V(8 + 3V7)(8 - 3V7) - iV7\/(64 - 63) 


W 7. 
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A = iV7 
J 4(8 + 3V7) 


uvn 


(8 - 3-y/7) 

(8 + 3\/7)(8 - 3^7) 


= |(8V7 - 21). 


,( V7)(8 - 3y/7) 
2 64 - 63 


Theorem. To find the lengths of the medians of a triangle ABC. 

A x , B x , Cj are the mid-points of 5C, CA, AB respectively, and AA X , 
BB lf CC X will be medians. (Left-hand figure.) 



Let Z_AA X C = a, /_AA X B = 180° - a. 

In the triangle AA X B by the cosine rule, 

AB 2 = AA X 2 + BA X 2 - 2AA X . BA X cos (180° - a) 


i.e. c 2 = AA X 2 -f \a 2 -f a . AA X cos a. (1) 

Using the cosine rule on triangle AA X C, 

b 2 = AA X 2 Ja 2 — a . AA X cos a.(2) 

(1) + (2) gives, b 2 + c 2 = 2AA X 2 + ia 2 

.’. 2 AA X 2 = b 2 + c 2 - \a 2 

. 2b 2 A-2c 2 -a 2 


AA X = W(2b 2 + 2c 2 - a 2 ) 

Similarly, BB X == \^{2c 2 4- 2a 2 — b 2 ) . 

CC X = hV(2a 2 4- 2b 2 - c 2 )) 

Note, These results are very important and should be memorised. 


Example (l.u.). If D, E, F are the feet of the altitudes of an acute-angled 
triangle ABC, express the sides and angles of the triangle DEF in terms of 
the sides and angles of the triangle ABC. (Right-hand figure.) 

Show that, if R denotes the radius of the circle ABC, the perimeter of the 
triangle DEF is equal to 47? sin A sin B sin C. 

Let the altitudes meet at H the orthocentre. 

Since /_HDC ~ Z_HEC =» 90°, H, D, C, E are concyclic. 

/. LHDE — /_HCE (same segment) 

- 90° - LA. 

Since LHDB •= LHFB - 90°, H, F, B, D are concyclic. 
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/_HDF => /_HBE (same segment) 

= 90° - A 

LFDE — Z _HDE + /LHDF = 180° - 2 A 
Similarly, Z.DEF = 180° - IB . 

ZEED = 180° - 2C 

Notb. H is the incentre of the pedal triangle DEF. 

Z.BEC =■ Z-CFB = 90°, therefore FBCE is a cyclic quadrilateral. 

LAFE = ZC (exterior Z of cyclic quadrilateral). 

Now AE = AB cos A = c cos A. 

Using the sine rule on triangle AFE, 

FE = AE c cos A 

sin A sin Z_AFE sin C 

) 

.’. FE =• a cos A 

Similarly, FD = b cos B . 

DE = c cos C. 

Note. Similar triangles AFE , ,4BC could be used to prove FE = a cos /*, 
for EF/BC = AE/AB = cos /l, therefore EF = EC cos A = a cos >4. 

Perimeter of triangle DEF = EF + FD + DE 
*= a cos /I 4- 6 cos B + c cos C 

— 2/? sin /! cos /I ■+■ 2BsinBcosB + 2R sin Ceos C 

since B =* —^— = -—~— => —-—\ 

2 sin A 2 sin B 2 sin C) 

= E[(sin 2 A + sin 2 B) + sin 2 C] 

“ *[2 sin (A + B) cos (A - B) + 2 sin Ceos C] 

“ 2E[sin Ccos (/I - B) + sin Ceos (180° - A - B)J 

(A + B + C - 180°) 

— 2E sin C[cos (/I - E) - cos (,4 + E)] 

= 2E sin C x 2 sin ^ sin E = 4E sin A sin E sin C. 

Quadrilaterals. Certain problems on quadrilaterals can be dealt 
with by division into two triangles and then by using the properties 
of triangles as shown in the following examples. 

Example (l.u.). ABCD is a quadrilateral in which AB = BC = CD a, 
LABC — 0 , Z_BCD = 9 . (Left-hand figure on next page.) 

Prove that, AD — a[\ — 8 sin $0 sin $9 cos 4(0 4 - 9 )]!, and that the 
area of the quadrilateral is 2 a 2 sin 49 sin 49 sin 4(0 -f 9 ). 

Join AC, then, Z BAC = ZEC/4 = 90° — 40 (isosceles A), and 
AC *= la sin 4°. 

(If BE is the perpendicular on AC then E is the mid-point of AC and 
BE bisects Z ABC .) r 

Z-ACD = 9 - (90° - 40 ) 

- <P + 49 - 90°. 


sin A 


. cos A 


fa 


sin C sin A 
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Using the cosine rule on triangle ACD, 

AD 3 = AC a + CD 3 - 2AC . CD . cos (9 + 10 - 90°) 

= 4a 3 sin a 10 + a 3 - 4 a 2 sin 19 cos (9 + J9 - 90°) 

- a'[ 1 - 4 sin 10 cos (90° - 9 - 10) + 4 sin 2 10] 

(cos ( - 0) = cos 0) 

= a*[l - 4 sin 10 [sin (9 + 10) - sin 10]] 

(cos (90° - x) = sin x) 

= a*[l - 8 sin 10 cos 1(0 + 9 ) sin 19 ] 

AD = n[l - 8 sin 10 sin 1 9 cos 1(0 + <?)]*- 

The area of the quadrilateral = area A ABC 4- area A ACD 

- la 1 sin 0 + \AC . CD sin LACD 

>=* la* sin 0 + a sin 10 . a sin (9 + i 6 - 90 °) 

— a* sin 10 cos 10 - a 3 sin 10 cos (9 + 1°) 

(sin (x - 90°) = - sin (90° - x) ~ - cos x) 

= a* sin 10 [cos 10 - cos (9 + 1°)] 

=* a* sin 10 x 2 sin 19 sin 1(9 + °) 

= 2a* sin 10 sin I 9 sin 1(0 + 9 )- 


Examplb (l.u.). 

A BCD is a cyclic 
quadrilateral in which 

DA - a, AB = b, 

BC = c, CD = d. 

The area of the qua¬ 
drilateral is S. (Right- 
hand figure.) 

Prove that (i) S = 1 (ab + cd) sin A, 

(ii) cos A = ( a 3 + b 3 - c 3 - d 3 )/2(ab 4 cd), 

(iii) S 3 - (j - a)(s - b)(s - c)(s - d), 
where 2s~a + b + c + d. 

(i) Area of quadrilateral A BCD 

■= area A ABD + area A BCD 

■= lab sin A + 1 cd sin C 

■= lab sin A + led sin (180° - A) 

(A + c = 180° since A, B, C, D cyclic) 

= lab sin A + led sin A 
- 1 (ab + cd) sin A. 

(ii) Using the cosine rule on 

(a) triangle ABD, 

BD 2 ■= a 3 + b 3 - 2 ab cos A . 

(b) triangle BCD, 

BD 3 -=■ c 3 + d 3 - 2 cd cos C 

„ c i + d x - 2cd cos (180* - A) 

- c 3 + d 3 + 2 cd cos A . 




( 2 ) 
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From (1) and (2), 


a 2 + b 2 — lab cos A 
a 2 + b 2 - c 2 - d 2 


(iii) From (i). 


.*. cos A 


c 2 + d 2 + led cos A 
lab cos A 4- led cos A 
2 cos A . (ab + cd) 
a 2 + b 2 - c 2 - d 2 
2 {ab + cd) 



i(ab + cd) 2 sin 8 A = l(ab + cd)\ 1 - cos s y4) 

\{ab + cd) 2 j 1 - + 4 ^ b + C cd)x d) } (using value for cos A) 

* [(2 ab + led) 2 - ( a 2 + b 2 - c 2 - d 2 ) 2 } 
ls[(2ab + led + a 2 + b 2 - c 2 - d 2 ) 

(lab + led - a 2 - b 2 + c 2 + d 2 )] 
M(a + b) 2 - (c - rf) 2 ][(c + d) 2 - (a - b) 2 ] 

-fa[(a -h b + c — d) . (a + b — c ■+■ d)(a — b + c + d) 

(-a + b + c + d) ] 

*(25 - 2d)(2s - 2c)(25 - 2b)(ls - la) 

(5 - tf)(5 - b)(s - c)(5 - d). 


Regular Polygons. A regular polygon is a polygon with all its sides 
equal and all its angles equal. 

The sum of the angles of any polygon of n sides is (2 n — 4) 
right angles, and therefore the interior angle of a regular polygon of 
n sides is (2 n — 4)//; right angles. 

It is sometimes advisable to use the fact that the sum of the 
exterior angles of any polygon, with its sides produced in order, is 
equal to four right angles or 360°. 

In the case ol any regular polygon, it can be proved that the bisec¬ 
tors of the interior angles of the polygon are concurrent, and meet in 
a point which is equidistant from both the vertices and sides of the 
regular polygon. This point is therefore the common centre of the 
circumscribed and inscribed circles of the polygon. 

I heorem. To find the lengths of the radii of the inscribed and 
circumscribed circles of a regular polygon of n sides in terms of the side 
a oj the poly gon. 

Let R and r be the radii of the circumscribed and inscribed circles 
respectively. AB is a side of the polygon and O the common centre 
of the two circles. OQ is the perpendicular 
from O on AB, and, by geometry, OQ bi¬ 
sects /_AOB and also bisects AB. 

OA = R, OQ = r , and AQ = la, 

Z_AOB = 2iz/n Z_AOQ = z/n. 

From the right-angled triangle A QO, 
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OA = 


AQ 


Also 


sin Z-AOQ 

OQ — AQ cot /_AOQ, 


R = 


a 


2 sin Tzjn 


a n 

r — - - cot — 

2 n > 


Theorem. To find the area of a regular polygon of n sides (i) in terms 
of a side a , (ii) in terms of r the radius of the inscribed circle , (iii) in 
terms of R the radius of the circumcircle. 

Using the diagram of the previous theorem, 

(i) Area A AOB = \AB . OQ = \a . y cot ^ 

a 2 . tc 
= —— cot —. 

4 n 

But the area of the polygon = n x area of triangle A OB 

a 2 n 

= n cot —. 

4 n 


(ii) Area of the polygon 


(iii) Area of the polygon 


= n X area A AOB 
= n X OQ X AQ 
= n X r X r tan 7t \n 
= nr 2 tan n/n. 

= n X area &AOB = n . OQ . AQ 
= n . R cos tt/zi X ./? sin re //i 
= /zV? 2 sin t: /« cos tt/n 

K 2 . 2tc 
= n ——— sin —. 

2 n 


Example (l.u.). Prove that, if C be the area of a regular hexagon circum¬ 
scribed about a circle, and I the area of a similar inscribed hexagon, the 
value of ^/(C*/) differs from that of the area of the circle by about 0-2 
per cent. 

Let R be the radius of the circle. 

By the previous theorem, 

C — nR * tan tc //i, where n *= 6 

= 6R 2 tan 30° = 6 R 2 x 1/\/3 = 2 V 3 R*. 

Also, / = ■ — sin —, where n ■= 6 

2 /J 

- 3K* sin 60° =■ 

^(C 2 /) - {(2V3^*) a - | “ ^ x 

~ ^(18-^3^) -=■ ( * / 972)R t . 

Now i log 972 = 1 x 2-98767 = 0-49795 

/. V972 - 3-147 to 4 significant figures 
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Area of circle = -R 2 = 3-142 R 2 . Therefore value of -^(C 2 /) differs 
approximately from the area of the circle by 

0-005/? 2 

3 442/? 2 X 100 P ercent * 


0-5 

3-14 


per cent = 0-2 per cent. 


Example (l.u.). From the comers of the square ABCD, equal isosceles 
triangles are cut off so as to leave a regular octagon. Prove that the area 
cut off is (3 - 2y/2) times the area of ABCD. 

Compare the perimeter of the octagon with the perimeter of the square 
ABCD. 


Let a: be a side of one of the isosceles right-angled triangles removed, 
and a the side of the square. Therefore side of regular octagon = a - 2x, 
and also = v / 2jc (hypotenuse of isosceles 
triangle). 

a - 2x = W2)x. 






x(2 + V2) = 


a. 


x = 


a(2 


a 


2 + V2 
- V2) 


a(2 ~^V2) 
4-2 


Area cut off = 4 x $x 2 = 2x 2 

- 2 ‘ 
a 2 

= ~y-(6 - 4V2) 



a 


= --(4 - 4v/2 4- 2) 


— — 2\/2) = (3 - 2\/2) x area of square ABCD. 

Perimeter of octagon = 8.v V '2 —4a (2 - v 2) \"2. 

Perimeter of square = 4a. 

Therefore ratio of perimeter of octagon to perimeter of square 

-= (2 - V2) v '2:1. 


Further Problems on Heights and Distances. Certain problems on 
heights and distances could not be dealt with earlier, as they require 
the use of the sine, cosine rule, etc., and compound angles. Some 
examples of these will now be illustrated 

Example (l.u.). An aeroplane is observed simultaneously from two points 
~ and B, at the same level, A being at a distance c due north of B. From A 
the bearing of the aeroplane is 0 east of south at an elevation a, and from 
B the bearing is 9 east of north. 

Show that the aeroplane is at a height 

c tan a sin 9 
sin (0 + 9 ) 

and find its elevation from B. 
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Let C be the position of the aeroplane, and CD «= h be its height above 
the ground, with p its elevation as seen from B. 



Now, AD ■= h cot a, BD => h cot p. 
Using the sine rule on triangle ABD, 


AB 

sin (180° - 0 - 9 ) 
c 


AD 


i.e. 


sin (0 + 9 ) 

.*. h COt a 


BD 
sin 0’ 
h cot_P 
sin 0 


Also from (1), h cot p 


cot P 


i.e. tan p 


P 


sin 9 
h cot a 
sin 9 
c sin 9 
sin (0 + <?)’ 
h cot « sin 0 
sin 9 

cot a sin 0 
sin 9 

sin 9 tan a 


0 ). 


c tan <* sin 9 
sin (0 + 9 ) 


sin 0 


tan 




sin 9 tan <* 


) 


y OH* v / 

Example (l.u.). A tower of height h stands on the to J? 'tower 

H. An observer in a boat finds that the elevation of the top of the tovs 

is <*, and that of the top of the cliff is p. Prove that 


If o = 32°, P = 23 v , /« ■= w ieei, mw 
H and the distance of the boat from the 
foot of the cliff. 

Let B be the boat, A the top of the 
cliff, C the top of the tower, and D the 
point on the cliff on the same level as B. 

Let BD - x. 

Using right-angled triangles, 

// + h - x tan 

// - x tan p 


H 
h 
32 


c os g sin p 
sin (a - P)" 

23°. h ~ 60 feet, find 



( 1 ) 

( 2 ) 
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(1) -s- (2) gives, 
.\ //(tan a 


*L±Jl = tan -“, (H + h) tan p = // tan a, 
H tan p 

— tan p) = h tan p, 

sin p 

H t n p _ cos p 

I tan a - tan p sin a sin p 

cos a cos p 


sin p cos a 

sin a cos p — cos a sin p 

(multiplying numerator and denominator by cos <* cos p 

cos a sin p 
sin (a - p>* 

Alitor. From right-angled triangle ADB , AB — //cosec p. 

Using the sine rule on triangle ABC , 


AB _ 

sin Z_ACB 
H cosec p 
i e * sin (90° - a) 


AC 

sin £ABC' 
h 

sin (a - p)’ 





H _ 

sin p cos a 

H 

" h 
h = 60 feet. 


h 

sin (a - p)’ 
si n p cos a 
sin (a — p)' 


// 

60 

H 

log H 

H 


cos 32° sin 23° 
sin 9° 


60 cos 32° sin 23° 
sin 9° 

log 60 + log (cos 32°) 

+ log (sin 23°) - log (sin 9°) 
210412, 

127-1 feet. 


log 60 
log (cos 32°) 
log (sin 23°) 

log (sin 9°) 


1- 77815 
T-92842 
T -59188 

1 -29845 
T-19433 

2- 10412 


From (2), .v = He ot p. 

log ,y - log If + log (cot 23°) = 2-10412 + 0-37215 
- 2-47627, 


x 299-4 feet. 


Example (l.u.). A straight pole makes an angle 0 with the horizontal 
ground. From a point a distance a due W. of its foot the elevation of its 
top is a, and from a point at a distance a due E. of its foot the elevation 
of its top is p. 

Show that the length of the pole is 

y/2a cosec 0/(cot a a + cot* p - 2 cot 2 0)1. 

Let C be the foot of the pole, and D the top of it. 

A and B are at distances a from C due W. and E. respectively of C, 
and E is the foot of the perpendicular from D on the horizontal ground. 
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Let DE = h, AE = h cot a, BE — h cot p, CE =* h cot e. 



As proved in the theorem on medians of a triangle, 

2CE* - /4E* + EB 2 - 2AC 1 , 

i.e. 2h* cot* 0 ~ /»* cot* « + ft 2 cot* p - 2a*. 

2a* = /i*(cot* « + cot* p - 2 cot* 0), 

2a* 

•'* ** “ cot* « + cot* p - 2 cot* 0* 

_ aV 2_ 

•• h “ (cot* « + cot* p - 2 cot* 0)»- 
DF 

CD => —— ■= h co sec 0 
sm 0 

ay /2 . cosec 0 

" (cot* a + cot* p - 2 cot* 0)*’ 


EXAMPLES VII 


1. Prove that, in any triangle ABC, 


sin A sin B sin C' 

valf a = 8-35, b = 11-65, LA - 34° 36', show that there are two possible 

lues of the side c, and find these values. , 

2. In a triangle ABC, prove that a* = (6 - c)* + 4 be sm* A /2 and hence 

that a =» (6 - c) sec 9 , where 

2 y/(bc) . sin /I/2 
tan 9 = -• 

Calculate 9 and a when b ■= 17-5 cm., c = 9-8 cm., Z.-4 — 68 36 . 

3. In a triangle /IflC prove that a cos i(£ - O = (* + <9 s,n H- 

The sum of two sides of a triangle is 33-7 cm. and the included angle is 

56° 24'. Calculate the remaining angles when the third side is 16-3 cm. 

4. If E be the middle point of the side CA of trirnigte /4/iC and ‘ f S ** ^ 

area of the triangle, prove that cot LAEB — (BC BA )/ • 

Calculate LABC, given that BC = 30 2 . BA = 16-8. LAEB - 42 33. 

5. Prove that, in any triangle / 1 BC, 


(•) 


sin A sin B sin C 


(ii) 


sin (A - B) 


- b % 


'■' a b ~ c ’ ' sin (A + B) c* 

6. In a triangle ABC, a = 18-9 inches, b = 12-2 inches, A - B - 30 . 
Find the values of A and c. 
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7. If in a triangle two sides and the angle opposite one are known, determine 
the conditions that there may be (i) two triangles, (ii) only one triangle, having 
the given elements. 

If A = 31° 42', a = 7, 6 = 5, show that there is only one triangle and 
find the remaining side and angles. 

8. The sides a, 6, and the angle A of a triangle ABC are given. Discuss the 
conditions that it should be possible to draw one and only one triangle to 
correspond with these data. 

A man walking on a straight road in a direction 25® E. of N. sees due W. 
of him the top of a hill three miles away at an elevation of 14°. Later he sees 
it at an elevation of 9° 30'. Find through what distance he has walked during 
the interval. 

9. A chord of a circle of radius R subtends an angle a at a point on the 
circumference. Show that the length of the chord is 2 R sin a. 

A, B, C, D are four points on a circle and AB = 3-5 feet. If AB subtends an 
angle 37° 18' at C and CD subtends an angle 54° 39' at B, calculate the length 
of CD. 

10. Prove that, if a, b , c are the sides of a triangle and s the semi-perimeter, 
the area of the triangle is y/s(s - a)(s - b){s - c ). 

The lengths of the sides BC, CA, AB of a triangle are 13, 14, 15 feet respec¬ 
tively. If X , }', Z arc the mid-points of BC, CA, AB, find the lengths of 
AX, BY, CZ. 

Determine the area of the triangle ABC and of a triangle whose sides are 
equal to AX, BY, CZ, and find the ratio of these areas. 

11. The lengths of the sides of a triangle are given by a = (/>* 4- q*)r, 
b = ( p 2 4- r 2 )q, c = (p 2 - qr)(q 4- r). 

Prove that the area of the triangle is pqrip * - qr)(q 4- r), and that the 
radius of the circumcircle is 

P 2 4- q 3 )(j>* + r*). 

12. Four equal circles of radii 1 inch have their centres at the comers 
A, B, C, D of a square of side 2 inches. 

Find the radius of the circle whose centre is at O, the centre of the square, 
touching the other four circles externally. 

Find also the area of the curvilinear triangle bounded by the arcs of the 
circles centres A, B, and O. 

13. ABC is a triangle right-angled at A. Give a geometrical construction 
for an equilateral triangle XYZ having the vertex X on BC, Ton CA, Z on AB, 
and the side XY parallel to AB. 

If the length of each side of the triangle XYZ is x, show that 

.x = be l(b 4- c sin 60°), 

where h = CA, c — AB. 

14. Two circles of radii 7 inches and 1 inch have their centres 10 inches apart. 

Show that each external common tangent is of length 8 inches, and makes an 

angle sin -1 with the line of centres. 

Calculate the area bounded by the two external common tangents and by 
the arcs of the circles that cut the line of centres internally. 

15. (i) Prove that 

cos 2 X sin 2 X 

1 - tan* X + 1~- cot 2 X = K 


(ii) If sec A - tan A 


x, prove that tan \A = 


1 - a: 
1 + x 
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(iii) Prove, in ihe usual notation for a triangle, that if 

b + c c + a _ a + b 

11 = 12 ” 13 


then 


sin A sin B 


sin C cos A cos B 
-, and - = - 


cos C 


7 6 5 ' 7 19 25 

16. Calculate the angles and area of a triangle whose sides are 18-32 cm., 


10*15 cm., and 13*47 cm. 

17. In a triangle ABC in which LA is obtuse, prove that aj sin A = 6/sin B. 
Two ships leave port at the same time, the first steaming N. 66 E. at 

14 miles per hour and the second N. 47° W. After I* hours the first ship 
reaches A and the second B. If AB = 34 miles, find the average speed ot 
the second ship and the bearing of B from A. 

18. Prove that, in any triangle, with the usual notation, 


(i) sin \A = ((.v - b)(s - c)/bc]l, 

(ii) the area = [j(s - a)(s - b)(s - c)]». 

The sides of a triangle having lengths 13, 14, 15 inches, find the distance 
of the centre of the inscribed circle from the angular point opposite the 


shortest side. 


19. Prove that, in any triangle ABC, 

tan i(B - C) = ^7 ,an 1 C) * 

In a triangle ABC, b = 6-27, c = 4-32, A = 51* Calculate the angles 
B and C and the length of the internal bisector BD of the angle ABC. 

20. A piece of wire is bent into three parts AB, BC, CD, each of the outer 
parts being at right angles to the plane which contains the other two parts 

If AB — CD = 2BC = 2a, calculate (i) the distance from A to D, (n) the 

volume of the tetrahedron A BCD. 

21. A straight line through the vertex C of a triangle ABC, which cuts AB 
internally, makes angles 0 and 9 with the sides CB and CA respectively, and 
p, q are the lengths of the perpendiculars from A, B respectively on the straight 
line. Prove that the area of the triangle is i(<V cos 0 + bq cos 9 ). 

Show further that a-p* + b*q 2 -t- 2abpq cos C — a b sin C . 

22. Prove that the area of a triangle of sides a, b, c is 

\/s(s - a)(s - b)(s - c), 

where 2 s = a + b + c. . . 

Find the lengths of the three perpendiculars from the vertices to the sides ot 

a triangle whose sides are 7, 9, and 12 feet. 

23. ABCDE is a pentagon circumscribed to a circle of radius r. The length 
of the side CD, opposite A, is a ; of DE, opposite B, is b ; of EA, opposite C, is c ; 
of AB, opposite D, is d\ of BC, opposite E, is e. 

r r 

Prove that tan \A = ^ _ b _ g , tan i B = s _ c _ a > 


where 2s~a + b + c+d+e. 

Show further that a sin iC sin JD = r sin i(C -f D). 

24. Prove that, in a triangle ABC, with the usual notation, 


tan \A 


V 


(s - b)(s - c) 


s(s - a) 

Calculate, to the nearest minute, the angles of the triangle whose sides are 
2-73. 3-49, 5-17. 
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25. If ABC be a triangle with sides a, b, c, and 0 is any angle, prove that 
a cos 0 = b cos (C -|- 0) + c cos ( B - 0). 

Prove that (i) a cos i(B - C) = (b + c) sin ±A. 

(ii) a sin i(B - C) = (b - c) cos \A. 

26. The area of a triangle ABC is 24-67 sq. cm., and the sides b, c are 
6-372 cm. and 8-105 cm. respectively. Calculate the angle A. 

27. D, E, F are points in the sides BC, CA, AB respectively of the triangle 
ABC, such that BD : DC = CE : EA = AF : FB = 12. 

Prove that the ratio of the area of the triangle DEFto the area of the triangle 
ABC is 1 : 3. 

28. Prove that, in a triangle of sides a, b, c and angles A, B, C, the radius 
R of the circumcircle is equal to a/2 sin A. 

If r be the radius of the incircle, prove that 

1 1 _l _ 1 

be ca ab 2 Rr 

29. Prove that the area of the triangle whose sides are a, b, c is 

U(s - a)(s - b)(s - c)]*, 

where 2 s = a + b + c. 

If Pit Pit Pi arc the perpendiculars from the vertices of a triangle to the 
opposite sides, and r is the radius of the inscribed circle, prove that 

_1__1_ 1 _1_ 

r Pi Pi Pi' 

30. Prove that, in any triangle, cos A = (fe* + c* - a*) /2 be. 

A and B arc the centres of two circles of radii a and b which meet in C, and 
0 is the angle ACB. Prove that the length of the common tangent of the two 
circles is 2 V(ab) sin JO. 

31. A, B, C arc three points on a straight railway, such that AB = BC, 
and D is a point on one side. The bearings of D are: from A due west, from 

B 20° south of west, and from C 24° south of west. Find the direction of the 
railway line. 


32. Find the remaining angles and side of each of the triangles in which 
A — 40°, a = 6 7 inches, c = 8-5 inches. 

33. Prove that, with the usual notation for a triangle ABC, 

a _ b _ c 
sin A sin B ~ sin C' 

If the internal bisector of the angle A of a triangle ABC meets BC at D, 
show that AD — 2bc cos J A/(b 4- c), and obtain a corresponding expression 
for the length of the external bisector of /_A. 

34. Obtain expressions for sin J.4 and cos J.4 in terms of the lengths of 
the sides of a triangle ABC. 

If a triangle be such that 2b = a + c, prove that 


2 cot J B = cot IA 4- cot $C. 

35. Find expressions for the areas of the regular polygons of n sides (a) 
circumscribed about, and (6) inscribed in a circle of radius r. 

Taking n = 12 and denoting by A the area of the circumscribing regular 
polygon, and by a that of the inscribed regular polygon, prove that J(2 A + a ) 
exceeds the area of the circle by less than 0-07 per cent. 

36. Express the radius of the inscribed circle of a triangle in terms of the 
lengths of the sides. 
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The inscribed circle of a triangle ABC touches the sides BC, CA, AB at 
A', B', C respectively. Show that the expression 

BA' . CB' . AC' . (BA' + CB' + AC) 
is equal to the square of the area of the triangle. 

37. Prove that, in a triangle ABC, 

tan i(B - C) = £-^ cot 

Find the remaining side and angles of the triangle ABC, gi\en that 
LA = 97° 38', b = 10-282 inches, c = 15-737 inches. 

38. Prove that, in any triangle, a 2 — b 2 -f c 2 - 2bc cos A. 

If OA, OB, OC are three mutually perpendicular lines meeting at O, show 
that the cotangents of the angles of the triangle ABC are in the ratios ot 
OA 2 : OB 2 : OC 2 . 

39. Prove that, in any triangle. R = ubc /4 A, where R is the radius of the 

circumcircle and A is the area of the triangle. 

The perimeter of a triangle is 21 inches, the length of one of us sides is 6 

inches, and the area is 21 \C 15 /4 square inches. . 

Find the lengths of the other two sides and the radius ot the circumcircle. 

40. Prove that, in any triangle ABC, 

a b c 

sin ~A = sin B " sin C‘ 

Solve both triangles in which A = 35"’, a = 14, b 17-2. 

41. In an isosceles triangle ABC, the sides AB and AC arc equal, the per¬ 
pendicular from A on BC is 4 inches in length, and the perpendicular from B 
on AC is 2 inches in length. Find the area of the triangle and the angle ABC. 

42. The length of the perimeter of a triangle, in which the sides arc in 
arithmetical progression, is 18 inches, and the area of the triangle is 10 square 
inches. Find the length of each side to two decimal places. 

43. If /„ /,, and /, are the centres of the escribed circles of a triangle ABC, 
find the angles of the triangle /,/,/, in terms of LA LB LC , and P™ v c ‘hat 
the sides of the triangle /,/*/, arc respectively 4KcosM. 4RcosiB, 


4 R cos iC. 

44. Two triangles ABC, DEF arc inscribed in the same circle. The angles of 
the triangle DEF arc respectively (* - 2A), (* - 2B), (- - 2C). Prove 
that four times the area of A ABC is equal to the product of the perimeter of 
AZ>FFand the radius of the circumcircle. 

45. In any triangle, prove that tan i (B - C) = tan (J* - 0) cot \A, 
where tan 0 = c/b. 

If A = 65 ° 18', b = 432 feet, c = 357 feet, find the values of B, C, and a, 
and the area of the triangle. 

46. If />„ Pt , p t arc the lengths or the perpendiculars on the opposite sides 
of a triangle ABC from A, B, C respectively, and R is the radius of the circum- 
circle, prove that 

(j) p x sin A = p t sin B = p % sin C. 

a 2 + b 2 + c % 

(ii) R — co$ ^ + Pt cos jj q. Pt cos C‘ 


47, A BC is an equilateral triangle of which each side is 5 inches long. Points 
D, E, and F arc taken in the sides AB, BC, CA respectively such that 
AD = I inch, BE = 2 inches, CF = 2 inches. Find the angles of the triangle 
DEF. 


O 
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48. ABCD ... is a regular /i-sidcd polygon of side a. The sides AB, BC, 
CD, . . . are produced in order, through equal distances x , to points P, Q, 
/?,... Write down the relation connecting a, x, and the side / of the regular 
polygon PQR ... so formed. 

If the area of this polygon be double that of the original polygon, a denote 
the angle n/n, and 6 be the angle BQP, prove the following results: 

(i) x == lafVO 4- cosec 2 a) - 1], 

(ii) V2 sin 0 = cos a[V(l + sin 8 ct) - sin a]. 

49. In a triangle ABC of area A, with the usual notation, prove that 

sin A _ sin B sin C 
a b ~ c 

If a - b = kc, prove that sin l(A - B) = k cos iC. 

„ , k sin B 

Prove also that — k ^ £ = tan \{A - B). 

50. Three circles of radii r l9 r 2 , r s are placed with their centres at points 
A t B , C respectively, so that each circle touches the other two externally. 
Show that the area of the triangle ABC is Vr l r t r z (r 1 + r t + r*), and that 

tan \A = \l —7 ---. 

If the circles are equal, each of radius r, show that the area inside the triangle 
ABC bounded by arcs of the three circles is very nearly 0*161r 2 . 

51. Prove that, in any triangle, 

sin iA = ~ ^ 

and obtain a formula for tan $A 

“ = 237 ^ eet * ^ = 342 feet, c = 511 feet, find the values of A, B, C 
and the area of the triangle. 

52. Prove that, if S be the area of triangle ABC and if points P and Q be 

7'" ‘P AB and Ac so that PA = QA, and the area of PAQ is iS, the length 
of PQ is \/(25 tan %A). 

Calculate the lengths of PA and PQ when BC = 10, CA = 17, AB = 21. 

53. If A, B, C are the angles of a triangle, prove that 

1 - cos 8 A - cos 2 B - cos 2 C = 2 cos A cos B cos C. 

Prove that, if R be the radius of the circumscribing circle of a triangle of 
sides a , l\ c, a- -}- b 2 + c 2 = 8/? 2 (l + cos A cos B cos C). 

54. Prove that, in any triangle, if 

„ 2 Vbc 

COS = "b + c COS M ’ 

then a = (b + c) sin 0. 

Solve the triangle in which b = 21-3, c = 35-2, z.A = 51° 8'. 

55. Show that, if A = 18°, sin 2 A — cos 3.4, and deduce that 

sin 18° = (V5 - l)/4. 

Alternate sides of a regular pentagon are produced to meet. Show that the 
points of intersection arc the angular points of another regular pentagon, and 

that the ratio of the area of the pentagon so formed to that of the original 
pentagon is (7 + 3 % /5) : 2. b 


56 ‘ Prove with the usual notation for a triangle, r, being the radius of the 
escribed1 circle touching BC internally and R being the radius of the circum- 
circle, that r, - a cos IB cos $C sec iA = 4 R sin iA cos iB cos JC. 
r ‘ — and ° = C, find the angles of the triangle. 
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57. In a triangle ABC, AB > AC. The internal and external bisectors of 
the angle A meet the line BC at D and D' respectively. 

If AD = p, and AD' = q, prove that 

26c 

” - r+i* A - 

and find the corresponding expression for q. 

cos i A . sin H _ 1. cos \A sin jA _ 1 

a ~ 6 * P Q c 


Prove that 


+ 


58. Show how to solve a triangle when two sides and the angle opposite 
one of them are given, explaining carefully the different cases that may arise. 

If 6, c, B are given, and have such values that two distinct solutions are 
possible, show that the difference between the third sides of the two triangles 
is y/(b 2 - c- sin 2 B), and that the difference between their areas is 


c sin B\/(b 2 - c 2 sin 2 B). 


If ABC U ABCi are the two triangles and the triangle AC x C t is equilateral, 
show that 2c sin B = by/3. 

59. A BCD is a convex quadrilateral having AB = 5, BC = 7, CD = 6, 
DA = 12 and the angle DAB is 45°. 

Find the angle BCD, writing down any formula you use. 

60. If O be the circumcentre of a triangle ABl and H the intersection of the 
perpendiculars from A, B, C to the opposite sides respectively, prove that 
OH 2 = R 2 ( 1 - 8 cos A cos B cos C), where R is the radius of the circum- 
circle. 

If BC = 10 inches, LABC = 45°, LACB = 75°, find R and OH 
correct to two decimal places. 

61. Prove that the radius r, of the escribed circle of the triangle ABC which 
touches BC, and touches AB and AC produced, is given by r, = s tan \A. 

If a = 11cm., 6=8 cm., c= 15 cm., calculate the angle A to the 
nearest minute, and the radius r, correct to three significant figures. 

62. Prove that, in any triangle, 

b - c 

tan i(# - C) = ^ cot \A. 

If b = 11-2 inches, c = 7-5 inches, A = 107° 26', find a, B, C. 

63. If r, is the radius of the escribed circle of the triangle ABC opposite the 
angle A, prove that r, = A \(s - a), where A is the area of the triangle and 
2s = (a + b T c). 

If r, r„ r t , r t arc the radii of the inscribed and escribed circles respectively, 
prove that fc,abc = r 2 (r t -\- r ,)(/-, 4- r,)!^ + r,). 

64. If R be the radius of the circumcircle of a triangle ABC, whose area is 
A, prove that R = «6c/4A. 

The mid-point of BC is D, and E and Fare the feet of the perpendiculars 
from D to AC and AB respectively, and the area of the triangle DEF is S. 

Prove that R — iuv/(A IS). 

65. Prove that, in any triangle ABC, 

,an “ V -a)~- 


If a = 14 8 feet, b = 19 4 feet, c = 27-3 feet, calculate the angles of the 
triangle. 

66. For a triangle ABC, prove that 

_ - _ = — = ■ . C - = 2 R, where R is the circumradius. 

sin A sin B sin C 
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In a triangle ABC, AB =120, AC = 65 and angle ABC = 26°. Prove 
that two triangles can be constructed to satisfy these conditions, and find the 
difference between the lengths of the remaining side BC in the two triangles. 

67. (a) Prove that in any triangle, in the usual notation, 

(i) a 2 = b 2 + c 2 — 2 be cos A, 

(ii) b cos C - c cos B = ( 6 2 — c 2 ) / a , 

(iii) b cos B — c cos C = (c 2 — b 2 ) cos A /a. 

( b ) Prove the identity 

sin (0 -f 9 ) sin (0 - 9) = (sin 0 + sin 9 )(sin 0 - sin 9 ). 

68 . If R, r are respectively the radii of the circumscribed and inscribed 
circles of the triangle ABC, and 2 s = a + b + c, prove that 

a = 2 R sin A and r = (s — a) tan £A. 

If R = 15, r = 5, s = 35, show that tan %A, tan \ B, tan £C satisfy the 
cubic equation in t 

7 / 3 - 13/ 2 + It - 1=0. 

Verify that one of the angles is a right angle and find approximate values of 
the other two angles. 

69. (<i) Prove, in the usual notation, that the area of any triangle ABC is 

given by A = Ibc sin A = [.v(j - a)(s - b)(s - <•)]*, where 5 = + b + c). 

(/>) The median CA' of a triangle ABC meets the side AB in the point N. 
If 0 is the angle ANC, prove that 

2 c cos 0 c sin 0 1 

a 2 - b 2 = 2 A = CN' 

70. Prove that the radius of the escribed circle touching the side BC of the 
triangle ABC is a cos AZ? cos |C sec J.-l. 

In a triangle ABC the angle B is 36°, the radius of the escribed circle 
touching BC is 5 inches and the length of either tangent from A to this circle 
is 12 inches. Calculate (i) the angle A, (ii) the length of BC, (iii) the radius of 
the inscribed circle of the triangle ABC. 



CHAPTER VIII 


Co-ordinate Geometry—The Straight Line 

and Circle 


There is a basic similarity between graphical work and co-ordinate 
geometry. The usual axes X'OX, Y'OY at right angles are taken, 
with O as the origin, and the same conventions lor sign as in graphs, 
but the scales of x and y along the two axes are always the same for 
co-ordinate geometry. 

The notation P = (x, y) means that the point P has its abscissa x 
and its ordinate of value y, and x and y are known as the coordinates 
of the point P with respect to the rectangular axes X OX, Y OY. 

It will be noted that, for convenience, all proofs are given for the 
first quadrant, but the results arc valid for all quadrants. 

Theorem. To prove that the distance between the points P = (x„ >'i). 
Q = (x 2 ,y 2 ) is \/[(Xi - Xo) 2 + 0'i “ Ta) 2 ]- 



PM, QN are the ordinates of P and Q respectively, and QR is 
perpendicular to PM. 

From the diagram, PR = }\ — )’-y QR — x i ~ Ca¬ 
using Pythagoras’ theorem on triangle PQR, 

PQ 2 = QR 2 + PR 1 

= (x, - x 2 ) 2 + 0 f i - y s) 2 - 
.*. pq = Vl(xi - x .,) 2 + O’, - y t ) 2 ] 

Theorem. To find the point in which the join of PQ is divided 

internally in the ratio of > 2 : > where P = (x 1 ,y 1 ), Q = (x.,, y 2 ). 

Let R = ( x,y) be the required point of division. PM, QN, RS are 
the ordinates of P, Q, R respectively; QD is the perpendicular from 
Q on RS and RE the perpendicular from R on PM. 
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From the diagram it can be seen that 

QD = x - x 2 , SM = RE = Xl - x. 
From the similar triangles QRD, PRE, it follows that 
= Q R ■ p X - .v 2 _ Aj (PR A 2 

RE RP ’ * -x,-* “ X 2 ‘ \-^Q - T x 

• • ^2 A '" ^2^2 - XjATi — AjC. 

• • ■*( 4~ ^ 2 ) == -f- X 2 .x 2 . 



^ 1*1 + >> 2- v 2 
^1 4 X 2 


Similarly, j, 

Note. The line PQ is divided at R 
in the ratio X, : X, and not x, : x,. 




The line PQ is said to be divided internally at R if R lies between P and 
Q, and externally at R, if R 1 lies on PQ or QP produced. The ratio of 
external division of PQ will be PR , : R,Q t but R,Q is measured in the 
opposite direction to PR, and the two lengths will have opposite signs. 
Hence, the ratio for external division will be negative, whilst that for 
internal division will be positive {PR and RQ are of the same sign). Thus, 
instead of saying a given line is divided externally in the ratio of 3 : 2 
it can be said that it is divided in the ratio of — 3 : 2. 

The formulae proved for a point of internal division can be used for a 
point of external division providing that it is remembered that the ratio 
: ls negative, i.e. >. 2 and X 2 are of opposite signs. 

In the case of the mid-point of a line, x, : x, = 1 : 1 , and if (x, v) 
be the mid-point of PQ, where />=(*„.*), Q = (x t ,y,), then 
x ~ + A 'a). y = 4(ji + y,). 


Example, (i) Find the distance between the points (2,-3) (_ 3 2 ) 

(ii) Find the points dividing the join of (1, 2), (3, l)’in the ratio 1 
internally and externally. 
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(i) Using the result of the first theorem with x, = 2, y x = 
x, = - 3, y 2 = 2, the required distance 

= VK*. - x,Y + (y, - >•=)=] = VK2 + 3)« + (-3 - 2) 2 ] 
= V(25 + 25) = V50 = 5-y/2. 

(ii) Let (x lt yd be the point of internal division, with x, = 1, 
x* = 3, y t = 1; x, — 1, >i = 2. 

x,Xj + Xjx* 2 . 1 + 1.3 _ 

* i = >., + >.*“ “ ~m 3> 

? iVi + ? *y2 2.2 + 1 . 1 _ 5 

* = ~x, + >:r = ""ttt 3 ’ 

therefore required point is (§, -*). 

Let (x t , y 2 ) be the point of external division with x t — - L x i 

XiXi + x t Xf 2 — 3 


-3; 


= 2 ; 


/. x, = 


)., + X 


2 - 1 


= - 1 , 


_ X^ y, + x 2 _ 4 — 1 _ 


x, -+- x a 


2 - 1 


3, 


= 2 . 


therefore required point is (— 1, 3). 

Theorem. To find the area of the triangle joining the points (x„ y x ), 
(Xo, y 2 ), (x 3 , v 3 ), taken in an anti-clockwise order. . 

/!, B, C are the points (x„ j’i), (x 2 , y 2 )> (x 3 , ^ 3 ) respectively, and 
ALy BM, CN the ordinates of A, B, C. 



ML = (x, — Xo), MN = (x 3 — Xo), NL — (x 3 x,). 

Area of A ABC . 

= area of trapezium ABML + area of trapezium ALNC 

— area of trapezium BMNC. 

= IML(AL + BM) 4- bLN(AL -1- CN) 

- \MN(BM \- CN) 

= - x 2 )0’i 4- >’2) 4- K-^3 - ^i)6'i + yJ 

- ^(x 3 - x 2 )0’ 2 4- y-i) 

= { \x x [(y x -1- yd - 0'i 4- /3>] 4- x 2 [(>- 2 4 ■ y 3 ) - 0'i 4- y*\ 1 

4- x 3 [0, 4- ^ 3 ) - O’. + 4-3)1} 

= hMyz - >’3) 4- x 2 0’3 - >’1) 4- x 3 0'i - }'*))■ 

Note. When the points are considered (lettered) in a clockwise direc¬ 
tion, it is found that the area obtained will be the above result with a 

negative sign. 
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Example. Calculate the area of the quadrilateral whose vertices are 
(0, 3), (3, 1), (10, 2), and (6, 10). 

Let the given points be A, B, C, D in that order. 

Using the formula obtained. 



Area A ABD = *[0(1 - 10) + 3(10 - 3) + 6(3 - 1)] 

= i x 33 = 33/2 square units 
Area A BCD = *[3(2 - 10) + 10(10 - 1) + 6(1 - 2)] 

= J x 60 = 30 square units 
therefore area of quadrilateral A BCD 

= area A ABD + area A BCD = 46* square units. 


Theorem. To show that a linear equation in x and y always 
represents a straight line. 

Consider the equation 

ax + by 4- c = 0.(1), 

which is the general linear equation in .v and y , where a , b, c are 
constants. 


Let A = (.v,, Vj) and B = (,v 2 , r 2 ) be any two points lying on the 
curve that is represented by equation (1). 

Note. The necessary condition that a point shall lie on a curve is that 
the co-ordinates of the point shall satisfy the equation to the curve. 

Since A and B lie on the curve represented by (1) 


ax x + by x 4- c = 0.(2), 

ax 2 -f by 2 + c = 0.(3) 

Let and X x be any constants. 


(2) x 


X, 

(Tl VPC 

aXj.Vj 

4- 

b X u Vi 

4- 

cXj _ 

>i 4 

gives 

Art 

dm 

Xj 4* X 2 

Xi 4- x a 

Xj 4- X a 

Xo 


flX 2 X t 

4- 

O' 

>* 

to 

4- 

CX a _ 


A 2 

Xj 4' X 2 

X x 4- x 2 

Xj + Xo 


4 i 

(4) f (5) gives 

+ >- 2 * 2 ) + 4 - XoV 2 ) + c (X t + X 2 ) _ 

Xi 4- X 2 X x 4- X 2 X, 4* X 3 


0 .. (4). 
0 .. (5) 

0 


i.e. ax 4- by + c = 0 



where 


x = 


Xx-Vi 


r 


X 0 -V 


2 


x, 4- Xo 


y = 


4- X^'. 


x, 4- x 


i.e. (.v, v) is the point dividing the straight line AB in the ratio X 


2 
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Equation (6) shows that the point (x, y) lies on the curve repre¬ 
sented by equation (1). Since >. 2 : \ is any ratio, the point (x, >•) 
is any point on the straight line AB. Hence, any point on the straight 
line AB must lie on the curve represented by ax -}- by + c = 0. 
Thus, this equation represents a straight line. 

k. Conversely it can be shown that a straight line is always represented 
by a linear equation in x and y. The equation ax + by + c = 0 is 
the general equation of a straight line. 

The slope of a straight line is the tangent of the angle that the line 

makes with the positive direction of OX. 

If a straight line cut OX and OK at A and B respectively, then 
OA and OB are known as the intercepts on the two axes. 

The intercept on OX is positive if A lies to the right of O and 

negative if A lies to the left of O. 

The intercept on OY is positive if B lies above O and negative if it 

lies below O. 

Note If P = (x, v) be any point on a given curve, and an equation 
can be obtained (by geometrical or other means) involving x, y and the 
various constants present, then this equation will be the equation represent¬ 
ing the curve. 

Theorem. To find the equation of the straight line of slope tn, that 
makes an intercept of c on OY. 

Lgt p = (x, y) be any point on the straight line, and B the point in 
which the line cuts OY. PM is the ordinate of P and BL is perpen¬ 
dicular to PM. 



From the diagram, PL = y — c, BL — x. 

Slope of PB = PL/BL = (y - c) /x 

• (j, _ C ) j x = m, i.c. y - c = mx, i.e. y mx ‘ c. 

This is the required equation since P is any point on the line, and is 
known as the slope equation of the line. 

Theorem. To find the equation of a straight line making intercepts of 
a and b on OX and OY respectively. 

Let the given line cut OX and OY respectively at A and li 
P = (x, y) is any point on AB, and PM is the perpendicular from P 
on OY. 
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From the diagram (left-hand figure), 

AR = )\ - y, PR = Xi — x, 
AN = y\ — y 2 , BN = x x — x 2 . 


The slope of A B 
Also, the slope of AB 


AR _ )\ - y = y ~> ’i 

PR Xi - x x - Xi 

AN = \'i - y 2 

BN Xi - x 2 ‘ 


y - y i _ Ti - .) ; 2 


X — X 


x, - Xo 


Hence, 

which is the required equation, when written in the form 


y - y i _ 


X — X ; 

x, — x. 


y i - ->’2 

Note. The slope of the line (straight) joining (x„}’i), C x 2 ,y *) 


~ > ’» 
Xi - Xi 


Y 



Theorem. To find the equation of the straight line , the perpendicular 
on which from the origin O makes an angle a with OX and is of length p. 

P = (x, y) is any point on the line and OA — p is the perpendicular 
from O on this line; PL is the ordinate of P and LM the perpendicular 
from P on OA ; PN is the perpendicular from P on LM. (Right- 
hand figure.) 

By geometry, Z_PLN — a, and MA = PN, 

OA = OM | MA = OM f PN = OL cos a f PL sin a 

/. p = x cos a + y sin a. 

Since P is any point on the line, the equation of the line is 

x cos a -r y sin a = p, 

which is known as the perpendicular form of the equation of a straight 
line. 

Note. The perpendicular from O on any straight line is always taken 
to be positive, i.c. p is always positive. 

A Summary of the Equations of a Straight Line 

(i) General equation ax t by F c — 0 (a, b, c constants). 

(ii) Slope equation y = mx F c (m = slope, c = intercept on OY). 
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(iii) Intercept equation x /a + y /b = 1 ( a and b intercepts on OX 
and OY respectively). 

(iv) Line slope m through (x lf y,) y — y x = m(x — xj. 

(v) Line through (x lt yj, (x 2 ,yj y ~ - Vl = * — — . 

Xi - y 2 x x — x 2 

(vi) Perpendicular form, x cos a + y sin a = p (perpendicular 
from O on line makes an angle a with OX and is of length p ). 

Note. The particular form of the equation of a straight line to be used 
is dependent on the question, and, in general, any form of the equation of 
a straight line can be converted into any other by algebraic manipulation. 

Thus, ax + by 4- c = 0 can be written 


a 

y - - ~b x ~ 


-- (slope form). 


showing that its slope is —alb and its intercept on OY is — c/b. 
Also, this equation can be written ax + by = - c 

X y 

J =1 (intercept form). 


i.e. 


+ 


- c la ' -c/b 

showing that its intercepts on OX and OY are — c/o and —c/b respec¬ 
tively. 


Example. Find the equations of the following lines: 

(i) Slope - i, intercept on OF is -3/2. 

(ii) Slope +i, passing through (- 1, 3). 

(iii) Passing through (1, -3), (2, 5). 

(iv) Making intercepts of —2, -J on OX and OY respectively. 

(v) Perpendicular from O making an angle 150° with OX and of length 

2 units. 


Note. Fractions must be cleared in the results. 

The previous notation is used throughout. 

(i) Using y = mx + c, the equation of the line is 

y — - \x — 3/2, i.e. 6 y = - 2x - 9, 
i.e. 2x + 6 y + 9 = 0. 

(ii) Using y - y, = m(x - x t ), the equation is 

y - 3 = it* + 1), i.e. 2y — 6 = x + 1 

i.e. 2 y = x + 1. 


(iii) Using 

)’i ~ )'* 


X _ x 

-, the equation is 

x i — x a 


y + 3 -v - 1 v + 3 

-3-5 \ - r ,e * '8 “ * ! * 

.*• y 4- 3 = 8-v - 8, i.e. y = 8x - 11. 

(iv) From the equation x/a + y /b = !, the line has as its equation 


x 





i.e. lx + 2 y 
i.e. x + 4 y 
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(v) Using x cos <x + y sin a = p, the required equation is 

x cos 150° + y sin 150° = 2, 

i.e. + ty = 2 > 

i.e. y = x\/3 +4. 

Theorem. To find the length of the perpendicular from the point 
(x x , ^i) on the straight line x cos a + y sin a = p. 

AD is the given line, the perpendicular on which from the origin O is of 
length p and makes an angle a with OX ; /?, is the perpendicular from O on 
a line through C = (x x , y,) parallel to AD. 

Since the line through C is 
parallel to AD, its equation is 
x cos a + y sin a = p x . 

Since C lies on this line, 
x, cos a + y\ sin a = />,. 

From the diagram it can be 
seen that the perpendicular from 
C on AD is p - p u 

i.e. p — x, cos a - yi sin a. 

Note. In the proof C has been taken on the same side of the line AD 
as the origin and the result is clearly positive. When C is on the opposite 
side of AD to the origin p x > p, and the perpendicular from C in this case 

on the line AD will be negative. 

Theorem. To find the values of p and a in order that the equations 
ax -\- by + c = 0 and x cos a + y sin a = p, shall represent the 

same straight line. 

Since the two equations represent the same line, they are equivalent 
equations, i.e. the coefficients must be in the same ratio. 

cosjc = sin ± = z£ = k (say) 
a be 

• cos a = ak, sin a = bk, p — —ck. 

Hence, cos 2 a -f s* n2 a = ° 2 k 2 + b 2 k 2 

i.e. 1 = k 2 (a 2 + b 2 ) 

k = ±1 IV(<> 2 + &*)• 

005 a = ± V(« t + *) 

. _ , b 

sinoc + 

_,_c 

P ^ V (<> 2 + *> 2 ) 



Thus, 
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These results give the values for p and a, and, since p must always 
be positive, the positive sign for p (and therefore the negative signs for 
cos a and sin a) will be taken when c is positive, and the negative 
sign (positive sign for sin a and cos a) when c is negative. 


Theorem. To find the length of the perpendicular from (x x ,yj on the 
line ax -r by c = 0. 

If jc cos a -f_y sin a = p be the perpendicular form of the equation 
of the given straight line, by the previous theorem. 


cos a = ± 


a 


V(a 2 + b 2 )’ 


sin a = ± 


V(a 2 + b 2 ) 


, p==F 


V(a 2 + b*)‘ 


Now the length of the perpendicular from (x x , j’j) on the 
a: cos a -}- y sin a = p is p — x 1 cos a — y x sin a, and using 
above values for cos a, etc., the required length is 




V(a 2 + 

ax 


yi { ± V(a* + b 2 )j 


\/(a 2 + b 

= =P-£- — =P - 

V(a 2 + b-) ^ V(a 2 + b*) ^ V(a 2 + b 2 ) 




-f 4- c) 

V(« 2 + 6 2 ) ‘ 


line 

the 


Note. Since the perpendicular from the origin (0, 0) on any line must 
be positive, the positive sign will be taken in this result when c is positive, 
and the negative sign when c is negative. 


Theorem. To find the angle 0 betw een two straight lines whose slope 
are m 2 . 

Let the two given lines make angles 0! and 0 2 respectively with OX. 
Then tan 0, = m x and tan 0 2 = rn 2 . 



From the diagram, 

0 = 0!- 0 a (0 X > 0„) or 0 = Oo 

.*• 0 = ± (0j - 0 2 ) 

.*. tan 0 = tan ± (0i — 0 2 ) = 
i.e. tan 0 = °‘ ~ lan 


— 0, (Oo > oj 

± tan (0j — 0 2 ) 

= ~ Wg) 

1 + m x mf 


1 4- tan 0 2 tan 0 2 
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When the lines are perpendicular, 6 = 90° and tan 0 = co. 

In this case 

Wl ~ -_ 2 =oo .*.1+ m x m 2 = 0. 

1 + m x m t 

i.e. m x m 2 = —1. 

When the lines are parallel 6 = 0, tan 0 = 0 .*. ni L = m 2 , which is 
obvious from geometry. 

Example. Two vertices of a triangle are at the points A (3, - 1), B (- 2, 3) 
and the orthocentre is at the origin. Find the co-ordinates of the remaining 
vertex. 



Let C be the remaining vertex. Then C will lie on a line through 
perpendicular to AD, and also on a line through D perpendicular to / , 

since the orthocentre is the intersection of the altitudes of a triangle. 


The slope of A D is 

3 - (-D -4 

-2 -3 5 ' 



Therefore slope of line perpendicular to AD is 5/4. (wy 

Therefore equation of the line through O perpendicular to AB is 




( 1 ). 


The slope of AO is - J, therefore slope of line perpendicular to AO is 3, 
and the equation of the line through D perpendicular to OA is 

y _ 3 = 3(x + 2), i.e. y = 3x + 9.(2) 

C will be the point of intersection of the lines (1) and (2) (i.e. the lines 
represented by equations (1) and (2)). 


Solving (1) and (2), 

lx = 3x + 9, 

4 

/. 5x = 1 2x 4- 36. /. 7x = - 36 
.'. x = -36/7. 



From (1) 
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Theorem. To find the equations of the bisectors of the angles between 
the lines 

a x x + bty c x = 0, 
a 2 x + b^y + c 2 = 0. 

P = (x, y) is any point on one of the bisectors of the angles (shown 
by dotted lines in the diagram). 



By geometry,the perpendiculars from/*on the two given lines must 
be equal in length, and for one bisector they will be of the same sign, 
and of opposite signs for the other bisector. Therefore equation of 
the bisectors is given by 

a i x + b O’ + r i _ , o 2 x -f b^y + c a 

\/(V“ + V) ± y/(af + b 2 2 ) * 

The positive sign gives one bisector and the negative sign gives the 
other bisector. 

In any particular example in which a specific bisector of an angle 
is required, it is advisable to draw a fairly accurate diagram showing 
the bisector required and note the sign of its slope from the diagram, 
and this will determine the ambiguity in sign. 

Example, bind the incentrc of the triangle formed by the straight lines 
V = 1. 3.v - 4 y = 5, and 5x + I2y + 13=0. 



Let BC be the line y = 1.(l) t 

AB be the line 3x - Ay = 5 .(2), 

AC be the line 5 a- + 12 y + 13 = 0.(3),' 

as shown in the diagram. 

The bisector of /_ C is 


y ~ 1 = ,(5 a+J 2_y + 13) 

1 ^ V(5 3 + 123) » 

i.e. 13 (y - 1) = ±{5x + 12^- -h 13). 


(4) 
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From the diagram the slope of this line is negative, therefore the negative 
sign is taken in (4) since it gives a negative slope, i.e. the equation of the 

internal bisector through C is 

13 y - 13 = -(5x + I2y + 13), 
i.e. 5x + 25 y = 0, 

i.e. x + 5y = 0.(5)- 

The equation of the bisectors o { LB are given by 

(3x - Ay - 5) _ (3x - 4y - 5) 

= ± V(3 a + 4 2 ) 5 


3 " 1 


i.e. 5 (y - 1) = ±(3x - 4y• - 5)...(6). 

From the diagram the slope of the internal bisector of LB is positive, 
and this requires that the positive sign be taken in (6), giving the equation 

5y - 5 = 3x - 4 y - 5, 
i.e. 9 y = 3x, 

i.e. x - 3 y = 0 .(?)• 

The point (0, 0) clearly lies on lines (5) and (7), therefore the origin is the 

required incentre. 

Example (l.u.). Find the co-ordinates of the point that divides the line 
joining (x„ y t ) to (x*, y 2 ) in the ratio k: 1. 

The co-ordinates of three points A, B, C arc respectively (4, 4), (3, 

(9, 5). A point P lies on the line 3x - y — 20 and AP meets BC in Q. 

If AQ = IAP, find the co-ordinates of P. 



The first part of the question has been proved as a theorem using a 
ratio : >•„ and, if (x, y) be the required point, 

x, + kx, _ )’i + k y, 

* ~ I + k ’ y 1 + k 

Let P = (x,, y,). 

Since P lies on the line 3x - y = 20. 

3x, - V| = 20, 

.'. y, = 3xi - 20 . (2). 

Since BC passes through (3, 2), (9, 5), its equation is 

y - 5 x - 9 

5-2 “ 9 - 3’ 

. y- 5 x- 9 

i.e. - 3 — = 

i.e. 2(y - 5) - x - 9, 

i.e. 2 y = x + 1. • (3)- 


I* 
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Let (a, y ) be the co-ordinates of Q. 

OP 

Now AQ = iAP, <2^ = SAP, 

AQ 

Using the first part of the question with k = 2, etc., 
_ _ a, + 2 x 4 a, + 8 _ j, + 2 x 4 

V 1 + 2 “ 3 ’ y 1 + 2 

But Q lies on the line (3). 

- 2 -)’* + 16 _ *> + 8 , , 

3 3 ’ 

i.e. 2y\ + 16 = a, + 8 + 3, 

* 2^*i — __ ^ 

Using (2) in (4), 6a:, - 40 = A, - 5, 

.*. 5x, = 35, a:, = 7, 

and from (4), 2 y, = 2 .*. y x = 1. 

Hence, P m (7, 1). 


.v = 


v, + 2 x 4 

v = -- 

y 1+2 


+ 1 > 


^i + 8 

3 * 


(4). 


Example (l.u.). Find the co-ordinates of the feet of the perpendiculars 
from the point (9, 3) to the sides of the triangle whose vertices are at the 
points (0, 0), (8, 0), (4, 8). 

Prove that the points so determined lie on a straight line and find its 
equation. 

Let A = (8, 0), B = (4, 8), C = (9, 3), and L, XI , N be the feet of the 
perpendiculars from C on OA, AB, OB respectively. 

Since OA is the .v-axis, L = (9, 0). 

The equation of AB is 

y - 8 _ a- - 4 
8 - 0 ~ 4 - 8 * 
y - 8 a : - 4 
, e ' 8 “ -4 ' 

i.e. y - 8 = - 2(.v - 4), 
i.e. 2a- + y = 16.(1). 

The slope of this line is - 2, and therefore the slope of CM (perpen¬ 
dicular to AB) is £. Therefore equation of CM is 

y - 3 = £(-v - 9), 
i.e. 2y — 6 = x - 9, 

i.e. 2 y = x - 3.(2). 

Solving (1) and (2) for the point XI, 

2(16 - 2a-) = a- - 3, i.e. 32 - 4.v = a - 3. 
i.e. 35 = 5.v, .*. a = 7. 

From (1) 14 + y = 16, .*. y = 2, and XI = (7, 2). 

The equation of OB is y = -Ja = 2.v.(3), 

(slope of OB = £ = 2) 

therefore slope of the perpendicular CN is - £, therefore equation of CN is 

(y - 3) = - j(A - 9), 
i.e. 2y - 6 = -a + 9, 
i.e. 2y + a = 15 



(4). 
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Solving (3) and (4) for N, 

4a + x = 

and from (3), 

The equation of LM is 

y-o _ 

0-2 

y _ 


i.e. 


-2 


15, i.e. 5a = 15 x = 3, 

y = 6 . 

N = (3, 6). 
a - 9 

" 9 - r 

= - 2 ~, i-e. T ■= - (a - 9), 


i.e. y + a = 9. 

Since 6 + 3 = 9, the point (3, 6) lies on this line. 

Hence, L, M, N are collinear and lie on the line y + a = 9. 

Example (l.u.). Prove that the point Q (4, 8) is the image of the poin 
P (6, 2) with respect to the line a - ly + 10 = 0. 

Show also that PQ subtends an angle of 45° at the origin. 

(Note. The image Q of a point P in a given line is a point such that PQ 
is bisected at right angles by the given line.) 



The mid-point of PQ is 

(i+J, 1±i). i.e. (5,5). 

When a = 5 and y = 5, a - 3y + 10 - 5 - 15 + 10 =■ 0. 

Therefore (5, 5) lies on the line 

x _ 3y + 10 = 0.(I) 

The slope of PQ = (8 - 2)1(4 - 6) = 6/( - 2) = -3 

The slope of line (1) is i. . . 

The product of these slopes is i( - 3) - 1. therefore the lines PQ and 

(1) arc perpendicular, therefore PQ is bisected at right angles by line (1). 

i.e. Q is the image of P in the line (1). 

The slope of OP = \ = i. and the slope ot OQ - T = 2. 

(2 - i) / m, - m, ^ 


If 0 - LPOQ , 


tan 0 


!+2xl 




therefore acute angle 0 is 45°. 



Example (l.u.). If the points (-2, -1), (2,2) and (5, 6) are three 
vertices of a rhombus, find the co-ordinates of the fourth vertex, and the 

area of the rhombus. 
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Let A = ( - 2, - 1), B = (x u y\) be the fourth vertex, C = (5, 6), 
D = (2, 2). 


Since ABCD is a rhombus and therefore a parallelogram, the mid-point 
of AC is the mid-point of BD. 



Now the mid-point of AC is (§, £) and 
the mid-point of BD is 

( 2 + x 1 y x + 2 \ 

\ 2 * 2 ) 

2 + x x 3 . _ 

—r— = i.e. 2 + Xx = 3 -V, = 1 


)’i + 2 



therefore fourth vertex B is (1, 3). 


AD = V[(2 + 2) 2 + (2 + l) 2 ] = V(16 + 9) = y/25 = 5. 

CD = v/[(5 - 2) 2 -I- (6 - 2) 2 ] = V(9 + 16) = V2S = 5. 

Therefore figure ABCD is a parallelogram with two adjacent sides equal, 
i.c. ABCD is a rhombus. 

Area A ABD = area A BCD 

= 4 BD x (MC) 

(diagonals of rhombus bisect at right angles) 

therefore area of rhombus 


= 2 x area A ABD = 2 x 4 BD x \AC = \BD x AC. 

Now AC = V [(5 + 2) 2 + (6 + I) 2 ] = V98 = ly/2. 

BD = \/[(2 - l) 2 + (2 - 3) 2 ] = Vd + 1) = \/2. 

Therefore area of rhombus = 4 x ^/2 x 7\/2 = 7 square units. 


I heorem. To find the equation of a circle whose centre is the point 
(.v,, »,), and radius r. 



Let A = (a*,, i',) be the centre of the circle, and P = (at, y) any 
point on the circle. 

Then AP = r and AP- = r 1 . 

Using the formula for the distance between two points, 

AP- = (a- - x t )- ~ ( v - r,)-. 

.*. (a- - xf- }- 0’ - r.V- = r 2 , 

which is the required equation since P is any point on the circle. 
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If x x = )\ = 0, the equation of a circle centre O, radius r, is 

A 2 4 y 2 = r 2 . 

Example. Find the equation of the circle, centre (3, 1), radius 2 units. 

Using the formula of the previous theorem, the required equation is 

(x - 3) 2 + O' - l) 2 = 2 2 , 
i.e. x 2 - 6 x + 9 + y a - 2y + 1 = 4, 
i.e. x* + y 2 - 6x - 2 y + 6 =0. 

Theorem. To find the most general form of the equation of a circle. 

Consider a circle, centre (x lt jO, radius r. Its equation will be 

(x - x,) 2 + (y- V ,) 2 = 
i.e. x 2 — 2xxj 4- x 2 -f y 2 — 2 , .yy 1 4 Ji 2 — r 2 , 
i.e. x 2 + y 2 - 2xx t - 2yy\ 4 (a, 2 4 y t * - r 2 ) = 0. 

Let x, = -g, y x = -/and x x 2 4 y x 2 - r 2 = c, then the equation 
becomes the general form of the equation to a circle, viz. 

x 2 4- y 2 4- 2gx 4 2fy 4- c = 0.(1) 

Note. From the substitutions used it can be seen that the circle whose 
equation is (1) has its centre at the point ( -g, -/), and its radius r is given 
byx, 2 + yd - r 2 = c, where x, = -g ,)'» = ~f + P - r 1 = c, 

i.e. r 2 = g 2 + f 2 - c , i.e. r = V(g 3 + P ~ f )- 

The general equation (1) of a circle can be seen to be an equation of the 
second degree in x and y involving the following details: 

(i) the coefficients of x 2 and y 2 arc equal, 

(ii) there is no term in xy present. 

Hence, in order that an equation of the second degree in x and y shall 
represent a circle, it is necessary that the coefficients of x* andy 3 shall be 
equal, and also that there shall be no term in xy present. 


Theorem. To find the equation of a circle passing through the points 

(*i. >4)» (* 2 . M and (x 3 , ;- 3 ). 

There arc two methods that can be used. 

Method (/). Let the equation of the circle be 

x 2 -1- y 2 4- 2 gx 4 2fy 4- c = 0. 

Since the three points lie on the circle, 

a, 2 4- )P + 2 gx x + 2fy x + c = 0.(1) 

a, 2 4 y t 2 4 2^'Xo 4 2fy, 4 c = 0. 2 

x 3 2 4 y 3 2 4- 2£x 3 4 2fy 3 \ c = 0 .(3) 

By solving these as simultaneous equations in f g, c , the values of 

these quantities will be found, and hence the required equation. 

Method (ii). Find the equations of the perpendicular bisectors 
of two of the sides of the triangle formed by the three given points, 
and their point of intersection (x, y) will be the centre of the required 

circle, whilst its radius r is given by r 2 = (x — x,) 2 4- CP — Vi) • 
The required equation with the determined values will then be 

(x - x) 2 4- (y - y) 2 = r 2 - 
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Example. Find the equation of the circle circumscribing the triangle 
whose vertices are (2, 1), (0, 2), (1, 0), and also find its centre and radius. 


Let the equation of the circle be 

x 2 + y 1 + 2gx + 2fy + c = 0 
Since the given points lie on this circle, 

4 + 1 + 4g + 2/ + c = 0, 


i.e. 5 + 4g + 2f + c = 0.(1), 

4 + 4/ + c = 0.(2), 

1+2 g + c - 0.(3). 

(2) - (1) gives, - 1 - 4# + 2/ = 0, 

i.e. 4g - 2f = -1.(4). 

(1) ~ (3) gives, 4 + 2g + 2/ = 0, 

i*e. 2g + 2f — -4.(5). 

(4) + (5) gives, 6 g = - 5 .*. g = - £. 

Using this in (4), 




7 

6 ' 


From (3), 1 - £ + c = 0 .*. c — -f. 

Hence, the required equation is 

x 2 + y* - fx - -}y + f = 0. 
i.e. 3x % + 3y* - 5x - ly + 2 - 0 

The centre of the circle is ( -g y -f). i.e. (■§, -£), and its radius 

- VC? 9 +P ~ c) = VKf) 2 + (1)» - fl 

If 25 49 2\ /SO 5^2 

V\36 + 36 3/ = \ 36 = 6 * 


Theorem. 7o find the equation of the tangent at the point (x ls of 
the circle x~ +- j 2 -+ 2gx +- 2^y 4- c = 0. 

Let P = (x 1 ,j 1 ), and A = (—g, —f) be the centre of the given 
circle. The tangent at P will be perpendicular to AP. The slope of AP 
is 0'i +/)/( A T + £). and, hence, the slope of the tangent at P is 
-C*i + g)K}’i +/)• 

The equation of the tangent at P will be 

y - yi = - ^ ~ xl) ' 

i.e. 0' - 7i)0’i +/) = -(Jfi+ £)(* — *i)* 

i-eo’Ti + ./V “ Jx 2 -fyi = ~ xx x + *x 2 ~ gx + gxi- 

i.e. x.x-! +- yy\ + gx + fy = xf + _>’i 2 4- gx t + fy\. 

Adding gx y + fy\ + c to each side, the equation becomes, 

XX 1 + yy’i + g(x + Xj)+ f{y + yt) + C 

= *i 2 + yi* + 2gx l +- 2 fy x +- c. 

Since the point (x x , j’x) lies on the given circle, 

*i 2 4- Ji 2 +- 2 gx x 4- 2fy l + c = 0. 
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Using this in the equation of the tangent, it becomes, 

xx x + yy x + g(x + xj 4-/0' + J’i) + c = °- 

The general rule for writing down the equation of the tangent at 
the point (x x , y ,) of the curve represented by the equation 

ax 2 + 2 hxy + by 2 + 2 gx + 2/y + c = 0, 
is: 

Replace x 2 by xx lt y 2 by yy x , 2 xy by (xy x 4- yx J, 2x by (x 4 - *i)> 
2y by (y + y^), and leave the constant term unchanged. 


Example. Find the equation of the tangent at the point ( 2, 3) to the 
circle x 2 + y 2 - 4x + 2y - 27 = 0. 

The equation at (x lt y t ) of the tangent to this circle is 

xx! + yy x - 2(x + Xi) + (y + )'i) - 27 = 0. 

Therefore at the point (-2, 3) the equation of the tangent is 

- 2x + 3 y - 2(x - 2 ) + (>’ + 3) - 27 = 

i.e. - 2 x + 3y-2x + 4+ / + 3-27 =0, 

i.e. -4x + 4y - 20 = 0, 

i.e. x - y + 5 = 0.(1). 

Check. By inspection, the centre of the given circle is (2, - 1) and its 

radius V2 a + l a + 27 = \/32 = Ay/2. 

The perpendicular from the centre on the line (1) is 


, (2 + 1+ 5) = 8 

\/(l 2 + l a ) V2 


±4v/2. 


Theorem. To find the points of intersection of a straight line and a 
circle. 

Let the equation of the line be 

y = mx + . .(0. 


and the equation of the circle be 

x 2 + y 2 4- 2#x 4- 2fy 4- c, = 0 ... (2). 

Since the points of intersection lie on both the line and the circle, 
they will be given by the solutions of equations (1) and (2) considere 
as simultaneous equations in x and y. 

Substituting from (1) in (2) for y, 

x 2 4- (mx + c) 2 4- 2 gx + 2/(mx 4- c) + c x = 0 

i.e. x 2 (l 4- m 2 ) 4- 2 x(g 4- mf + me) 4 - c 2 + 2/c -}- = 0-(3) 

The equation (3) is a quadratic in x and will give two values for 
x, and from equation (1) the two corresponding values for y are 

found. . ... , 

The points of intersection will be coincident (i.e. the line (1) wi e 

a tangent) if the roots of equation (3) are coincident. 

The condition for this is 


[2 (g 4- me 4 -fin)] 2 = 4(1 + m 2 )(c 2 + 2fc + c x ) 
i.e. (g + me -Yfm) 2 = (14- m 2 )(c 2 4- 2 fc 4 cj. 
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When g = f — 0 and c x = —r 2 , the equation of the circle becomes 
x 2 4 - y 2 = r 2 , and the condition that the line y = mx -f c be a 
tangent to this circle will be 


m 2 c 2 = 

i.e. c 2 = 
c = 


(1 + m 2 ){c 2 - r 2 ) 
c 2 + c 2 m 


2 _ 


r 2 - 


r 2 m 2 


r 2 (l 4- m 2 ) 

± rV( 1 + rti 2 ). 


Hence, the lines y = mx ± f*VO + m 2 ) are tangents to the circle 
x 2 + y 2 — r 2 for all values of w, and this is known as the slope 
equation of the tangent. 

This result could also be obtained as follows: The perpendicular 
from the centre O of the circle x 2 + y 2 = r 2 on the straight line 
y = mx + cisd-c/\/(l+ "i 2 ). 

If the line is to be a tangent to the circle this perpendicular is 
equal to the radius r of the circle. 


.*. r = ± c/\/( l 4- m 2 ) c = ± rVU + m 2 ). 


Note. This method of using the perpendicular from the centre on the 
tangent as being equal to its radius frequently simplifies the working in 
questions dealing with tangents to a circle. 


Theorem. To find the length of the tangent from the point (aTj, j-j) to 
the circle x- -1 - y 2 -f 2 gx 4 - 2 fy 4 - c = 0. 



A = (—g>—f) is the centre of the circle, and P = (x lf y y ); PT is 
the tangent from P to the circle. 


.’. AT- — (radius) 2 

= g- +P ~ c - 

Taking the distance between the two points A and P, 

AP 3 = (a-x 4- g) 2 4- C.?i +/) 2 . 

Using Pythagoras’ theorem. 


PT 1 = 



A T- 





i m - ig 2 + / 2 - C) 
4- 2fy x 4- c. 
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Thus, if the equation of the circle be/(x,j) = 0, with the coefficients 
of x 2 and y z each unity the square of the tangent from (x„ jq) to the 
circle will be f(x lt jx)- 

Theorem. To find the equation of the circle on the line joining 
(jci, jq) and (x 2 , y 2 ) as diameter. 



Let A = (x„ y t ). B s (*,, y,). and P = (x, y) be any point on the 

re The ed slope e of AP = (y - y,)/(* ~ *,)• and the slo P c of BP 

= Since AAPB fc the angle of a semicircle, d/> and Pli arc perpen- 
dicular, 

• y-y* x = -i, 

•' x - Xx X - x 2 

i.e. {y - >’x)C y ~ Xs) = “ C* ” v ‘^ v - 
i.e. (x - xi)(x - x 2 ) + C y - - >’*) = °> 

which is the required equation since P is any point on the circle. 

Example (l.u.). Find the value of m such that the line jr = »ix is a tangent 

t0 F^ d [he equations^ from the origin to the circle 

X 2 + y 2 _ \Q y + 20 = o, and determine the points ot contact. 

Substituting )' = Z"' X ... 

in the equation x 2 + y 2 + -/)’ + c ., , • 

the abscisste of the points of intersection of the line (1) and the ctrcle 

,2, are given by ^ + ^ + 2/ „, x + e _ 0 

i.e. x 2 (l + m 2 ) + 2 fmx + c = 0.(3) 

The line (1) is a tangent to the circle (2) if the roots of equation (3) in x 

arc coincident; , ,, , .. 

i.e. if4 pm* - 4c(l + 


(1) . 

( 2 ) . 


c) 


i.e. if/««</* - c) - r, 

i.e. if in 2 = <-'/(/* - 
i.e. if m *= ±-yj' j 2 ~ c - 
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Let the equation of the tangent from O to the circle 

x 2 + y 2 - 10y + 20 = 0.(4) 

be the line (1). 

From the first part of the question, using c =■ 20, /=■ — 5, 

V 20 

25 - 20 = ±y/4 = ±2 ' 

Therefore the tangents from O to the circle (4) are y = ±2x. 

With m = +2, f= —5, c = 20, the equation (3) becomes, 

5* 3 - 20* + 20 = 0, 
i.e. 5(* - 2) 3 = 0 * = 2 (twice). 

Using y = 2x, y = 4, therefore point of contact of line y = 2x is 
(2, 4). 

With m = - 2, f = - 5, c = 20, the equation (3) becomes, 

5* 2 + 20* + 20 = 0, 
i.e. 5(* + 2) 3 = 0, x = —2 (twice), 

and since y = -2*, y = +4. Therefore point of contact of line 
y = - 2* is ( - 2, 4). 

Example (l.u.). Find the equations of the two circles of radius 5 units 
which pass through the origin and whose centres lie on the line 

*+_}’- 1 = 0 . 

Show that the point (2, 0) is inside one of these circles, and find the 
length of the tangent from this point to the other circle. 


Let the equation of a circle be 

*a + y a + 2 gx + 2fy + c = 0.(1) 

nee the circle passes through the origin, c = 0. 

With c = 0. the radius of the circle = V(g* + /*) 

VC? 3 +/ 2 ) = ±5 

••• g 3 +/ 3 = 25.(2) 

The centre of the circle (1) is (-£, -/), and since this lies on the line 

+ y ~ 1 = 0 , 

. ! =°. i.e./=-Cr+D.(3) 


Using (3) in (2) g- + g* + 2g 4- 1 = 25, 

/. 2^ 2 + 2^-24 =0, 
ig + 4)C? - 3) = 0, 

g = 3 or - 4. 

From (3) / = -4 or +3. 

Hence, the equations of the circles are 


* a + y* + 6* - 8 y = 01.(4). 

* 3 + y* - 8* + 6y = 0 i.(5). 

The centre of the circle (4) is ( - 3, 4) and its radius = 5. 

The distance of (2, 0) from the centre ( - 3, 4) is 

V(5 3 + 4 2 ) > 5, 

therefore (2, 0) lies outside the circle (4). 


The centre of circle (5) is (4, - 3) and its radius is 5. 
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The distance of (2, 0) from the centre (4, - 3) is 

V(2 2 + 3 2 ) = V13 < 5 

therefore (2, 0) lies inside the circle (5). 

If t be the length of tangent from (x„ y,) to the circle (4), then 

/ = y/(xS + yS + 6x t - 8;-,). 

Hence, when x, = 2 and yi — 0, / = V(4 + 12) ■= 4. 

Example (l.u.). Find the equation of the circle which has the line joining 
(_ 4 ^ 3 ) and ( 8 , -2) for a diameter. Write down the co-ordinates of the 
centre and the radius. Obtain the equation of the chord of which the 
origin is the mid-point. 

The equation of the circle on the line joining (x,, j’,), (x t , y 2 ) as diameter 
is (x - x,)(x - x.) + (y- yMy ~ )'•) = 0 . therefore equation of the 
circle on the line joining (-4, 3), and ( 8 , -2) as diameter is 

(x + 4)(x - 8 )+(y - 3)0’ + 2) =0, 

i.e. x 2 + y 2 - 4x - y - 38 = 0.(1). 

The centre of this circle is (2, i) and its radius 

- V(4 + i + 38) = VH~ = V-- 
Any line through the origin O is 

y = . . 

Where this cuts the circle (1) 

x a + m 2 x 2 - 4x - mx - 38 = 0, 
i.e. x 2 ( 1 + tri 1 ) - x(4 + m) - 38 = 0.(3). 

If x, and x* be the roots of equation (3), 

4 + m 

x» + x. - , + w a- 

If O be the mid-point of the chord (2), then 

+ x, . 4_+m = Q 

" 2 U ’ 1 + m 

m = -4. 

Hence, the chord of circle (1) bisected at O has as its equation 

y = - 4x, 
i.e. y ■f 4x = 0. 

Example (l.u.). Find the points of intersection of the circle 

x* + - 4x + 8 y + 10 = 0 

with the straight line x - 2y - 5 = 0. 

Denoting these points by A, B, show that OA, OB are the tangents 
from the origin 0 ? Find the equations ot these tangents and prove that 

they are at right angles. 

The equation of the line can be written 

X = 2 y . ..el¬ 

and where this line intersects the circle 

x 2 + y2 _ 4x + 8/ + 10 = 0.(2), 

by substituting from ( 1 ) in ( 2 ) for x. 
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(2 y + 5) a + y 2 - 4(2 y + 5) + 8y + 10 = 0, 
i.e. 4 / 2 -f 20y + 25 + y- - 8y - 20 + 8 ^ + 10 = 0, 

.*. 5 y 2 + 20y + 15 =0, 
i.e. y- + 4/4-3 = 0 , 
i.e. (y + 3 )(y + 1 ) = 0 , 

y = - 3 or - 1. 

Using these in (1), x = — 1 or 3, 


A = ( — 1, — 3), B = (+3, - 1). 
The equation of OA is 

-3 

y = ~i x - 


i.e. y = 3a: .(3), 

and the equation of OB is 

- 1 

y = ~y x > 

i.e. x + 3y = 0.(4). 

The centre of circle (2) is (2, - 4), and its radius 

- V[2 2 + (-4)= - 10] = V(4 + 16 - 10) = V10. 


The perpendicular from (2, -4) on the line (3) is of length 


(6 ± 4 > 
V(l 2 + 3 2 ) 


V10 


= ±\/10 = radius of circle ( 2 ), 


and the perpendicular from (2 - 4) on the line (4) is of length 
, ( 2 - 12 ) (- 10 ) 

± % /(12 = ^ \/\o ~ = iv^lO = radius of circle ( 2 ), 

therefore OA and OB whose equations are y = 3a: and x + 3 y = 0 
are tangents to the circle ( 2 ). 

The slope of OA is 3, and the slope OB is - i, therefore product of 
slopes of OA and OB is 3 x (- $) = - 1, therefore OA and OB are at 
right angles. 


Example (l.u.). Prove that, for all numerical values of the equation 
a- 3 + y* + 2 gx x + 2 f x y + c x + >.(a 2 + y 2 + 2 gi x + 2 f*y + c.) = 0 
represents a circle passing through the points of intersection of the circles 
-v 2 + y- + 2 gx x + 2f |V’ + c, = 0, and a* + y- + 2 gi x + 2f r y + c, = 0. 

Find the equation of a circle which passes through the origin and the 
points of intersection of the circles 

a 2 + y 2 -2a - 6 y + 2 = 0, x* + y* - 5x - 8y + 3 = 0. 

Prove that the circle so determined intersects the first of the two given 
circles at right angles. 


Let (a,, Vi) be a point of intersection of the circles 

a 2 + v a + 2 ^,a + 2f x y + c, = 0.(1), 

a 2 + v 2 + 2 gz x + 2 r f 3 y + c, = 0.(2). 

Then, .v, 3 + vi a + 2g lXl + 2J l}l + c x = 0.(3) 

-*i 3 + >’i a + 2g t x x + 2f % y x + c, = 0.(4) 

Consider the equation (X any constant) 


a 2 + y* + 2 gl x + 2fy 4 c t + >(a 2 + y 2 + 2 gt x + 2f t y + c.) = 0 -.. ( 5 ) 
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If X * - 1, the coefficients of x 3 and y 2 in (5) will be equal (each equal 
to 1 + X), and there is no term in xy in the equation. Hence, equation 
(5) represents a circle. 

Replacing x by x u y by y lt the L.H.S. of (5) 

= x x * + yS + 2giXi + 2fy, + c, + HxS + y x * + 2g t x l + 2f,y x + c.) 
= 0, using (3) and (4). 

Hence, the circle represented by (5) passes through the points of inter¬ 
section of the circles (1) and (2). Thus, the equation (5) represents a 
circle passing through the points of intersection of circles (1) and (2), except 
if X = — 1, when equation (5) is linear in x and y and represents the com¬ 
mon chord of the two circles when they intersect, and the radical axis 
when they do not intersect. 

Any circle passing through the intersections of the circles 

x 2 + y i _ 2x - 6 y + 2 = 0.(6), 

x 3 + y 2 - 5x - Sy + 3 = 0 

is given by x* + y 2 - 2x - 6y + 2 + x(x l + y 2 - 5x - 8 y + 3) = 0. 

where x is any constant not equal to - 1. 

If this circle pass through O, the constant term must be zero, i.e. 
2 + 3X = 0, therefore X — - f. Therefore required circle has as its 

equation 

** + y t _ 2x - 6y + 2 - |(x 2 + >’ 2 - 5x - 8 y + 3) = 0 

i.e. 3x* + 3v 2 - 6x - 18v + 6 - 2x 3 - 2 y* + 10x + 16y - 6 - 0 

* i.e. x 2 + y 2 + 4x - 2y = 0. (7) 

When two circles intersect at right angles the tangents (and therefore 
the radii) at a point of intersection are at right angles. 

Thus, by Pythagoras’ theorem, the sum of the squares of their radii must 
equal the square on the distance between their centres. 

The circle (6) has centre (1,3), radius \/(l 2 + 3- - 2) = \ /8 - 
The circle (7) has centre (-2,1), radius V(2- 4- 1 -) - v 5. The 
distance d between their centres is given by d- = 3 2 + 2* — 13. 

The sum of the squares of their radii = 8 + 5 = 13, therefore the 
sum of the squares of their radii = square on their line ot centres, there¬ 
fore the circles (6) and (7) cut at right angles. 


EXAMPLES VIII 

1. Prove that the lines 2x + y + 3 = 0. x - 2y - 1 = 0 are perpen¬ 
dicular. If these two lines be taken as the sides of a rectangle whose other 
sides intersect at (3, 4), find the equations of these other sides and the area of 
the rectangle. 

2. Prove that the perpendicular distance of the point (/i, k) from the line 

ax + by + c = 0 is (ah + bk + c)/\/(a 2 I !>•). . 

Show that the lines x = 5, , = 5, 5x + 12>- = 65 all touch a circle 

whose centre is the origin. 

3. A is the point (2, 3) and D the point (0, - 1). The angle BAC is a right 

angle and BC = 5 units. _ 

Find the co-ordinates of the two possible positions of C. 
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4. Find the equations of the lines through the point (2, 3) which makes 
angles of 45° with the line (x — 2y — 1) = 0, and find also the area of the 
triangle formed by the three lines. 

5. The line ax 4- by + c = 0 meets the x-axis at A and the y-axis at B, 
the triangle OAB, where O is the origin, being in the first quadrant. A point 
(//, k) is taken inside the triangle OAB. 

Prove that k . OA 4- h • OB 4- p . AB = OA . OB, where p is the per¬ 
pendicular from P to AB. Use the above result to prove that 

p = (ah + bk -f c)/\/(a a 4- b a ). 

6. Find the co-ordinates of the point that divides the line joining (x lt yd 
and (x*, yd in the ratio of / : m. 

The co-ordinates of three points A, B, C are respectively (2, 1), (1, — 1), 
(7, 2). A point P lies on the line 3x — y = 17, and AP meets BC at Q. 

If AP — 2AQ, find the co-ordinates of P. 

7. The origin O and the points .4(1, 0), C(0, 7) are three vertices of the 
convex quadrilateral OABC; the angle BAC is 45° and AB is 5 units in length. 
Find the co-ordinates of B. 

If G be the intersection of the diagonals, show that G divides 4Cin the ratio 
1 : 7. 

8. Find the equation of the straight line through the point ( h , k ) perpen¬ 
dicular to ax + by + c — 0. 

The points A( - 7, -8), Z?(18, -8) are two vertices of an isosceles triangle 
ABC, in which AB = BC. 

The altitude BM from B to the base AC has the equation Ax 4- 3y = 48. 
Find the co-ordinates of A/ and C. 

9. If the co-ordinates of a point P are (x x , yd and a point Q (x,, y,), find 
x, and y x in terms of x*, y, if PQ is bisected at right-angles by the line 
x + 2y - 1=0. 

Show that, if P describes the line x - y — 0, Q will describe the line 
7x - y - 2 = 0, and find the co-ordinates of the point common to the three 
lines. 

10. Explain the geometrical meaning of the constants m and c in the equation 
of a straight line expressed in the form y = nix 4- c. 

Find the equation of the line joining the point (3, 2) to the point of intersec¬ 
tion of the lines x — y 4- 4 = 0, y — 2x — 5 = 0, and determine the 
inclination of each of these lines to the line so found. 

11. The equations of the straight lines OA, OB arc y-f ix = 0, and 
y ~ i-v = 0 respectively. From the point P = (x,, y,) a line is drawn parallel 
to OA meeting OB at A/, and another line is drawn from P parallel to OB 
meeting OA at L. Through L and A/ lines are drawn perpendicular to OA 
and OB respectively meeting at Q. 

Prove that the co-ordinates of Q arc (“x t , fyO. Hence, show that, if P 
describes a straight line inclined at 45° to the x-axis, Q also describes a straight 
line and this line is inclined at tan' 1 4 to the x-axis. 

12. The equation of a straight line is x — 2y + 3 = 0. Given a point P 
whose co-ordinates are (x,, y x ), find in terms of x„ y x the co-ordinates of the 
point Q such that PQ is bisected at right angles by the given line. 

If P describes the circle x* + y 2 = 1, find the equation of the curve described 
by Q. 

13. O is the origin and A the point (4, 3). OABC is a parallelogram in the 
positive quadrant and the equation of OC is y = lx. Find the co-ordinates of 
B and C if the area of the parallelogram is 50 square units; find also the co- 
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ordinates of P on BC (produced if necessary) such that POA is an isosceles 
triangle. 

14. A parallelogram whose sides are equally inclined to the co-ordinate 
axes has a vertex at (2, - 1), a diagonal along the line x - 4y + 10 = 0 and 
a pair of sides parallel to 3* + 4 y = 0. Find the equations of the sides and 

the co-ordinates of the remaining vertices. 

Show that the lengths of the sides of the parallelogram are in the ratio 1 . 2. 

15. If A be the point (2, 1) and C the point (5, 2), find the equation of the 
line bisecting AC at right angles and the co-ordinates of the point B where this 
line meets the y- axis. 

Find the co-ordinates of the point of intersection of the altitudes of the 
triangle ABC. 

16. The sides BC, CA, AB of a triangle ABC lie along the lines 3x + 4y = 1, 
5* + y = 13, 2x - 3y + 5 = 0 respectively. 

Find the co-ordinates of the point of intersection of the perpendiculars 

from the angular points to the opposite sides. .. 

Show that the locus of a point P such that CP - BP — 13 is the line 
through A perpendicular to BC. 

17. Explain how you can see, by inspection, that the four straight lines 
represented by the equations 2x - 3y - 1 — 0, 2x - iy -I -> u. 
5x + 6y = 0, 5x + 6y + 2 = 0, form a parallelogram. 

Find the equations of its diagonals and its area. 

18. Find the co-ordinates of (a) the foot of the perpendicular from the point 
(2, -1) to the line 3* - 4y + 5 = 0. and ( b) the points on the line 
3x - 4.y + 5 = 0 distant 5 units from the point (2, - 1). 

19. Show that, if the perpendicular from the origin to a straight line is of 
length p and makes an angle a with the x-axis, the equation of the line is 

The perpendiculars from the origin to two straight lines arc equal. Show 
that, if the sum of the angles the perpendiculars make with the positive 
direction of the x-axis is constant, the locus of their points of intersection is a 
straight line. 

20. Write down the equations of the lines AP, BQ of slope m through the 

points A (5, 0) and B ( - 5, 0). . in nninu 

Find the value of m if these lines meet the line 4x -F 3> - 25 in points 

P and Q such that the distance PQ is 5 units. 

21. If two points A, B have positive co-ordinates (x,, >•»), (*». ■>'«) " ,th 

respect to two perpendicular axes through a point O. prove that the area of the 
triangle OAB is equal to the numerical value of the expression 4(*i>* **J 

Find the area of the triangle whose vertices arc (1, 0), U, i), o). 

22. Prove that the distance of the point (/», k) from the straight line 

ax + by + c = 0 is (ah + bk c)l(a z f- b l ) 

The co-ordinates of the vertices of the triangle ABC are 
and (3, 2). The triangle DEF is drawn entirely outside the triangle ABC .and 
with its sides parallel to and at unit distance from the sides of ABC. I ind the 
equations of the sides of the triangle DEF. 

23. The co-ordinates of the angular points A, B. C of a triangle are (4, - 3), 
(13, 0), (-2. 9) and points D, E, F are taken upon the sides so that 

BD CE_ = = 2 

DC ” EA FB 

Find the areas of the triangles ABC , DEF and prove that their ratio is 3 : I. 
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24. The point (j> 2 , q t ) is the image of the point (jr u qj in the line 

ax + by + c = 0. 

Show that a(q 1 - q t ) - b(p x - pj = 0, 

a(Pi + Pa) + b(q x + <7a) + 2c = 0. 

Hence, express p it q 3 in terms of p lt q lt a, b, c, and find the co-ordinates 
of the image of the point (3, 1) in the line x -+- 2y + 1 = 0. 

25. If the rectangular co-ordinates of the points A, B are (at,, y x ), ( x *, >’*) 
respectively, and a point P be taken on AB such that AP = X . PB, show that 
the co-ordinates of P are 

( x l + Xx, y x + >.y t \ 

V 1 -+- X » 1 -+- X /’ 

Find the ratio in which the line joining the points A (1, 5), B (7, —4) is 
divided by the line 2.x = 3 y. 

Find also the equation of the line through the origin which divides AB 
externally in the same ratio. 

26. Prove that the lines ax + by + c — 0, a'x + b'y + c' — 0 are at 
right angles if aa + bb' = 0. 

The angular points of a triangle arc A (3, 0), B (4, 6), C ( — 2, 3). Find 
the equations of the lines drawn through the angular points at right angles to 
the opposite sides, and show that these lines arc concurrent. 

27. Obtain a formula giving the inclination of two straight lines whose 
equations are given. 

Find the equations of two straight lines through the point (-1, 1) which 
are inclined at an angle of 45° to the line lx + y - 2 = 0, and verify from 
their equations that they are at right angles. 

Find, also, the length of the segment they intersect on the given line. 

2S. Find an expression for the area of a triangle in terms of the co-ordinates 
of its vertices, explaining the convention of signs adopted in connection with 
areas. 

The points A , B, C have co-ordinates (-1, 2), (3, 1), (0, 5) respectively. 
Find the co-ordinates of the point P on the line v — 2.x, such that the triangles 
ABC, PA B arc equal in area, taking into account the signs of the areas. 

29. Explain carefully the meaning of the constants p, a in the equation 
v cos u + v sin a — />, and write down the co-ordinates of the foot of the 
perpendicular from the origin to the line represented by the equation. 

L, A/ arc the feet of the perpendiculars from the origin to the lines 
3.v 4.i - 10, 12.x - 5y — 13. Find the area of the triangle OLM , the 

length L.\f, and the equation of the line LM. 

30. Show that the area of a triangle whose angular points have co-ordinates 
( v,. \\), (x., v,), (.Vj, v s ) is iU'iO's - y 9 ) T x*(v* - v,) + -x s (v, - >•,)]. 

1 he angular points .4, B, C of a triangle are (-2, 1), (1, 2), (0, 4). Find 
the co-ordinates of the angular points of the triangle DEF having A, B, C 
as the mid-points of its sides, and thence show that the area of DEF is four 
times that of ABC. 


31. A BCD is a parallelogram and the equations of the lines AB, BC, CA 
are 2a I r - 8 = 0, a - r t 2 =• 0 and .x + 2v - 2 = 0 respectively. 

Find the equations of AD, DC and the co-ordinates of D, and verify that 
.-1C, BD have the same mid-point. 

32. Prove that the co-ordinates of the point R, which divides the line PQ 


so that p . PR — q . RQ, are 



pyx -F <73't \ 
P + q / ’ 


where f v,, (x = , v s ) arc the co-ordinates of P and Q respectively. 
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What is the position of R relative to P and Q when p and q have opposite 

signs? . 

O is the origin and the co-ordinates of the angular points B, C of a triangle 

ABC are (-4, 1), (5, -5) respectively. AO meets BC at D. If 2BD - DC 

and 3 DO = OA, find the co-ordinates of A. 

Find also the co-ordinates of E and F, the points where BO and CO meet 

CA and AB respectively. 

33. Find an expression for the angle between the two lines >• == n h x + c,. 
y = m t x + c., and obtain the condition that the two lines Ax + By + C - u. 
A'x + B'y +‘C' = 0 should be perpendicular to each other. 

Through a fixed point P of co-ordinates (* 0 , y 9 ), two perpendicular lines 
are drawn. One of these lines meets the x-axis in A, and the other meets the 
>’-axis in B. Show that, if O be the origin, the locus of the centroid (mean 
centre) of the four points O, A, P, B is a straight line and fin its cqua i 

34. Obtain the condition that the lines 

a t x + b t y + Cj = 0, and a«x brf + c t = 0 

are perpendicular. 

AB is a straight line whose equation is 5x - 12 y + 7 — in 
of the perpendicular to AB from the point C ( -4. 13). If *^ ^ ° jV" 
pcndicular is D, find the point P on CD such that CP — ACD.C and / bung 

on opposite sides of AB. 

35. Three points A (2, 1). B (6, 4), C (- 3. - 8) are given. Find the 

equations of AB and BC. _ „ - . . ^ 

A point P is such that its perpendicular distance lrom B( is, Jwkc itsjer- 

pcndicular distance from AB. Show that B lies on one or o ic 

lines and find their equations. 

36. OABC is a parallelogram. OA lying along the x-axis. OC along the line 

y = 2x, and B being the point (4. 2) 

Find (i) the co-ordinates of A and C ; 

(ii) the equation of the diagonal AC\ 

(iii) the co-ordinates of a point P on AB produced such that the area 
of the triangle OPA is twice the area of the parallelogram OABC. 

37. Show that the points whose rectangular Cartesian *[ C 

(3,2). (2, -1), (8, -3) arc three vertices of a rectangle. Find the co-ordinates 

of the fourth vertex, and the area ot the rectangle. 

38. Explain what is meant by the projection of a segment of a Vu ncson another 
line OX, and obtain an expression for it in terms of the length of the segment 

AB and the angle between the lines. nn n c ,, ->\ 

The vertices of a quadrilateral are the points A (0,. 0), B CK, l, 

D (1, 6). Find the projections of the sides AB, BC, C , ■ 

directions of the axes of co-ordinates, taking the senses of the segments 

the order of the letters. 

39. A circle radius three units is to be drawn with ‘^"‘^^"^such 

y = x - 1 and passing through the point / —( • f . e c j rc | cs 

circles arc possible and find their equations. Show . lh of t | )c 

touches the axis of x. and, if Q is the point of contact, find the length of the 

minor arc PQ of this circle. 

40. Show that y = mx is a tangent to the circle 

point of contact. 
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41. Show that the circles, whose equations are x a -F y 2 + 4x - 2y - 11=0, 
and x 2 + >’ 3 - 4x - 8y 4- 11 = 0, intersect at right angles and find the 
length of the common chord. 

42. Show that the equation x 2 + >- 2 -F 2 gx -F 2 fy + g 2 — 0 represents a 
circle touching the x-axis. 

Find the equation of a circle touching the x-axis at the point (5, 0) and 
passing through the point (7, 4). What arc the co-ordinates of the point on 
the circle other than (5, 0), the tangent at which passes through the origin? 

43. If O be the origin and P, Q are the intersections of the circle 

x 2 + .v 2 + 4x -F 2y - 20 = 0, 

and the straight line x - ly + 20 = 0, show that OP and OQ are perpen¬ 
dicular. Find the equation of the circle through O , P, Q. 

44. Find the equation of the straight line through the points of intersection 
of the circles x 2 + y 2 - 2x - 4y - 4 = 0 and x 2 + >- 2 + 8 x - 4y + 6 = 0. 

Find also the equation of the circle through the origin and through the 
points of intersection of the given circles, and state its radius and the co¬ 
ordinates of its centre. 

45. Find the cquaiion of the circle having the two points (-3, - 1), (5, 5) 
as extremities of a diameter. 

Find the equations of the lines, parallel to 3x - 4 y = 0, on which the 
circle intercepts a chord of length 8 units. 

46. If A, B are the points (3, 0), (0, 4) respectively, show that the locus of a 
point P such that 4 PA = 3 PB is the circle 7(x 2 + y 2 ) - 96x + 72 y = 0. 

Find the equation of the tangent at the origin to this circle, and show that 
the above circle cuts at right angles the circle (2x - 3 ) 2 + (2 y - 4 ) 2 = 25. 

47. A circle with centre ( 6 , 0) passes through the intersections of the circle 
x 2 -F y 2 - 4x = 0 and the line x = 3. Find its equation, and show that the 
two circles intersect at right angles. 

48. F ind the equations of the two circles which touch the line 3x + 4y = 15, 
and the axis of y, and pass through the point (1, 2). Determine the distance 
between their centres. 

49. Find the centres and radii of the circles which touch the line 4x — 3y = 0, 
and the axis of x, and which pass through the point (2, 2). Determine the 
equation of their common chord. 

50. Find the equation of the tangent to the circle 

•x 2 + y 2 + 2 gx + 2/y -F c = 0 

at the point (x„ 

F ind the equations of the tangents from the origin to the circle 

x-z -f y * _ 40 * _ 40r + 80 = 0 

51. Find a formula for the perpendicular distance di the point (x lt y x 
from the line ax + by + r = 0 . 

Circles are drawn with centre (5, 1) to cut the two lines 3x - 4v - 1 = 0 
and 12x + 5 y -F k = 0. 

Show that, if k has one of two values, which arc to be found, the intercepts 
made by any one of the circles on the two lines will be of equal length. 

Find also the equation of the circle which makes an intercept of length 
4 units on each line. 


52. Show that the equation x* -f y 2 + 2gx + 2 fy + c = 
a circle, and find its centre and radius. 


u 


represents 


Prove, geometrically or otherwise, that the circles x 2 + y 2 = 4, 

x- -f y F Vx = V, have only two common tangents and that their equations 
are 3x ± 4y = 10. 
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53. Find the equation of the circle which has its centre at the point (1,2) 
and touches the line 5x + \2y = 42. 

Show that it touches the axis of y, and find the equation of the other tangent 
from the origin. 

54. Find the equation of the chord AB of the circle 

x 2 + y* + 2x - 4y - 4 = 0 

which is bisected at the point (1,3). . . . 

Calculate the length of the tangents to the circle from the point (3, 5) and 

the angle between these tangents. 

55. Prove that the general equation to all circles which make an intercept 
of 3 units on the x-axis and touch the >’-axis is 

x 2 -f y 2 - (2 a + 3)x - 2 by + b 2 = 0, 


where b 2 = a(a +3). . . , , . 2 Q 

Show that their centres lie on the curve whose equation is 4x 4y 

56. (i) Find the centre and radius of the circle which passes through the 
P °(ii) S The ^ine joining (5, 6) to > (10 cos 0, 10 sin 0) is divided internally in 

# a jr f 1 ^ 1 a j 

If 0 varies, prove that the locus of P is a circle, and find its centre and radius. 

57. Find the equation of the circle whose centre is at the point (5, - 7) and 

which passes through the origin. f . . 

If this circle intercepts on the straight line 3x + 4 y - c, a segment of le g 

14 units, find the value or values of c. 

58. Given the three circles x a + A' 2 - + 60 = ®\ x * + y r _ t i!f X n oinf SU ch 

x a + v- 2 - 16x - 12^ + 84 = 0, find (i) the co-ordinates of the point such 

that the lengths of the tangents from it to each of the three circles are cqua , 
(ii) the length of each tangent. 

59. Find the length of the chord x + 2y = 5 of the circle whose equation 

' S Determine also the equation of the circle described on this chord as diameter. 

60. If O be the origin and P and Q the intersections of the circle 

x a + >- a + 4x + 2y - 20 = 0 

and the straight line x - ly + 20 = 0, show that OP and OQ are perpen- 
dicular. 

Find the equation of the circle through O, P> C- 

61. Find the co-ordinates of the points of contact of the ^ 

(-16, 0) to the circle x 2 + >- 2 = 16. and prove that each of these tangents 

also touches the circle x 2 + y 2 - 24x + 95 — 0. 

62. P is a point on the straight line 3x t 4>- — s the 1 given 

unity. Find the equation to the circle radius 3 units wh'ch ^uchc j 

line at P and which lies on that side of the line which is 
Find also the length cut oir from the axis O Y by the circle. 

63. Prove that the four points (0, 2), (0, 9), (3, 0), (6, 0) lie on a circ e. 
Find its equation and the length of its radius. 

64. A semicircle is drawn with the line joining the ^ 

(2, 5) as its diameter, on the side of the diameter away distance from 

Find the co-ordinates of the point on this semicircle whose distance Iron 

the point (4, 2) is 2 units. . 

65. The co-ordinates of the extremities A, B of a diameter of a circ e are 

(2, 5), (6, 2) respectively. 
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Find the equation of the circle, and the angle between the tangents which 
pass through the point (- 2 , 1 ). 

66 . Show that the equation of any circle may be put in the form 

X 3 + y* + 2 gx + 2fy + c = 0. 

Obtain the equations of the two circles passing through the two points 
(3, 0), (7, 0) and touching the y-axis. Determine their centres and radii. 

67. Find the condition that the line y = mx -f c may touch the circle 
x 2 -4- y 2 = a 2 . 

Find the equations of the two tangents from the point (3, - 2) to the circle 
A -a y 2 — 4 > an( j deduce the value of the angle between them. 

Verify your result by calculating this angle by some other method. 

68 . OARC is a square of side 2a. Taking OA, OC as co-ordinate axes, 
find the equation of the circle inscribed in the square. 

Any tangent to this circle meets OA in P, and OC in Q. Prove that 

PA . QC = 2a 2 . 

69. Obtain the equation of the tangent at the point (x u y,) of the circle 
x 2 + y 2 4- 2 gx 4- 2 fy 4-c = 0, and show that it passes through the origin if 
gx ! 4- fy x + c = 0. 

Hence, or otherwise, find the points of contact of the tangents from the 
origin to the circle x 2 4- y* - 6 .v - 2y + 9 = 0, and find the equations of 
these tangents. 

70. Find the equation of the circle described on the line joining (15, 5) to 
(7, - 1) as diameter. 

Show that the abscissae of the points in which the line y = mx cuts the 
above circle arc given by the equation * 2 (1 4 - m 2 ) - 2x(2m + 11 ) + 100 = 0 . 

1 lence, or otherwise, obtain the equations of the tangents from the origin 
to the circle. 


71. Find the equation of the circle through the points (2, 2), ( - 3, 1), (5, 2) 
and obtain the co-ordinates of its centre and the length of its radius. 

bind also the co-ordinates of the point of intersection of the tangents to the 
circle at the points ( 2 , 2 ) and ( 5 , 2 ). 

7 Sho.v that the equation x 2 4- y 3 4- 2g.v 4- 2 fy 4- c = 0 represents a 
circle, and i.nd its radius and the co-ordinates of its centre. 

Any straight line is drawn through the point (3, - 2) and K is the foot of the 
perpendicular to it from the point ( -2, 1). Find the equation of the locus of 
A. and state what curve it represents. 


73 Find the equations of the two tangents to the circle x 2 + v* = a 2 
that have gradient m. 

One diagonal ol a square that circumscribes the circle x 2 4 - y* = 5 has 
gradient 3. Find the equations of the four sides of the square. 

74. If the circles x * 4 - y* + ax + by + c = 0 

-v 2 4 y 2 -F px 4- qy 4- r = 0 


intersect, find the equation of the common chord. 


The circle 


-V 2 4- 


y 2 2 °T +15 = 0 meets the line x - y = 1 at the 
points A, B. Find the equation of the circle that passes through A, B and the 
point (3, 1). 


75 ‘ ^ t tnC I cquallon of thc circle described on the line joining the two 
points ( 2 ) and ( 21 , 18) as diameter and show that it touches the .v-axis. 

Determine thc equation of another circle that passes through the same two 
points and touches the x-axis. 
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76. Show that the line lx + my + n = 0 touches the circle 

(x - x 0 ) 2 + O' - _>’<>) 2 = R 2 
if (/xo + myo + «) 3 = RKl 2 + m 2 ). 

A circle has unit radius. Its centre lies in the first quadrant and it touches 
the X-axis and the line 3 y = 4x. Find its equation and show that the line 
3x + 4y = 15 touches it. 

Determine the radius of a second circle whose centre lies in the first quadrant 
and which also touches the x-axis, the line 3 y = 4x, and the line 3x + 4y = 15. 



CHAPTER IX 


Conic Sections—The Parabola, Ellipse, and 

Hyperbola 


Conic sections are the sections of a double cone (i.e. two equal 
circular cones placed with their vertices in contact and having the 
same axis) made by a plane. 

These conic sections or conics consist of the following curves: 

(i) a pair of intersecting straight lines; (ii) a circle; (iii) a parabola; 
(iv) an ellipse; (v) a hyperbola. 



(>) (ii) (iii) (iv) (v) 

(i) A pair oj intersecting straight lines is formed by a plane section 
ol the double cone through the common vertex, and these straight 
lines will be generators of the double cone. 

(ii) A circle is formed by a plane section of the double cone 
perpendicular to the common axis. 

(iii) A parabola is formed by a plane section of the double cone 
parallel to a generator. 

(iy) An ellipse is formed by a plane section of the double cone, 
cutting only one half of the double cone, but neither perpendicular to 
the common axis nor parallel to a generator. 

(v) A hyperbola is formed by a plane section cutting both halves 
°\i lc double cone, but not passing through the common vertex. 

The mathematical definition of a conic section is given in the 
following: 

A conic section is the locus of a point that moves in a plane so that 
its distance from a fixed point (focus) in the plane bears a constant 
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ratio (< eccentricity ) to its distance from a fixed straight line ( directrix ) 
in the plane. 

The magnitude of the eccentricity (usually denoted by e) deter¬ 
mines the type of curve, thus: 

(i) for a pair of intersecting straight lines, eccentricity e = oo ; 

(ii) for a circle, e = 0 ; 

(iii) for a parabola, e = 1 ; 

(iv) for an ellipse, e < 1; 

(v) for a hyperbola, e > 1. 

The pair of intersecting straight lines can be seen to be a special 
(degenerate) form of the hyperbola, and the circle is a degenerate 


form of the ellipse. . . .... , • 

Definitions . The latus rectum of any conic is a chord through its 

focus parallel to the directrix. . f . 

The centre of a conic is the point that bisects all chords of the 

conic passing through it. 


The Parabola 

Definition. A parabola is a conic section whose eccentricity is 

Un This would be stated more fully as: A parabola is the locus of a 
point that moves in a plane so that its distance from a pomt 
(focus) in the plane is equal to its distance from a fixed straigl t 

(directrix) in the plane. 

Theorem. To find the standard {canonical) form of the equation of a 
parabola , i.e. the simplest form with the most convenient choice oj 

origin and axes. 

Note. Standard notation is used throughout. 


Let S (the fixed point) be the 
focus, and KL (fixed straight line) 
be the directrix. Draw SZ per¬ 
pendicular to KL and choose ZS 
produced as the axis of x. Let 
A, the mid-point of SZ y be the 
origin of co-ordinates, and SZ 
be of length la. Hence A lies 
on the parabola. AY perpen¬ 
dicular to SZ is the j'-axis, and 
P = ( x, y) is any point on the 
parabola with this choice ot 
origin and axes. PM is the per¬ 
pendicular from P on KL , and 
PN is the ordinate of P. 
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Now the focus S = (a, 0). 

From the diagram 

PM = nz (opposite sides of rectangle) 

= A"Z + AN — a + x. 

Using the formula for the distance between two points, 

PS 2 = (x - a) 2 + y 2 . 

From the definition of the parabola, 

PS = PM PS 2 = PM 2 . 
i.e. (x — a) 2 + y 2 = (a + x) 2 
i.e. a 2 — 2 ax + a 2 + y~ = a 2 4- 2ax + a 2 

i.e. y 2 — 4ax, 

which is the required canonical (simplest) form of the equation of the 
parabola, since P is any point on the locus. 

Note. This equation should always be used as the equation of the 
parabola if choice be permitted as it is the simplest form possible. 

Simple Properties of the Parabola y 2 — 4ax. Since y 2 is always 
positive, it follows that x is always positive if a is positive and 
negative if a is negative. Therefore, when a is positive, the curve lies 
entirely to the right of AY, and, when a is negative, it lies entirely 
to the left of A Y. 

As .v -> co, so y —> d: co (^ means ‘approaches’) and therefore 
both ends of the curve extend to infinity. 

For any value of x there are two equal and opposite values of v, 
therefore the curve is symmetrical about the x-axis, which is known 
as the axis of the curve. 

A is known as the vertex of the parabola. 

I heorem. 7 o prove that the lotus rectum of the parabola y 2 = 4ax is 
of length 4 a. 

For the parabola v 2 = 4ax, when x — a, i.e. at the focus S, 

~ } } = ±2 a. Hence the length of the latus rectum is 

2a 1- 2a — 4a, and the length of the semi-latus rectum is 2a. 

1 heorem. lo find the equation oj the chord of the parabola y 2 = 4 ax, 
joining the points P = (.Y lt y,), Q = (.v 2 , yj), and deduce the equation 
oj the tangent at the point (a'o.Vi) of the parabola. 

Since the points P and Q lie on the parabola y 2 — 4ax. 


>’i 2 = 4ax x .(1) 

v 2 = = 4 ax 2 .(2) 

(1) - (2) gives yf- - y * = 4 a{x x - x 2 ).(3) 


The equation of PQ is __= x x * 

V| — r 3 A, — x 2 


(4) 
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From (3) x (4) (y — J’i)0’i + Ts) — - Xl ^ 

which is the required equation of PQ. 

Replacing y 2 by y x the equation of the tangent at (a'i, \ i) is 

2y x (y - >’i) = 4 «(* - *1) 
i.e. yy x — >’i 2 = 2ax — lax , 

i.e. yy x = 2 ax - 2 a.x l + 4 ax x (using (1)) 

i.e. }’)’i = 2 a(x 4 - *,) 

Note. This result could be obtained more simply by using calculus. 
When x y = y, = 0, the equation is that of the tangent at the vertex A, 
and is x = 0, i.e. the y-axis. 


Theorem. To find the points in which the line y = mx + c cuts the 
parabola y 2 = 4ax, and hence to deduce the equation of the tangent 

of slope m to the parabola. 

y = mx + c . 

y* = 4 ax . 

The abscissae of the points of intersection of the line 0) and the 
parabola (2) are obtained by substituting from (1) fory in (2), giving 

{mx + c) 2 = 4 ax 

i.e. m 2 x 2 + 2x(mc - 2a) + c 2 = 0.(3) 

The equation (3) is a quadratic in * and will give two values of x 
(real, coincident, or complex), and the two corresponding \alucs 

y will be obtained by using these in equation (1). 

If the line (1) is to touch the parabola 2) it is necessary that the 
roots of equation (3) in * are equal, and the condition lor 

4(mc - 2a) 2 = 4 m 2 c 2 


i.e. m 2 c 2 - 4 ante 4 - 4 a 2 = m*c % 

i.e. Aamc = 4 a 2 
i.e. c = a/m. 


(since a 4= 0) 


Thus the line v = mx + a/m is a tangent to the parabola 
-« - 4ax for all values of m and this is known as the slope equation 


of the parabola. 

If this line pass through the point (/i, A), then 

A = mh 4- a /m 

i.e. m 2 h - mk a = 0. •’ y ’ 

This shows, being a quadratic in m that 

coincident, or imaginary) can be drawn from a p theory of 

The product of the slopes of these tangents, using! he 1 coryol 

quadratics, is 4 -a/h, and the tangents will be perp 

equal to -1, i.e. if a/h = -1 

i.e. if /i = — 

which means that the point (h, A) must lie on y rec[r j x 

Thus perpendicular tangents to a parabola must meet on the directrix. 
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Theorem. To find the equation of the normal at the point (x x ,y^) to 
the parabola y 2 = 4 ax. 

The equation of the tangent to the parabola at (x lf yj is 
)’yi = 2a(^r + Xl ), and its slope is 2 ajy x . Hence the slope of the 
normal is —y x /2a, and the equation of the normal at (x u yj is 


y -yi= - - Xx ) .(i) 

The slope equation of the normal can be deduced from this in the 
following manner. 

Let the slope of the normal be m , then 

m = —y x /2a, i.e. y x = —lam. 

Also, since (xq, lies on the parabola^ 2 = 4ax 

x x = y x z /4a = 4a 2 m 2 /4a = am 2 . 

Using these results for y x and x x in (1), the slope equation of the 
normal is y 2am = m ( x _ am z ) 

i.e. y = mx — lam — am 3 .(2) 

If the normal (2) pass through the point (/», k), then 

k = mh — lam — am 2 , 
i.e. am 3 + m(la - h) + k = 0. 

Since this is a cubic equation in m there will be three values of m 
satisfying it, and this shows that three normals can be drawn from 
any point to a parabola, one of which must be real (the other two 
may be real, coincident, or imaginary). 

Example. Find the points of intersection of the line 2y = x + 6 and the 
parabo a y- = 8.v, and the equations of the tangents and normals to the 
parabola at these points of intersection. 

The line is given by 2 y = ,v + 6, 

i.e. x = 2y - 6 .(I), 

and the parabola is given by y 2 = 8.v.(2). 

Substituting from (1) in (2) for *, the ordinates of the points of inter¬ 
section are given by r 

y’ = 16 y - 48, 
i.e. y- - 16v + 48 = 0, 
i.e. (y - 4 )(y - 12) = 0, 

.*• y = 4 or 12. 

Using these in ( 1 ) * = 2orl8. 

Thus the required points of intersection are (2, 4), (18, 12). 

The equation of the tangent to the parabola (2) at the point (*„ y,) is 

„ yyi = 4(x + .v,), 

therefore the tangent at (2, 4) is 

4 )’ = 4(.v + 2), 

i.e. y = x + 2 . (3 
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and the tangent at (18, 12) is 

12y - 4(x + 18), 

i.e. 3 y = x + 18.(4) 

The line (3) has slope = 1, therefore slope of normal at the point 
(2, 4) is -1, and the equation of the normal will be 

y - 4 = -(x - 2), 
i.e. x + y = 6. 

The line (4) has slope J, therefore slope of normal at the point (18, 12) 
is - 3, and the equation of the normal will be 

y - 12 = -3(x - 18), 
i.e. 3 x + y = 66. 


Example. Find the equations of the two tangents that can be drawn from 
the point (2, 3) to the parabola y 2 = 4x. 

The equation of a tangent of slope m to the parabola y 2 = 4ax is 

y = nix + a/m. 

Hence, for the parabola y 2 = 4x, the equation of the tangent of slope 

m is y = mx + 1 l m .^ 

If this line pass through the point (2, 3), then 

3 = 2m + 1 /m, 
i.e. 3 m = 2m* + 1, 
i.e. 2m* - 3m + 1=0, 
i.e. (m - 1 )(2m - 1 ) = 0, 

/. m = 1 or i. 


When m 


1 the tangent is y = x + 1, and when m = i the tangent is 
hx + 1 /J f i.e. y = i* + 2, i.e. 2y — x + 4. 


Example. Find the equations of the normals from the point (5, 2) to the 
parabola y 2 ■= 4x. 

The equation of a normal of slope m to the parabola y 2 - 4ax is 

y = /nx — 2am — am 2 . 

If this normal pass through the point (5, 2) 

2 = 5m - 2 am - am 3 . 

In the given parabola a = 1 and therefore 

2 = 5m - 2m - m 3 , 

i.e. m 8 - 3m + 2 = 0. 


Using the factor theorem this becomes 

(m - l)*(m + 2) = 0 

m = 1 (twice), or 

and the required equations of the normals are 

y c 

i.e. / = 

y 

i.e. 2x + v 


- 2 , 


x - 2 - 1 
x - 3 (twice) 
- 2x + 

■ 12. 


4+8, 


(m = 1 twice) 
(m = - 2) 


and 
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Example (h.s.c.). A variable tangent to the parabola y* = 4ax meets the 
C PQC % r™ 0 d of the mid-point of 

Let the variable tangent have slope m and its equation will be 

y = mx + a/m . ( 1 ) 

By geometry the mid-point of PQ is the foot of the perpendicular''from 
O to the variable tangent to the parabola. r r 

The equation of this perpendicular through O is 

x -f- my = 0. (?\ 

since its slope will be - 1 jm. . . . 

m N ™ *? mi .‘!' POi , nt ° f PQ lies on both the lin “ represented by equations 
Ewo equidons CUS W ° b ‘ ained by eUminatin g "■ betwSn these 
From (2) m = - * / y . 

Using this in (1) the required equation is 


i.e. y 


- yS 


l-x/y) * 

ay 


i.e. xy* = - 
i.e. xy 2 + x 3 + ay* = 0, 
i.e. x{x 2 + y 3) + d y t = o 


y 


ay*. 


< li , es'on'a 1 ?x e eS'r' POint °i* V " iable chord P ' P ' of the Parabola 
y show ,h„ Cd y ~ ka ' where * « a constant. 

A P ° in,S ° f i “ Uon of '“gents a. 
Let P t = (a,, P, = (x t , y t ). 

,hc t m ; : P “' ° f P ' P ' has an ° rdina,e Vn + “d. since it lies on 

K>’i + >'*) = ka, 

The tangents at and P, to the parabola are respectively. 

yy » = 2 «(* + Xl ) .( 2 ) 

. . yy* = 2a(x + *,). 

or the points of intersection of the tangents (2) - (3) gives. 

v(y, - y t ) = 2a(xi - x t ). 

• „ _ 2a (*i - *i) 

~ y .< 4 >- 

Since P, and p , |j c on the parabo | a y i = ^ 

.Vi 2 = 4ajCi. 

„. .>’* a = 4ax, .. 


(4). 


(5) - (6) gives 


>’ ,S ~ y** = 4o(.v, - A - *), 


ic * O’. - vjo, + v t) = 4 ^: - z 

i.e. y*- + y± = 

4a >•. - y% 


(5) 

( 6 ) 
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Using the result (I) this becomes 

2 ka x, - x, . x t — x, _ k 

~~z = > l.C. ^ • 

4a y x - y, yi - y* 2 

Using this in (4) for the points of intersection of the tangents 

y = 2a x \k = ak 

Hence the required locus is the line y = ak which is parallel to the 
axis of the parabola. 


Example (h.s.c.). (a) Show that the foot of the perpendicular from the 
focus of a parabola to any tangent lies on the tangent at the vertex. 

(b) A variable line is drawn through the point (0, 2d) meeting the 
parabola y 2 = 4 ax in the points P, Q. Prove that the equation ol the 
locus of the mid-point of PQ is y 2 = 2 a(x + y). 

(a) Let the parabola have as its equation y 2 = 4 ax. Then the focus S 
is (a, 0) and the tangent at the vertex is the y-axis, i.e. x = 0. 

Let P be the point (x u y x ). Then the equation of the tangent at P is 

yyi — 2 a(x + x,).(0 

The slope of this tangent is 2a /y u and therefore the slope of the per¬ 
pendicular to it from S is —y x /2a, and the equation ol this perpendicular is 

y - - a) 



yy t 




But, since P lies on the parabola, 

y x 2 = 4 ax x .'. _)’i 2 /2 a = 2x x . 

Using this in (2) the equation becomes 

yy x = — 2x x (x - a) .(3) 

Taking (1) - (2) for the point of intersection of the tangent and the 
perpendicular to it through S, 

0 = (2 ax + 2ax x ) + (2xx x - 2ax x ) 

= 2x(a + x x ) 

x = o * ~ a) 

i.e. the foot of the perpendicular from the focus on any tangent lies on the 
tangent at the vertex. 

Note. This result is much more easily obtained as follows: 

The equation of the variable tangent is y = tax + a /m. 

The perpendicular from the focus (a, 0) on this tangent will have s ope 

( - 1 /m) and its equation will therefore be 



—(x - a), 
m 


Now both these lines can be seen to make the same intercept a/m on 
the y-axis. r . 

Hence, since the y-axis is the tangent at the vertex, the foot ol the 
perpendicular from the focus to any tangent lies on the tangent at t e 
vertex. 
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( b ) Let m be the slope of the variable line, and its equation will be 

y - 22a = mx .( 1 ). 

Where this line meets the parabola 

y 3 = 4ax .(2), 

by substituting for a from (1) in (2) 

4 a 8a* 

* y 2 - y + - = 0.(3). 

m y m v/ 

If )\ and y t be the roots of (3) and (x, y) be the mid-point of PQ, then 

v = y* + y* _ 4a _ ^ 

2 2m m .^ ^ 

Using this in (1), since (.v, y) lies on line (1) 

—■ - 2 a = mx 
m 

* - 2a (^ - v).< 5 > 

From (4) 1 Jm = y/2a, which, when used in (5) gives 

* = 2 af-f- - 

\ 4a* 2a J 

_ >' 3 

2 a y ' 

y*/2a = x + y, 
i.e. y 2 = 2a(x + y). 

Changing to running co-ordinates the required locus has as its equation 

y 3 = 2a(x + y). 

Parametric Representation of a Parabola. In the case of the 

parabola y- = 4ax it is readily seen that the point (at-, 2at) lies on 
the parabola for all values of t. 

( V x at ~\ y ~ ~ at are equations which will give a parabola 

V '"~-r , and ’ taken to gether, are known as the parametric 
equation of the parabola and t is the parameter. 

° Ve Puity l f be the parameter of one extremity of a 

f nnrLf °//*' P ? r ' aboh ‘ x = a ' 2 - V = 2 «, then - 1 will be the 

parameter oj the other end of the focal chord. 

nf L ? P b r C th . e Pouit whose parameter is t lt and Q the other extremity 
of the focal chord having parameter / 2 , i.e. P = (a h \ 2atj. 

The equation of PQ is 

y - 2a 11 = x - at x 2 

2at 1 — 2a t 2 a t x 2 — at 2 2 
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Since the focus (a, o ) lies on this 


— 2 at 1 



line 

a — at x 2 

*1 + *2 
1 — if 

h ■+■ 


i.e. — /j 2 — t t t 2 

-tit 2 


1 - ti 2 

1, i.e. / 2 = -1 Al¬ 


fa + o) 


Theorem. To prove that the tangents at the ends of a focal chord of a 
parabola intersect at right angles on the directrix. 

Taking the parametric equation of the parabola x = at 2 , y = 2 at, 
with P and Q the extremities of any focal chord, let the parameter 
of P be t^ Then, by the previous theorem, the parameter of Q will 
be — l/f 1# 

Hence P = (at x 2 , 2ati), Q = fa Ai 2 , -2a/t x ). 

Using the equation yy x = 2a(x + Xj) for the equation of the 
tangent at (x x , yj) to the parabola, the equation of the tangent at 
P will be 

2 atiy = 2a(x -1- atf), 

i.e. tiy = x + oti* .(U- 

Similarly the equation of the tangent at Q to the parabola will be 


y_ 

— / 


i.e. 


= X + j2> 
h 

_ V/ 2 


,.w. -ti}’ = xt \ + . ^' 

Adding (1) and (2) for the point of intersection of the tangents at 

P and Q 

0 = x(l + tf) + a(l + 1 1 2 ) 
i.e. x + a = 0, since 1 + h 2 + 0. 

This is the equation of the directrix and shows that the tangents at 

the ends of a focal chord meet on the directrix. 

From (1) and (2) the slopes of the tangents at P and Q are respec¬ 
tively 1 lt x and -t^ the product of which is -1, and therefore the 

tangents at P and Q are at right angles. 

Thus, the tangents at the ends of a focal chord of a parabola inter¬ 
sect at right angles on the directrix. 

Example (h.s.c.). Find the equation of the normal to the parabola 
y * = 4 ax at the point ( at a , 2 at) and show that it meets the parabola aga 
in the point (a/,*, 2ati), where ti ■= -t - 2/t. 
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If a chord of the parabola moves in such a way that the normal at its 
extremities intersect on the parabola, prove that the mid-point of the 
chord describes the parabola y 2 = 2a(x + 2a). 

The equation of the tangent at the point (at 2 , 2at) is found by replacing 
AT, it respectively by at 2 and 2 at in the equation 

VVi = 2 a(x + X,), 
giving 2 aty = 2a(x 4- at 2 ) 

i.c. ty = x + at 2 . 

The slope of this tangent is 1 //, and therefore the slope of the normal is 
- t. 


Hence the equation of the normal at (at 2 , 2at) is 

V - 2 at = - t(x - at 2 ) 
i.c. v = - /.v + 2 at + at 3 . 

If the point (a/, 2 , 2a/,) lie on this normal, then 

2 at, = - a//, 2 + 2 at + at 3 , 
i.c. 2/, = -//, 3 + 2/ + t 3 , 
i.c. //, 2 + 2/, - /(2 + /-) = 0, 
i.c. [//, + (2 + t 2 )](t l - t) = 0, 

i.c. //, = - 2 - /- or /, = t, 
h = -1 - 2 It, or /, = /. 

1 Icncc the normal meets the parabola again in the point (a/, 2 , 2a/,), 
where /,= -/- 2//. 

Let P = (a/. 2 , 2at 3 ), Q = (at 3 2 , 2at 3 ) be the extremities of the chord. 
1 hen the normals at P and Q meet the parabola again in the point 
(at,-, 2a/,) since they intersect on the parabola. 

By the first part of the question 


2 



-> 

i.c. t 2 - t 3 = —- - — 

/ 3 / 2 

• • t z — r 3 = —(/a — t a), 

* 2 * 3 


since / 3 4- / 3 . 


Ut 



The mid point ol PQ is given by (.v, v), where 


X = ho(t a 2 + / 3 2 ). 

y = a(/ s + / 3 ). 

/. y* = a 2 (t j 2 + 2 / ./ 3 + / 3 3 ) 

= " 2 (/ 3 2 + /a 2 ) + 2a 2 t s t 3 
= 2a x + 4a 2 , 
i.c. y 2 = 2a(x + 2a), 
which is the required equation. 




(using (1) and (2)) 




1 HE ELLIPSE 


241 


Example (h.s.c.). Find the equation of the tangent to the parabola 
y 2 = 4 ax at the point (at 2 , 2 at). 

Two perpendicular tangents to the parabola meet at P and intersect 
the tangent at the vertex in L, M. Show that LM = PS, where 5 is the 
focus of the parabola. 

It has been shown in the previous question that the equation of the 
tangent to the parabola y 2 = 4 ax at the point ( at-, 2 at) is 

ty = x + at 2 . 

The equations of the tangents at the points (at t 2 , 2 at x ), (a/* 2 , 2at 2 ) 
to the parabola y 2 = 4 ax will be 

t,y = x + ah 2 .0) 

t 2 y = x + at 2 2 .(2) 

The slopes of these tangents are 1 //, and 1 //, respectively, and if they 
are perpendicular 

- 1 - x — = -1, i.e. hit = -1. 


h 



The equation of the tangent at the vertex of the parabola y 2 = 4ax 
is x = 0, and using this in (1), 


y = ah 
:. L = (0,o/i), 
and similarly M = (0, at 2 ). 

LM 2 = (ati - at ,) 2 = a 2 (t x - t 2 ) 2 . 

At P where the lines (1) and (2) intersect, from (1) - (2) 

y(t x — ft) = a (t\ 2 ~ ** 3 )> 

y = a(t I + t s). 

From (1) x = t,y - ah 2 = + /.) - a/, 2 

= a/i/« 

= - a 


(/i + /,) 

(by (3)). 


NOW •S’ = ( a > 0) 

5P 2 = (2a) 3 + a 2 (/> + t 2 ) 2 
= 4a 2 4- a 2 (t x + t 2 ) 2 

= a 2 [-4 t x t, + (h + t*) 2 ] 

[using - 1 = t t t» from (3)] 

= a 2 [-4t l ti + h 2 + 2/,/, + /**] 

= a 2 [r , 2 - 2 /,/, + /,=] 

= a 2 [t x - tt l 2 

/. LM 2 = S7 >1S , i.c. LM = SP. 


The Ellipse 

Definition. The ellipse is a conic section whose eccentricity is less 

‘ h The fufi form of this statement would be: The ellipse is the locus 
of a point that moves in a plane so that its distance from a fixed pond 
(fools) in that plane bears a constant ratio (cccen noty), less.than 
unity to its distance from a fixed straight line (directrix) m the plane. 
Thi notation used in the following theorem will be used throughout. 

R 
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Theorem. To find, with the most convenient choice of origin and 
axes, the simplest (canonical ) form of the equation of an ellipse. 

S is the focus and KL the directrix, with e (< 1) the eccentricity. 
SZ is the perpendicular from 5 on KL and is produced to form the 
x axis. 



SZ is divided internally at A and externally at A ' in the ratio e : 1 
and the length A A' is taken as 2a. A A' is bisected at C, which is 
taken as the origin of co-ordinates, with CY as the j-axis which cuts 
the ellipse in B and B'. 

S' is a point on the .v-axis to the left of CY such that CS' = CS, 
and K'L' is a line on the left of CY parallel to CY, and at the same 
distance from CY as LK, with Z' the point in which it cuts the x-axis. 

With the above choice of origin and axes let P = (*, j) be any 
point on the ellipse with PN its ordinate and PM, PM' the perpen¬ 
diculars from P on the lines KL and K'L' respectively. 


From the construction, 

SA = e . AZ .(1) 

SA' = e . A'Z .(2) 


and A and A' are points on the ellipse. 

From (1) 4- (2) 

SA + SA' = e(AZ + A'Z), 
i.e. A A' = e[(CZ - CA) -f (CZ -f A'C )], 
i.e. 2 a = c[2CZ — a + a] = 2e . CZ , 

CZ = a/e, and Z ={a/e, 0). 

From (2) - (1), SA' - SA = e{A'Z - AZ), 

i.e. (CS + CA') - (CA - CS) = eAA', 

i.e. 2 CS + a — a = 2ae, 

2CS = 2ae, 

i.e. CS = ae, and S = (ae, 0). 
Now, using the distance between two points, 

SP 2 = (x - aefi -b y 2 . 
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From the diagram, 

PM = NZ = CZ - CN 

— ale — x. 

Using the definition of the ellipse, 

SP = e . PM = e(a/e - x) = a - ex, 

SP 2 = (a - <?x) 2 . 

Hence, (* - ae ) 2 + J 2 = 

i.e. x 2 - + a 2 * 2 + y 2 - 

/. * 2 (1 - e 2 ) + >> 2 = 


(a - ex) 2 , 

a 2 — laex + e 2 x 2 

a 2 (l - <? 2 ), 


i.e. 


x 2 


+ 


= 1 , 


a 4 a 2 (l — e 2 ) 

where (1 - e 2 ) is positive and less than unity, since e <1 and 

positive. . ..*.1 

This is the equation to the ellipse since P is any point on the locus 

but it is usual in the standard form to replace a 2 ( 1 - e~) by b 

giving the result 

iEl + yL = i, 

a 2 b 2 

where b 2 = a 2 { 1 — e 2 ). 

Note. This equation of the ellipse should always be taken if choice be 
permitted in the particular problem. 

Simple Properties of the Ellipse x 2 /a 2 4- y 2 /t> 2 = !• 

The equation of the ellipse can be written 

-.9 y2 

= 1 - At. 


b 2 a* 

If x 2 > a 2 it is seen that y is not real. Similarly, if j> 2 > b 2 , it 
is seen that x is not real. Hence, there is no portion of the curve 
outside the limits x = ±a, and y = ±b, i.e the curve is closed. 

For every value of x such that x 2 < a 2 , there are two equal and 
opposite values of y, and for every value of y such that y <b , 

there are two equal and opposite values of x. 

Thus the curve is symmetrical about the two axes, and from th s 
symmetry it can be seen that S' is a second focus, with KL as its 

corresponding directrix. .. DD , . . 

The line A A' is known as the major axis and the line BD is the 

minor axis of the ellipse where the ellipse cuts the y- axis m B and \ B 

When x = 0 in the equation of the ellipse, y = ±b, and therefore 

The point C is known as the centre of the ellipse, and can be shown 
to bisect all chords passing through it. 

Theorem. To find the length of the semi-latus rectum of the ellipse 

x 2 /a 2 + y 2 /b 2 = 1. 
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The latus rectum is the chord through the focus parallel to the 
directrix, and the j-values of its extremities will therefore be given 
when x = ae in the equation 

x 2 /a 2 + y 2 /b 2 = 1 1 

since the focus S is the point (ae, 0), i.e. for the latus rectum, 

<4 4- y-lb- =1, .*. y 2 /b 2 = 1 - e 2 

But b 2 = a 2 ( 1 - e 2 \ i.e. (1 - e 2 ) = b 2 /a 2 

y-lb 2 = b 2 /a 2 , giving y 2 = b*/a\ 

y = ±b 2 la, 

and the length of the semi-latus rectum is b 2 /a. 

Theorem. To prove, using standard notation, that SP + S'P = 2a, 

for the ellipse x 2 /a 2 4* y~ lb 2 = 1. 

Using the previous diagram, and geometry, 

PM' = NZ' = CZ' + CN 

= a/e x 

S'P = e . PM' = e(a/e + a - ) = a + ex. 

It was earlier shown that SP = a — ex, 

SP + S'P = (a - ex) + (a + ex) 

= 2a. 

This result gives the following mechanical method for drawing an 
ellipse: 

Take a length of string and fix the two ends to two points (foci) on 
the paper, and allow a pencil to move along the string, keeping it taut. 
Then the figure traced out is an ellipse (string must be of greater 
length than the distance between the two foci). 

Theorem. To find the points in which the line y = mx + c cuts the 
ellipse x 2 /a 2 -f y~Jb 2 = 1 , and to deduce the condition that the line 
shall be a tangent to the ellipse. 

V = mx 4 - c .( 1 ) 

a -la 2 + y 2 lb 2 = 1.(2) 

By substituting for^ in terms of a* from (1) in (2), the abscissae of 
the points of intersection are given by 

a- 2 ^ (mx 4- c) 2 _ , 

a 2 ^ b 2 

i.e. b 2 x 2 4 - a 2 (mx + c) 2 = arb 2 , 
i.e. a : 2 (b 2 + a 2 m 2 ) 4- 2 a 2 cmx + (a 2 c 2 - a 2 b 2 ) = 0.(3) 

The equation (3) is a quadratic in a, and hence the line (1) cuts the 
ellipse (2) in two points (real, coincident, or imaginary) whose 
abscissae are given by the equation (3), and whose corresponding 
ordinates are then obtained from equation (1). 
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The line (1) will be a tangent to the ellipse (2) if the roots of equa¬ 
tion ( 3 ) in x are coincident, and the condition for this is 

4a*c 2 m 2 = 4 (b 2 4- a 2 m 2 )(a 2 c 2 - a 2 b 2 ), 
i.e. a 2 c 2 m 2 = (b 2 + a 2 m 2 ){c 2 - b 2 ), (a 2 4 0 ) 

i.e. a 2 c 2 m 2 = b 2 c 2 - b l + a 2 c 2 m 2 - a 2 b 2 m\ 
i.e. b 2 c 2 = b x + a 2 b 2 m 2 , 

i.e. c 2 = b 2 + a*m *, (*> + °) 

Thus, for all values of m, the straight lines given by 

y = mx ± y/(a 2 m 2 + b 2 ) 

are tangents to the given ellipse. This equation is known as the 
slope equation of the tangent. 

The perpendiculars from the centre C on these tangents a 
± + b 2 )/V 0 + rn 2 \ and, therefore, there are two tangents 

to an ellipse of given slope m, which are equidistant from the centre C. 

Theorem. To find the equation of the line joining the points (*i, >’i). 

(x 2 , y 2 ) on the ellipse x 2 /a 2 + y 2 /b 2 = \, and hence obtain the 

equation of the tangent at the point (_x ly yj). 

The equation of the line joining the points (x lf yj, (* 2 » } 2 ) 

x - x x = y - yi .(i). 

— *2 >’i ■“ y 2 

Since the points (x„ yd, (x 2 , yd Me on the given ellipse 

x , 2 /* 2 + v , 2 //> 2 = 1 . 2 > 

+ JV '/* 1 = >.< 3) - 

X , 2 - x 2 2 , >■! 2 ->' 2 ‘ _ n 
(2) - (3) gives -5-^- + —- U 

. (x 2 - x 2 )(x, + x 2 ) = ~(Vi - ■VnXj’i + >' 2> .(4) 

1 * C * q 2 b 2 

Combining equations (I) and (4) by multiplication, thus ensuring 

that the points (X,, yd. (** sha “ lie on the el "P Se ' ,hC eqUaU ° n 

of the line is , i \ 

(x - x^x, + x 2 )_ (y - y d(y. +.>'«>. 

-o /; “ 

i.e. _ V. _ ^. 

i.e. - Jg. + ^ ^ 

Using the result (2) in this, the required equation becomes 

*(*i + *«) 4 . yO±+_z*} = 1 + 
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Replacing x 2 by x ly y 2 by y x in this equation, the equation of the 
tangent at (x lt yf) will be 

2xx i . 2 m _ , , _*£_ , yy_ 

a 2 ^ b 2 -t ~ a 2 ^ b~ 

= 2 (using (2)). 

Therefore the equation of the tangent at (x lt yf) is 

. m_ = i 
a 2 + b 2 

Note. Taking x t = a , y t = 0 in the equation of the tangent, it is seen 
that the tangent at A is x = a, which is a line parallel to the y-axis. 
Similarly the equations of the tangents at A', B, B’ are x = -a, y = b, 
y = —b respectively. 

Theorem. To find the condition that the line lx + my = n shall 
touch the ellipse x 2 /a- + >’ 2 /b 2 = 1. 

lx 4- my = n .(1) 

x 2 /a 2 + y 2 /b 2 = 1.(2). 

Let (a*!, yf) be a point on the ellipse (2), 

.*• *la*+ yi *lb* = 1 .( 3 ). 

The equation of the tangent at (x lt yf) is 

xxtfa* 4- yyjb 2 = 1.(4). 

If the line (1) be tangential to the ellipse, then, for some values of 
■Vj and >•,, the equations (1) and (4) will represent the same straight 
line, and the equations will be equivalent, giving 


-V, la 2 y x /b 2 1 


/ m n 


a 2 l 

„ . 

.(5), 

b 2 m 

* “ „ . 

.(6). 


Using (5) and (6) in (3), the required condition is 

a 4 / 2 b*m* 

~arn 2 + bhf 2 = l * 
i.e. a 2 l 2 + b 2 m 2 = n\ 

'I heorem. To find the equation of the normal at the point (aTj, yf) oj 
the ellipse x 2 la' 1 y 2 Jb 2 = 1. 

The equation of the tangent to the ellipse at (.v lt yf) is 

xxy/a 2 - \-yyJb 2 = 1, 
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and the slope of this tangent is 

-*i I yi 
/ b 2 * 

Hence the slope of the normal at (x lt yO will be 

yi 

W * 2 ’ 


and the equation of this normal is 


y - y i = 


yil^ 

xja 


T (x - * 1 ). 


. y - yi __ x 1 

yi/b* xja 2 ' 

Example. Find the eccentricity and semi-latus rectum of the ellipse 
2x 2 + 3y a = 5. 

The equation of the ellipse can be written 

y 2 V 2 

JL. + X. = i f 

5/2 + 5/3 

and comparing this with the standard form x 2 /a 2 +>- 2 /^ 2 - >. 

a* = 5 /2, b 2 = 5/3. 

Hence, if e be the eccentricity, 

i.e. 5/3 - (5/2)(l - «’). •*• 1 - « “ 2/3> 

• e 2 = i /3, and e = l/v3 - 

_ 5/3 _ 5 x V2 

The semi-latus rectum = — - V( 5 / 2 > 3 ' v/5 

= V10/ 3 - 

“i/r CaUot 6 “units’S?normals ^t^the "points of 
intersection. 

From the equation of the line .M). 

= 3 — .. 

Substituting this in the equaUonof the ellipse. (2)> 

for the points of intersection of th + e Une (1) and '.he ellipse (2) 

4x 2 + (3 - 2x) 2 - 5, 
i.e. 4 x 2 + 9 - 12x + 4x* - 5, 
i.e. 8x 2 - 12 x + 4 = 0 
i.e. (2x a - 3x + 1) = 0, 

.*. (x - l)(2x - 1) - 0. ... 

.-. x = 1 or 1 /2. 

From ( 1 ), V = 1 or 2. .. 

Hence the points of intersection ^ (x „ ,,) is 

The equation of the tangent to the ellipse w * i 

Axx t + yyx = 5 * 


(1). 
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Therefore the equations of the tangents at the points (1,1). (4, 2) are 
respectively 4x + y = 5,1 

and 2x + 2y = 5.1 

The slopes of these tangents are -4, and -1, and the slopes of the 
corresponding normals will therefore be i, 1 respectively. 

The equation of the normal at (1, 1) is 

y - 1 = Hx - 1 ), 

i.e. 4y — 4 = x — 1, 
i.e. 4y = x + 3. 

The equation of the normal at (4, 2) is 

y - 2 = 1(jc - 4). 
i.e. y = x + §, 
i.e. 2y = 2x + 3. 


Example. Find the equations of the tangents from the point (l, 2) to the 
ellipse x 2 /9 + y 2 /4 = 1, and the co-ordinates of the points of contact 
of these tangents. 

The tangents of slope m to the ellipse 

x 2 /a 2 + y 2 /b 2 = 1.(1) 

arc given by y = mx ± y/(a 2 m 2 + b 2 ). 

Thus the equations of the tangents of slope m to the given ellipse are 

y = mx ± \/{9m 2 + 4). 

If these tangents pass through the point (1,2) 

2 = m ± \/{9m 2 + 4), 
i.e. 2 - m = ±y/9m 2 + 4). 

Squaring 4 - 4m + m* = 9m 2 + 4, 

i.e. 8m 2 -f 4m = 0, 
i.e. 4/n(2/;i + 1) = 0, 

.'. m = 0 or - 4. 


1 herefore the equations of the tangents are y — 2 = m(x - 1). 

When m = 0 y = 2, 

and when = - 4 y - 2 = - i(x - 1), 

i.e. 2y - 4 = -x + 1, 

i.e. x -f 2 y = 5.(2). 

W hen >• = 2 in the equation (1), x = 0 (twice), (using a 2 = 9, b 2 = 4) 
Now the tangent at (.v„ y x ) to the ellipse (1) is 

Ifi . . xx t /9 + yyi/4 = 1.(3). 

u the equations (2) and (3) represent the same line, they are equivalent, 
and, comparing coefficients 

•v, /9 = y x /4 1 

1 2 5* 


tr , . i.e. Xi = 9/5, y x = 8/5. 

Hence the points of contact are (0, 2), (9/5, 8 /5). 


Example (h.s.c.). The equation of a circle is x 2 4- y 2 — a 2 , and P is 
any point on it. The line joining P to the point (0, a) cuts the axis of x 
in R , and the line joining R to the point (0, b), where b < a, cuts the 
ordinate through P in Q. Prove that Q always lies on the ellipse 

x 2 /a 2 + y 2 /b 2 = 1. 
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Prove that the normal at P to the circle and the tangent at Q to the 
ellipse meet on the curve (x 2 /a + y z /b) 2 = x~ + y. 

Let P be the point (x„ y x ), A = (0, a), D = (0, b). 

y — a x 

The equation of AP is ^ — — — Xx m 

n -a x 

Therefore when v = 0, i.e. at R, - — — _ 

y ci — y i A i 

• x = —i.e. R = (—■ V’ °Y 

‘ ‘ x a - v,’ \« - > » / 


y — b — OX \ 

The equation of BR is - ^ — x j Q _ ^ 


At Q where x = Xi, 

y ~ b 


- »/(-.“*) - 


- (o - 


... y = A, i.e. >- = £>’./«• 

6 a 

Thus, if (x, y) be the point Q 

X = x„ y = by I la, 

i.e. y t — ay lb . 

Now (x„ yO lies on the circle x 2 + y 2 = a 2 , 

x x 2 + yx 3 = a*. 

Using equations (1) in (2), 

x 2 + a 2 y 2 lb 2 = a 2 , 

x 2 9* _ j 
‘.e. "a + 51 ~ 

i.e. Q lies on the ellipse x*/a 2 + y 2 lb 2 = 1. 

The equation of the tangent to the ellipse at Q is 

XX la 2 + yy lb 2 = 1, 

i.e. xxx la 2 + lab = *. 

The equation of the normal at P to the circle is 

y-*~* . 


(i). 


( 2 ). 


(3). 


(4). 


Now if Xxt )'i are eliminated between equations (3) and (4), using the 
result (2), the required locus is obtained. 


From (3) 


Using (4) in this. 


* + £ x * 

a b *i 

x - + £■ 
a bx 


i.e. x 2 /a + y 2 lb = 

. (*l + z\y = y 

’ { a + b J Xx 


Xx 

ax /Xx, 


x x 
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Using y x = yx x /x from (4) in (2), 

x x * + y z x x 3 /x 
a 3 x 3 

• • 9 

*i a 



x 3 + 



Using (6) in (5), the required locus is 





Theorem. To find the locus of the points of intersection of perpen¬ 
dicular tangents to the ellipse x 2 /a 2 -j- y 2 /b 2 = 1. 

The equations of tangents of slope m to the given ellipse are given 
by 

y = mx ± V(a 2 m 2 + b 2 ), 

i.e. y — mx = ±\/(a 2 m 2 + b 2 ). 

Squaring this (y — mx) 2 = a 2 m 2 + b 2 , 

i.e. y 2 - 2 mxy + m 2 x 2 = a 2 m 2 + b 2 , 
i.e. m 2 (a 2 - x 2 ) + 2 mxy + {b 2 - y 2 ) = 0.(1). 

The result (1) is a quadratic equation in m and will give two values 
for m. Thus two tangents can be drawn from any point (x, y) to the 
ellipse x 2 /a 2 + y 2 /b 2 = 1, and, from the equation (1), the product 
of the slopes of these two tangents is ( b 2 — y 2 ) /(a 2 — x 2 ). 

But the two tangents will be perpendicular if the product of the 
slopes is — 1, 

b 2 - v 2 

i.e. if --A, = -1, 

a- — x- 

i.e. if b 2 - y 2 = -a 2 -f x 2 , 
i.e. if x 2 + y 2 = a 2 + b 2 . 

Thus, for two perpendicular tangents, the point of intersection will 
lie on the circle 

** + y 2 = a 2 + b 2 , 

which is known as the director circle of the ellipse. 

Definition. The circle described with the major axis of an ellipse as 
diameter is known as the auxiliary circle of the ellipse. 

In the case of the ellipse x 2 /o 2 -f- y 2 /b 2 — 1, where a 2 > b 2 , 
the equation of the auxiliary circle will be x 2 -f y 2 = a 2 . 

Theorem. To prove that corresponding ordinates oj the ellipse 
x 2 /a 2 + y 2 jb 2 = 1 and its auxiliary circle are in the ratio b : a . 

If P = (*> y) be any point on the auxiliary circle 



1 


( 1 ), 
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and PN be the ordinate of P cutting the ellipse in the same quadrant 
in P x , then P 1 is the corresponding point on the ellipse to the point P 
on the auxiliary circle, and PN, P X N are corresponding ordinates of 
the auxiliary circle and the ellipse. 



Since P lies on the auxiliary circle (1), 


CN 2 



PN 2 ^ 

a 2 


1 



Since P x lies on the ellipse. 


(3) — (2) gives 

P X N 2 
b 2 


CN 2 

a 2 

PN 2 
a 2 

P X N 2 

b 2 

P X N 

PN 


+ 


P X N 2 

b 2 


= 0 , 


PN 2 


a 


b 

a 


= 1 


, i.e, 


P X N 2 

PN 2 


b 2 


a 


2 ’ 


(3). 


(4). 


The angle PCN is usually denoted by 9 and is known as the 
eccentric angle of the point P x on the ellipse. 

From the diagram, CN = a cos 9 , and PN = a sin 9 . ms, 

from the result (4), P X N = b sin 9 . 

From this result it can be seen that any point P x on an ellipse can 
be taken as (a cos 9 , b sin 9 ), where 9 is the eccentric angle 0 1 * 

and the equations x = a cos 9 , y — b sin 9 are a parametric form o 

the equation to the ellipse x 2 /a 2 + 

Sometimes the point P x is denoted by [ 9 ] which means that the 

eccentric angle of P x is 9 and P x = (« cos 9 , b sin 9 ). 
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Theorem. To find the equations of the tangent and normal at the 
point P, whose eccentric angle is 9 , of the ellipse x 2 /a 2 -f- y-jb 2 = 1. 

Now P = (a cos 9, 4 ) sin 9), and the equation of the tangent at 
(*1. Ti) to the given ellipse is xx x /a 2 + yy x /b 2 = 1. 

Replacing x x by a cos 9, y 1 by b sin 9, the equation of the tangent 
at P is x cos 9 /a + y sin 9 /b = 1. 

The slope of this tangent is 

cos 9 / sin 9 
a / ~b~* 

therefore the slope of the normal at P is 

sin 9 lb 
cos 9 /o' 

and the equation of this normal is 


y — b sin 9 = 


; „ b(y - b sin 9) 

l.C. -:- 

sin 9 



sin 9 


ax 

i.e. - 

cos 9 


b y = 

sin 9 


sin 9 /b 


cos 9 /a 
a(x — a cos 9) 
cos 9 


(x — a cos 9), 


ax 

cos 9 




Example (h.s.c.). Obtain the equation of the normal to the ellipse 
x- ia- -l- y-/b 2 = I at the point (a cos 0 , b sin 0 ). 

The normal at P to the ellipse meets the *-axis at A and they-axis at B. 
Show that the locus of Q, the mid-point of AB is the eUipse whose eccen¬ 
tricity is the same as that of the original ellipse. Also if the eccentric angle 
of P is Jtt, show that PQ is a tangent to the second ellipse. 

As proved in the text, the equation of the normal to the ellipse 
A-;«- -t v- b- = 1 at the point (a cos 0, b sin 0) is 

ax by 

- —— = a 2 — b 2 
cos 0 sin 0 a ° * 

At A, where y 0, 


ax 
cos 0 



X 

i.e. A 

At B, where x = 0 , 




- b *) 
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•• y = 


sin 0 


(.a 2 - b 2 ). 


i.e. B = j^O, - ^-V 2 - **>]• 
Hence, the co-ordinates of Q = (x, y) are given by, 


cosO 0 , 2 . 

x = -=—(a- - o ); 
2a 


lax . 

i.e. —-7-. = cos 0; 


Iby 


a 2 - b 2 
Squaring and adding these 

4a 2 * 2 4 b 2 y 2 


a 2 - b 


sin 0 , 2 

y - - -2 F (a _ 6 ,1 

= - sin 0. 


+ 


= cos 3 0 + sin 3 0 


(a 2 - b 2 ) 2 (a 2 - b 2 ) 2 = 1. 

Thus Q lies on the ellipse 

4a 2 * 2 4 b 2 y 2 = , 

\a* - b 2 ) 2 (a 2 - b 2 ) 2 

If e x be the eccentricity of this ellipse 


[ 


(a 2 - b 2 ) 2 ^ (a 2 ^_b 2 
taking b 2 < a 2 and .'. ^ ^ 


4 a 2 

(a 2 - b 2 ) 2 ( a 2 - b 2 ) 2 ^ ] _ ^ ^ 




4a 2 4Z> 2 

i.e. b 2 = a 2 (1 - e, 2 ). 

Now Z> 3 ■= a 2 (l - e 2 ), where e is the eccentricity of the original ellipse, 

e x = e. 

~(a z - 
lby/2 

and P is the point (a/V2. */V2), therefore the equation of the tangent 
at Q to the ellipse traced out by Q is 

4 a 2 * (a 2 - b 2 ) + 4fc 

(a 2 - 6*) 2 X 2a V2 


. fa 2 - b 2 -(a*-b 2 -\ 
When 0 = Q is the point ^ ^a^l' ~2bV2 ’ J 


\b 2 y r _ (a 2 ~ b 2 )~1 

- 6 3 ) 2 L 2b\/2 J 


1 


(a 


i.e. — 


axy/2 
a 2 ~ b 2 


byV 2 
a 2 - b 2 


I 


Using * = a IV 2. y = W*. L H S * of this beCOmCS 

69 = 1 . 


a 


a* - Zj 2 a 2 - b 2 
therefore the point P lies on the tangent at Q, i.e. PQ is a tangent to the 
second ellipse. 

Example (h.s.c.). The tangents at two points P, Q on an ellipse‘intersect 

in the point T. Show that the medians of the trian^PT-fi meet at apo.nt 

on the ellipse if the eccentric angles of P and Q differ by 120 or 240 . 
Let 0„ 0, be the eccentric angles of P and Q on the ellipse 

* 2 /a 2 4- y 2 lb 2 = 1. 

therefore P = (a cos 0„ b sin 0.) and Q = (a cos 0„ b sin »«)• 
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The equations of the tangents at P and Q are respectively 


x cos 0 x /a + y sin 0 , \b = 1 .( 1 ), 

x cos 0 . ja + y sin 0 a jb = 1 .( 2 ). 


Taking (1) x sin 0 . - (2) x sin 0 lf we have for T 


— (sin 0 2 cos 0 X — cos 0 2 sin 0 X ) = 
a 


i.e. — sin ( 0 2 - 0 j) = 
a 

2 .v . 0 2 - 0 t 0 2 0 l 

i.e. — sin ---cos--- = 

n > ' 


X 

i.e. — = 
a 

x = 

since 0 2 ~ 0, = 120° or 240% 


sin 0 a - sin 0 lt 


2 cos 
2 cos 


Qi + 0, 
2 

0i + 0* 


sin 

sin 



cos }(0i + Q«) 
cos |( 0 3 - 0 ,)’ 

±2a cos K°i + ° 2 >, 


Similarly y = ±2 b sin 4(°i + 0*). 
The mid-point of PQ is given by 


x = *(a cos 0j 4- a cos 0 a ) = a cos i(0j + 0 a ) cos £(°i - 0 a ) 
= cos i( 0 i + 0 *) 

y = k{b sin 01+6 sin 0 a ) — b sin K°i + 0 ») cos J( 0 i - °») 
= sin 4(0i + 0 »). 


The centroid of the triangle PTQ is the point dividing the join of the 
mid-point of PQ to T in the ratio 1 : 2, and, if its co-ordinates are ( x , y), 
then. 


x 


2 [ ± ia cos J( 0 i + 0«)1 + [ it 2a cos i(°i + e »)] 

2 + 1 


3d 

= ±y cos K °1 + 0*) = ±a COS K °1 + 0j). 


Similarly y = ±b sin A(°i + 0*). 

Since the centroid is of the form (ci cos 0, b sin 0) it must lie on the given 
ellipse. 


Example (h.s.c.). The normal at P, a point on the ellipse 

x-!a 2 +y*Jb 2 = 1 , 

meets the major axis at G and the ordinate at P meets this axis at M. 
Prove that GM = ( b-\a ) cos 0, where 0 is the eccentric angle of P. 

Prove also that the locus ot the mid-point of GP is a second ellipse 
concentric with the lirst, and find the eccentricity of the second ellipse 
if a = 4, b = V15. 


P is the point (a cos 0, b sin 0 ) on the ellipse * a Ja * + y* Jb z = 1, whose 
centre is C the origin. 

The normal at P to the ellipse has the equation 

ax _ by 
cos 0 sin 0 


- - = a* - b- 


U). 
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At G, y = 0 in (1) and 


Now CM = a cos 6, 


ax 

= a 2 

— 

b 2 


COS o 

a 2 


b z 

cos 0 

X 


a 




a 2 


b- 

COS 0. 

i.e. CG 


a 





0 - 

a 2 

- CG 

II 

o 

o 

l/> 

— -- 


cos 0 


a 


cos 0 - a cos 6 -— cos 0 


a 


b 2 


cos 0. 


a 


Let (Jc, y) be the mid-point of GP 

x = i 


a 2 — b 2 
a cos 0 -1- - - cos 0 


cose 


From (2), 


From (3), 


a 

y = \b sin 0 
x 


...( 2 ) 

.. ( 3 ) 


( 


2 fl 2 - 6 3 \ 

2a ) 
9l\b - 


COSO. 


sin 0. 


Squaring and adding these 

4 5 Z* p - cos* 0 + sin 2 0 

FFT * (l)‘ -.. 

Thus the equation of the required locus (changing to runrnng CO 
ordinates) is 


+ 


1 , 


(tT &r 

which is an ellipse having the same centre C as the original elhpse 
When a - 4 and 6 = V15 the equation of the locus becomes 


+ is ~ '• 


c-^r 

x* y\. _ i 

,,e ' 289764 + 15/4 
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If e be the eccentricity of this ellipse 


15 

4 


• • 




289 

* 7-0 - e'-), 
64 

15 64 

4 X 289 


1 - 
7 

1 T 


240 

289 


240 

289’ 

49 

289’ 




The Hyperbola 

Definition. The hyperbola is a conic whose eccentricity is greater 
than unity, i.e. the locus of a point that moves in a plane so that its 
distance from a fixed point (focus) in the plane bears a constant 
ratio (eccentricity), greater than unity, to its distance from a fixed 
straight line (directrix) in the plane. 

Theorem. To find, with the most convenient choice of origin and 
axes, the simplest (canonical) form of the equation of a hyperbola. 

The notation in this theorem is used throughout the work on the 
hyperbola. 


In the diagram, S is the focus, KL the directrix, SZ is the perpen¬ 
dicular from S on KL, and ZS produced is chosen as the .v-axis. 
.1 and A are points dividing SZ. internally and externally respectively 
in the ratio e : 1 , where e is the eccentricity of the hyperbola, and 
hence A and A' lie on the hyperbola. 

AA is taken to be of length 2a, and C the mid-point of AA' is 

chosen as the origin of co-ordinates with CY perpendicular to CS 
as the v-axis. 

9r 

P = (v, v) is any point on the hyperbola with the above choice of 
origin and axes, and P,\ is its ordinate. S' and Z' are the images of 
S and Z respectively in the axis CY, and K'L' is the parallel to KL 
through Z'. PM and PM' are the perpendiculars from P on KL and 
K'L' respectively. 
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By construction, SA — e . . .j*J 

y SA' = e.A'Z ... 

(1) + (2) gives SA + SA' = c(AZ 4- A'Z), 

i.e. (CS - CA ) + (CS + CA) = e AA , ^ 

i.e. CS - a + CS \- a = 2ae, 2CS - 2ae, 

i.e. CS = ae, and S = ( ae , 0). 

( 2 ) - ( 1 ) gives 

SA' -SA = e(A'Z - AZ), 

i.e. AA' = e[(A'C + CZ) - (CA - CZ)], 
i.e. 2 a = e[a A- CZ - a 1- CZ], 

= 2e . CZ, 

/. CZ = a/e , and Z = (a/e,0). 

Using the distance between two points, 

PS 2 = (x - ae ) 2 + 4 2 . 

From the diagram, PM = NZ = CN — CZ 

= x - a/e, 

by definition, SP = e . PM = e.v - a, 

i.e. S / 52 = (ex-a ) 2 . 

From (3) and (4), (x - ae)* + y* = (ex- a)*, 

i.e. x 2 - 2aex + a*e* + y* = ****- 2aex + a . 

x*(e* - 1 ) - y* = «-(** - ■>> 

x 2 _ y* = i 

‘• e - a 2 oV - >) 

e* — 1 is positive, since e 2 > 1 , therefore, using b -- a (e 1 ) 
in the above P result, the required equation of the hyperbola is 

*1 - 21 = l. 

a* b 2 

Nora. This equation is the standard equation * «“ 8 ^‘OT“ boto 
and should always be used as its equation if choice be permitted. 

Simple Properties of ^ Hyperb«U_x 2 /a 2 ^ 2 / 6 J = 1- U^ke 

to q t , 0 rea! n x' > n 2 , m ..e. 'there is no portion of .he -ve between 
, = , „ an( i ,he curve must therefore consist of two branches. 

If x 2 > a 2 there are two equal and opposite valucs^ y °^ vel j> 
value of x and the curve will be symmetrical about CX. Similarly 

U From du^symmetry oft&e K'L' will be a second directrix 

W ± ® 'and'therefore the hyperbola extends 

towards infinity in both directions. ;f „ . he 

The line AA' is known as the transverse cix.s a nd A BwAJib* 

points on YY‘ such that CD = CD' = b, then BB is the conjugate 
axis of the hyperbola. 


i.e. 







258 


INTERMBDIATB MATHEMATICS 


Theorem. Tofind the length of the semi-latus rectum of the hyperbola 

x 2 /a 2 -y 2 /b 2 = 1. 

The latus rectum is a chord through the focus 5 parallel to the 
directrix and therefore parallel to the j>-axis, and hence can be 
obtained by using x = ae in the equation x 2 la 2 — y 2 /b 2 = 1, 
giving 

e* _ = i 

to 1 9 


i.e. 


= e 2 - 1 


= —-, since b 2 = a 2 (e 2 — 1 ), 


= —, for the extremities of the latus rectum, 


• * v 

i.e. y = ± -. 

a 

Thus the length of the semi-latus rectum is b 2 /a. 


Theorem. To prove that, if P = (x lt >>i) be any point on the hyper¬ 
bola x 2 /a 2 — y 2 /b 2 = 1, then SP = ex x — a, S'P = ex x + a, and 
S'P - SP= 2a. 

Using the previous diagram with P = (.Xj, y x ), 

PM = NZ = CN — CZ = x x — a/e, 

.’. SP = e . PM — ex t — a. 

Also PM' = NZ' = CN + CZ' = + a/e, 

S'P = e . PM' = exi + a. 

Hence, S'P — SP = (< ex x -fa) — ( ex x — a) — 2a. 

Comparison of the Hyperbola and Ellipse. The standard equation 

x 2 /a 2 — y 2 /b 2 = 1 

lor the hyperbola is the same as the standard equation 

x 2 /a 2 + y 2 /b 2 = 1 

for the ellipse with b 2 replaced by — b 2 . Thus certain properties of 

the hyperbola can be deduced from those of the ellipse by replacing 

b- by — b 2 in the corresponding result for the ellipse, wherever 
necessary. 

The results for the hyperbola x 2 /a 2 — y 2 /b 2 = 1 thus obtained, 
using standard notation, are as follows: 

(a) The equations of the tangents of slope m are given by 

y = mx ± y/(a 2 m 2 — b 2 ). 

(b) The equation of the tangent at (x x ,y^ is ® = 


1 . 
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(c) The equation of the normal at (x lt >>,) is 

* - * 1 . y - yi = o 

xja 2 

( d ) The line lx + my = n touches the hyperbola if 

a 2/2 _ b 2 ni 2 = 


( e ) The equation of the director circle (i.e. the locus of points of 
intersection of perpendicular tangents) is x 2 + y 2 = a 2 — b 2 . 

Definition. An asymptote to any curve is a line that cuts the curve 
at two coincident points at infinity (i.e. a tangent to the curve at 

infinity). 

Consider the quadratic equation 

ax 2 + bx + c = 0.CD- 


Replacing x by 1 ly it becomes 

a/y 2 + b/y + c = 0, 

i.e. a 4 - by + cy 2 = 0 .( 2 ). 

The two values of y obtained from equation (2) will both be zero 
if a = 0 and b = 0 simultaneously. But when y = 0 the value of x 
is infinity. Thus the conditions that the two roots of equation (1) 
shall both be infinite are that a = 0 ; b = 0 simultaneously. 


Theorem. To find the equations of the asymptotes of the hyperbola 

x 2 /a 2 — y 2 /b 2 = 1. 

Note. The hyperbola is the only conic that has asymptotes. 

Let the equation of an asymptote of the hyperbola 

X‘la* - y*lb* = 1 . <7 

be y = mx + . . 

Substituting for y from (2) in (1) to obtain the abscissae of the 
points of intersection of the line and the hyperbola, 

X 2 (mx 4- C) 2 __ . 

^ b 2 

i.e. b 2 x 2 - a 2 (m 2 x 2 + 2 cmx + c 2 ) = a 2 b 2 , 

i.e. x 2 (b 2 - a 2 m 2 ) - 2 ahnex - (a 2 c 2 I a 2 b 2 ) — 0. --(3) 

If the line (2) is to be an asymptote of the hyperbola (1) the roots 

of equation (3) in x must both be infinite, and the conditions for this 

are 

b 2 - a 2 m 2 = 0.( 4 > 

a 2 mc = 0.(5) 

From (4), m 2 = b 2 /a 2 , therefore m = ±b/a, and from (5), 
c = 0, since m 4= 0 and a 4= 0. 
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Thus the equations of the asymptotes are y = zLbx/a t which in 
the combined form is 



Note. The equations of the asymptotes in the combined form differ 
by a constant from the equation of the hyperbola. 

Theorem. To prove that the point x — a sec 9 , y = b tan 9 lies on 
the hyperbola x 2 /a 2 — y 2 /b 2 = 1 for all values of <p. 

Substituting x = a sec 9, y = b tan 9 in the equation 

x 2 /a 2 -y 2 /b 2 = 1, 

it becomes sec 2 9 — tan 2 9 = 1, which is true for all values of 9. 
Hence (a sec 9, b tan 9) lies on the hyperbola for all values of 9, 
and one parametric equation of a hyperbola is x = a sec 9, 
y = b tan 9. 


Definition. If b = a in the hyperbola x 2 /a 2 — y 2 /b 2 = 1, the hyper¬ 
bola is said to be rectangular , since its asymptotes 

x 2 /a 2 — y 2 /a 2 = 0 , i.e. x 2 — y 2 = 0 ) 

will be at right angles, and in this case the equation of the hyper¬ 
bola will be x 2 — y 2 = a 2 . 


Theorem. To find the equation of a rectangular hyperbola referred to 
its asymptotes as axes. 

Take the equation of the hyperbola as 


x 2 -y 2 = a 2 .( 1 ), 

referred to its own axes as axes of reference. 

The asymptotes will be at right angles and will have as their 
equations 


and 


x+y = 0.( 2 ), 

x~y = 0 .(3). 


The perpendicular from the point (p , q ) on to the lines (3) and (4) 
will be given by 


X = £±i, and r = P^A, 

V 2 y/2 

respectively (neglecting signs), and the product of these perpendiculars 
is given by XY = \{p 2 - q 2 ). 

If the point (p, q) lie on the hyperbola (1), p 2 - a 2 = a 2 and 
therefore XY = \a 2 . 

But ( X , Y) will be the co-ordinates of the point on the hyperbola 
referred to the asymptotes as axes of reference. 

Hence the required equation in running co-ordinates is xy = \a 2 . 
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Theorem. To find the equation of the tangent to the rectangular 

hyperbola xy = c 2 at the point (x,, jq). 

Let the points (x„ y x ), (x 2 , y 2 ) lie on the hyperbola 

xy = c 2 .(1) 

x l y l = c 2 , i.e. x x = c 2 /y x .(2), 

and x 2 y 2 = c 2 , i- e - x 2 = c * ly* . 

(2) - (3) gives x x — x 2 = c 2 (y 2 - yJlytft .W- 

The equation of the line joining two points is 

* - = y-y* .( 5 ). 

*1 - x 2 y x - y 2 

Combining (4) and (5), the line joining (x„;’,), ( x 2 ,y 2 ) has as its 
equation c 2 (y — jq) 

x “ Xl = “ yiy* 

Using y 2 = y x in this, the equation of the tangent at (x lt y x ) is 

x - x x = — c 2 (y - yi)ly x 2 

= r *«*(. y-i A (using ( 2) ) 

= -x x (y-y x )lyi 

y x (x - x.) + x x (y - >'.) = 0 . 

i.e. xyi+yxi — 2x x y x 

= 2 c* (using ( 2 )). 

Hence the required equation is xy x + yx x = 2c 2 . 

Note. This result can be readily obtained by calculus. 

Example Find the points in which the line 5y = 3x - 5 cuts the 
hyperbola 4 x 2 - 25 y* =15, and the equations of the tangents and normals 

to the hyperbola at these points. 

From the equation of the line 

y = $(3x - .. v ‘ ; 

Substituting for y from (1) in 4x- - 25,> - 15. for the points of inter- 

section of the line and the hyperbola 

4x 2 - (3x - 5)* - 15, 

i e 4x 2 - 9x 2 + 30x - 25 = 15, 

i.e. 0 = 5x 2 - 30x + 40. 

i.e. x 2 - 6 x + 8 = 0 , 

/. (x - 2)(x - 4) = 0, 

i.e. x = 2 or 4. 

Using these in (1), „ . 

when x = 2 . y - fa 

and when x = 4, y ~ fa 

Thus the required points of intersection are (2, J ), (4, {). 

The equation of the tangent at (x„y,) to the given hyperbola is 

4xx, - 25yy t — 15. 
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The equation of the tangent at (2, £) will be 

8 * - 5 y = 15, ( Xl = 2, yi = *). 

and the equation of the tangent at (4, £) will be 

16x - 35y = 15, (x, = 4, = £). 

The slope of the tangent at (2, J-) is ■§■, therefore the slope of the normal 
is -|, and the equation of the normal at ( 2 , -*-) is 

y - £ - - «(* - 2 ), 

i.e. 40y — 8 = - 25* + 50, 
i.e. 25x + 40 y = 58. 

The slope of the tangent at (4, £) is , therefore the slope of the normal 

is “ and equation of the normal at this point is 

y ~ i — ~ 4) ’ 

i.e. 80y - 112 = -I75x + 700, 
i.e. 175* + 80y = 812. 


Example. Find the equations of the tangents from the point (4, 4) to the 
hyperbola 9a: 2 - 9y 2 = 16. 

The equation of the hyperbola can be written 


a : 2 

16/9 


y* 

16/9 


1 



The equations of the tangents of slope m to the hyperbola 

x 2 /a 2 - y 2 /b 2 = 1 

are given by y = mx ±y/(a*m* - b 2 ). 

Hence the equations of the tangents of slope m to the hyperbola (1) are 
given by 

y - mx ±V(s 6 '"’ - t)- 

If the point (4, 4) lies on this tangent. 



Squaring 16 - 32 m + 16m 2 = 

i.e. 9(1 - 2m + m 2 ) = m* - 1, 
9 - 18m + 9 m* = m* - 1 , 
i.e. 8m 2 - 18m + 10 = 0, 
i.e. 4m 2 - 9m + 5=0, 
i.e. (4m - 5)(m — 1) = 0, 

m = £ or 1 . 

When m = f the equation of the tangent is 



y - 4 = $(x - 4), 
4y - 16 - 5 a: - 20, 
i.e. 4y = 5x - 4. 
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When m = 1 the equation of the tangent is 

y - 4 = l(x - 4) 
i.e. y = x 


(an asymptote). 


Example (h.s.c.). The circle 2x* + 2y 2 = a 2 + b' and the ellipse 
b 2 x* + a 2 y 2 = a 2 b 2 intersect in the first quadrant in the point P. The 
line joining the point P to the origin meets the hyperbola xy = c 5 at Q 
and R. Show that the tangent at P to the ellipse and the tangents at Q and 
R to the hyperbola are all parallel. 

The equation of the circle can be written 

x * + y* = + b *). 0 ), 

and the equation of the ellipse can be put in the form 

— X 2 + y> = b *.( 2 )- 


a 


Taking (1) — (2) for the points of intersection of the circle and ellipse 

x 2 (l - b*/a 2 ) = *(« 2 - b'), ...... 

/. x*/a' = i. (* * b ) 


a 


a 


i.e. x 


2 .and* - ±-7- r 


Similarly y = ^ ^/2' 

Since P is in the first quadrant it is the point (a IV2, b/V2) 
The equation of the tangent at (aIV 2, b/V 2) to the ellipse 

b 2 x z + a'y* = a 2 6 s 

is b'x x aIV 2 + ay x b/V2 = a-b 1 , 

i.e. bx + ay = abV 2, 

and its slope is -b/a. 

The line joining P to the origin O will have the equation 


i.e. y 

Where this meets the hyperbola 


blV _2 

a IV 2 ' 

bx /a. 


xy = c* 


(3). 


(4), 


c* .‘. x z = ac' lb. 


c* is 


substituting from (3) in (4) for y, 

tx 2 /a 

i.e. x = ±cV( a /b), 

and using this in (3), y = ±cV(b/a). 

The equation of the tangent at (x„yi) to the hyperbola xy 

xy, + yxt = 2c*. 

Therefore the tangents at Q and R, where Q = [cV(a/b), cVb la), 
R = [ -cVa/b, -cVb/a) are 

< l\ 

(5), 


-(VS)—(Vs)' 


2c* 


2c* 


(6) 
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The slopes of the tangents (5) and (6) are each 

- cV(b/a ) -F c Via lb) = -b /a. 

Hence the required tangents are all parallel. 

Example. Any straight line cuts the rectangular hyperbola xy = c x at A 
and B , and the asymptotes at C and D. Prove that the mid-point of AB 
bisects CD. 

Let the given line be 

lx my = n .(1) 

The asymptotes are the two axes OX and O Y. 

Let the line (1) cut OA'in Cand OY in D. 

When y = 0 in (1), i.e. at C, lx = n, 

i.e. x = n/l, 

.'. C = (/i //, 0). 

Similarly D = (0 ,njm). 

The hyperbola can be written 

y = c*/x. (2). 

Substituting this in (1) for the points of intersection A and B of the 
line (1) and the hyperbola, 

lx + me 1 lx = n, 
i.e. lx* + me * = rix, 

/. lx 2 - nx + me 2 = 0.(3) 

It A = (.v,, y,), B = (a », y t ), x t and x* will be the roots of the equation 
(3) and x, + „y, = n/l. 

But the mid-point of A B will have x-co-ordinate of i(*i + *•). 
a 121, and using this in (1) its ordinate is n/2m. 

Therefore the mid-point of AB is («/2/, n /2m). 

Now the mid-point of CD is («/2/, n /2m), hence the middle point of AB 
bisects CD. 


EXAMPLES IX 

1. Prove that tlie equation of the normal to the parabola y % = 4 ax at the 
point {at-, 2at) is v + tx = 2at + at 3 . 

I he normals at the points P, Q of a parabola meet at R and the tangents 
at /’. Q meet at S. It RS be parallel to the axis of the parabola, show that the 
chord PQ passes through the focus. 

o 2 - Pr °ve that the equation or the tangent at the point (x,, )\) on the parabola 
y- = 4 ax is yy x = 2 ax + 2ax,. 

The normal at the point P(x t , »•,) to the parabola y* = 8.x meets the x-axis 
at G. Find the co-ordinates of Ci, and prove that, if the perpendicular from P 
to the x-axis meets it at N , then O.V is equal to the length of the tangent from 
the origin O to the circle whose centre is G and whose radius is GP. 

3. If the tangents to the parabola y- = 4ax at the points (at x *, 2at x ), 
0 alt *, 2 at t ) meet at (x 0 , >■„), show that a\t l - r 2 ) J = v 0 2 - 4ax 0 . 

The chord of fixed gradient m through a variable point P on the parabola 
meets the curve again in Q, and the chord of gradient 2m through P meets the 
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curve again in R. Show that the locus of the intersection of the tangents at 
Q and R is a curve whose equation is of the form y- - 4 ax — k, and state 
the value of k in terms of a and m. 

4. Prove that the equation of the tangent to the parabola y 2 = 4 ax, at the 

point (x., >>i) on it, is yy x = 2a(x + x i)- „ . . . D - „ 

This parabola and the circle x> + >'* = 32u* nicer at the point P in he 
first quadrant. The tangent to the parabola at P meets the y-axis at Tand the 
normal to the parabola at P meets this axis at R. The foot of perpendicu!^ 
from P to the x-axis is N. Prove that OR = 3 . ON = 6 . OT, where O 

is the origin. 

5. (a) A line is drawn parallel to the axis of a parabola intersecting the 
parabola in P and the directrix in Q. Show that, if 5 is the focus, the normal 

a '(» S If themid°-pofnt of a chord l )V of the parabola y' = 4 ax lies 
line y = x, prove that the point of intersection of the tangents at U and V 

lie on the curve y 2 = 2 a(x + y). 

6. Find the co-ordinates of the point of intersection of the tangents at the 

points ( an 2 lap), (aq 2 , 2 aq) on the parabola y 2 = 4 ax. . 

P The tangents at the points P and Q on a parabola meet at T and the normals 
at P and Q meet at N. If the tangents are perpendicular to each other show that 
TN is parallel to the axis of the parabola. Show also that in this case, if P an 
Q vary, the locus of A is a parabola. 

7 A circle passes through the focus of the parabola y 2 = 4<jx. The curves 
mi. a. righ, P an^s M one of .heir points of intersection. Prove ,ha. .he 
radius of the circle is at least 3a y/ 3/4. _ 

8. A straightline parallel» •«*igT £££ 

the firs. £££ in Q £ th^nd^ L ^ .ha. -h-^- 'o -he 
respective parabolas at P and P x meet on the x-ax.s, and those at Q and Q x 

"silo" alsothatthc .angen.s a. .he points, other than .he origin, where a 
line through the origin meets the parabolas, arc parallel. 

9. Prove tha. .he equation of .he circle which has the points (x,. p.) 

as extremities of a diameter is (x - x,)(x - x,) + O' yoy 

Find the equation of the circle which has as diameter that fowl chordof the 
n arabola v 2 = 4 ax which passes through the point ( aim , 2 aim). Show that 

the common chord of any two circles having 

through the vertex of the parabola (It may be assumed that tangents to 
parabola at the extremities of a focal chord arc perpendicular.) 

10 Find the equation of the chord through the points (at x , 2or.) and 
J°; la, l of the parabola - 4ax. and show that it cuts the d.rectnx 

W ^Deduce the‘equaUo'n of t he tangent a. if, la,), andi proveaha.^the tangents 
at the ends of a focal chord intersect at right angles on the directrix 

11 Find the equation of the tangent at the point (at 2 , 2at) to the parabola 
y 2 ~ 4 ax, and sSw that, if the tangents at (x„ y x ) and (x t , y t ) meet at (x„ y ,). 

' h The ‘s’.rTighAVnc t’h rough tile vertex of the parabola y‘ - 4ex perpendicular 
to the tangent a. «4e. 4®) meets this tangent a. Q Find the equation of the 

other tangent from Q. . 

12 Obtain the equation of the tangent to the parabola >- = 4ax which is 
parailei to "he line q 2x + , - 0, and find the co-ordinates of the point of 

contact. 
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13. Find the equation of the tangent to the parabola y* = 4 ax at the point 
(at 2 , 2 at). 

Two perpendicular tangents to the parabola meet at P and intersect the 
tangent at the vertex in L, M. Show that LM = PS, where S is the focus of 
the parabola. 

14. A circle is drawn with its centre at the focus S of the parabola y 2 = 4 ax 
to touch the parabola at the vertex. A radius SQ of the circle meets the para¬ 
bola at a point P(a cot~ 0, 2 a cot 0). Show that the co-ordinates of Q are 
(2 a cos 2 0, 2 a sin 0 cos 0). 

If the tangent at the point P of the parabola intersects the tangent at the 
vertex in the point R , prove that the line RQ is perpendicular to the line SP. 

15. Find the points of intersection of the parabola y* = 4x and the circle 
4(.v 2 + y 2 ) - 25.x 4- y 4- 3 = 0. 

Show that the curves touch, and find the equation of the common tangent at 
their point of contact. 

Show, also, that this tangent and the chord joining the other two intersec¬ 
tions are equally inclined to the axis of the parabola. 

16. P, Q are the points (ap 2 , lap) and ( aq 2 , 2 aq) on the parabola x = at*, 
y = 2 at. Show that the equation of the chord PQ is 

2x - 0? + q)y -f lapq = 0. 

If O is the origin and the chords OP, OQ are perpendicular, prove that the 
chord PQ cuts the axis of .v in the same point for all possible positions of P 
and Q. 


17. Find the equation of the normal to the parabola y* -■= 4 ax at the point 
(.at 2 , 2at). 

If the chord PQ is normal at P and makes an angle 0 with the axis of the 
parabola, show that its length is 4 a sec 0 coscc 2 0. 

IS. Find the equations of the tangent and normal at the point P, whose 
co-ordinates arc (18, 12) on the parabola y* = 8.x. 

Verify that the loot of the perpendicular from the focus S whose co-ordinates 
are (2 0) to the tangent at P lies on the tangent at the origin; and that, if the 
normal at P meets the axis of the parabola at G, then SG = SP. 

14. Find the equations of each of the tangents drawn from the point (27. 8) 
to the ellipse x 2 4 9 y 2 = 9 . 


20. Show that the tangent to the ellipse x* /a* + y* lb* = 1 at the point 

f-'i, .Vi) on it is v.x, /a 2 -f- yyjb 2 = I, and deduce that the line lx 4 - mv = n 
touches the ellipse if a 2 ! 2 + h*m* = n*. 

F ind the equations ol the tangent and normal to the ellipse x* 4 - 3y a = 2a* 
at the point (a, a / \ 3). If the tangent meets the .x-axis at P and the normal 
meets the y-ax.s at Q, show that PQ touches the ellipse. 

21. Show that the equation of the normal to the ellipse x 2 /a 2 4 - v* lb* = 1 

at the point P(a cos 0, b sin 0) is * 


ax 

COStJ 


bv 


sin O 


= a* - b*. 


If the above normal meet the .x-axis at G, find the co-ordinates of Q, the 
mid-point of P G. 

Show'hat as P varies on .he ellipse, the locus of Q is an ellipse of eccentricity 
e%/{e 4 - 3) f(e* 4 - 1). where e is the eccentricity of the given ellipse. 

22. Prove that the equation of the tangent to the ellipse x* /a* 4 - v* lb* = 1 
at the point P(a cos 0, b sin 0) is .x cos 0/a 4- v sin 0 lb = l’ 

The tangent at the point P of the ellipse x*ja* + y*/b* = I meets the para¬ 
bola y — 4fl.x at the points Q, R and is such that the mid-point of QR lies no 
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the line y + 2a = 0. Prove that the product of the perpendiculars from (a, 0) 
and ( - a, 0) on to the tangent is b 2 /2. 

23. The points A and B are the extremities of the major and minor axes of 
an ellipse and the point P is a variable point on the ellipse. Prove that the 
locus of the orthocentre of the triangle PAB is a similar ellipse with its majo 
axis perpendicular to that of the original ellipse. 

24. A point P is taken on the circle * 2 r v 2 = a 2 , and the ordinate ^ 
meets the ellipse x 2 /a 2 + y 2 lb 2 = 1 in the point Q between N and P. If he 
angle NOP is 0, where O is the origin, find the equation of the tangent to the 

dl Anothefpoint P, is taken on the circle such that angle POP, has a constant 
value a, and 0, is the point on the ellipse where the ordinate N ' P \ 

(2, lying between A, and P,. Prove that the tangents at Q and Q , meet at a 

point on the ellipse x 2 la 2 + y 2 lb 2 = sec 2 $<*. 

25. From theequa.ion of the tangent deduce that the equation of the normal 

at the point P(a cos 0, b sin 0) of an ellipse x )a t- ) / 1 

= a 2 - b~. 

cosO sin 0 

The normal at P on the given ellipse meets the axes at C and *.md *1 is the 
other vertex of the rectangle OGRg , where O is the origin. Prove that the locus 
of the mid-point of QR, where Q is the point on the* ellipse d,a " lctr,ca y 
opposite P, is an ellipse of area one-quarter that of the original ellipse. 

OA ir rinini p on the cllinsc x 2 la 2 + y 2 lb 2 = I has the eccentric angle 0, 
find the equations of the lines PA, PA’ joining P to the ends A, A 1 of the major 

""The lines through P perpendicular to PA, PA’ meet the major axis in K, 
K’ \ show that the length KK' is constant. ,,, 

27 Find the equations of the tangents to the ellipse > x + ay eJ 
with a given slope m. Prove that the locus of the point, such that the product 
o/ the slopes of°the tangents from the point to the elhpse ts constant, ts a 

co-axial hyperbola. ._. 

28. Obtain the equation of the tangent at the point (*„ >•,) on the hyperbola 

X> ThcUngent at any point P on a rectangular hyperbola meets the asymptotes 
at T and T' and thenormal at P meets the transverse axis of the hyperbola at 
G. ProvcThat T, T', G, and the centre of the hyperbola he on a circle of which 

P is the centre. , ^ f 

29 The tangents to a rectangular hyperbola at P and Q meet one of the 
asymptotes of the hyperbola in A x and P, ^-P^'vcly. and „,cct the otter 
asymptote in A t and B t respectively. Prove that the lines A,B t and A x u x 
are parallel to PQ and equidistant from it. 

30. Points L, M lie on each of the asymptotes of the hyperbola 

x 2 la 2 - y 2 lb 2 =1. 

Show that their co-ordinates can be expressed in the form («L 

If the mid-point T of LM lies on the curve, show thaw - 1. and^ha t LM 

is then the tangent at T. Show also that ^ - tons,ant - 

and CT* - TL 2 = constant. C being the centre of the hyperbola. 



CHAPTER X 


Calculus 

Limiting Values, Differentiation, Maxima and Minima, 

and Exponentials 


Theory of Limits. The result of replacing x by (2 + h ) in the frac¬ 
tion (3 — x)/(2 -f x) is (1 — ft) 1(4 4- h), and as h becomes smaller 
and smaller the value of this fraction becomes closer and closer to 

In this case it is said that, as // 0 (i.e. h approaches zero) the 

value of (1 — /»)/(4 -f- /;) -> But as h 0 it is seen that x -> 2, 
and therefore, as x 2, the value of (3 — x)/(2 + x) -* £. 

By ‘the limiting value of f(x) as a approaches a ’ is meant the value 
that f(x) approaches as x -> a. 

Hence, the above result can be written: the limiting value (or 
limit) of (3 — a)/(2 -f x) as a- -*■ 2 is equal to J, and this is written 
more briefly as, 


Lt 

.x->2 


3 — x 
2 +x 



where Lt represents ‘the limit of’, and x -> 2 represents ‘as a 
approaches 2’. 

It is to be noted that, in the case of the fraction (3 — x)/(2 + a), 
if a be given the value 2 the result is J, which is the value previously 
obtained in the case of the limit. 

Next replace a by (2 + h) in the fraction (a 2 - 4)/(a - 2) 
obtaining the result (4// + fp)/h = 4 + /;. 

It h be allowed to approach zero in this result the value of the 
expression approaches 4. Hence, it follows that. 



If a be put equal to 2 in the fraction (a 2 - 4) /(a - 2) the result 
is 0/0, which is an indeterminate quantity. But if the fraction 
(a 2 - 4) /(a - 2) be reduced to its lowest terms, viz. (a + 2), and 
a be then given the value 2, the result is 4 as obtained for the limit. 

This can be shown to be true in all types of examples taken, and 
suggests the procedure, which is generally carried out, as follows: 
reduce the function, of which the limit is required, to its lowest terms, 
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and then insert the value which x approaches in order to obtain the 
value of the required limit. 


Example. Find the values of the following limits. 


x* - 9 


(i) 

Lt 

x->3 

x - 3’ 

(ii) 

Lt 

x — ►—2 

x* + 8 
x + 2* 

(iii) 

T t 

x* + 2x 2 + x 

LI 

x-+0 

x* + 3x ’ 

(iv) 

Lt 

jc-*CO 

(1 + x)(2 + x) 

X s + X 


Note. In general, when dealing with algebraic funcuons, and when x 
approaches a finite value, to find the limit, first reduce the given function 
to its lowest terms, and then insert in the result the value that x approaches 
As long as the indeterminate quantity 0/0 (or co /co) is not obtained, it 

follows that the result is the required value. 

If 0 /0 or oo /oo is obtained the function has not been reduced sufficiently 

(i) Lt ** ~ _ 9 - = Lt (x + 3) - 6. 

V k. 1 X 3 jr—► 3 


(ii) 


(iii) 


Lt 

*-*•- 2 

Lt 

x -*-0 


x s + 8 
x + 2 


x a + 2x 2 + x 
x a + 3x 


Lt (x 2 - 2x + 4) = 4 + 4 + 4 

x—>— 2 


12 . 


= Lt 

x-*-0 


+ 2x+l 
x + 3 


L 


(iv) This is a special example, and, usually, when x -> «> the numerato 
and denominatorare divided by x", where /i is the highest posser of 
present on expansion of both numerator and denominator. 

Dividing numerator and denominator by x 


Lt 

X-* OO 


(1 + x)(2 + x)x 


X s + X 


Lt 

—► CO 


(1 lx + l)(2/x + 1) . 1 


1 + 1 /x 2 


1. 


(1 lx -^Oasx co) 


Note. In general, it will be found, in the limits dealt with in differentia, 
tion, that the variable approaches zero. 

Theorems on Limits. The following theorems on limits will be used 

extensively but no proofs are offered. 

(i) The limit of the sum of a finite number of functions is equal to 

the sum of their limits. , 

(ii) The limit of the product of a finite number of functions is equa 

to the product of their limits. , 

(iii) The limit of the quotient of two functions is equal to the 

quotient of their limits. 
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Theorem. 


If 0 be an angle in radians , then 


Lt 

0—>0 


sin 0 
~0 



and 


Lt 

Q -+0 


tan 0 



AB is an arc of a circle, centre O and radius r, subtending an angle 
0 (< 4 tt) radians at O. BT is the tangent at B meeting OA produced 
at T. 



The area of &AOB = ir 2 sin 0; area of sector AOB=\r 2 §\ 
area of A OBT == hOBx BT = . r tan 0 = \r 2 tan 0. 

By inspection of the diagram, 

area A AOB < area sector AOB < area A OBT, 

\r 2 sin 0 < £r 2 0 < \r 2 tan 0, 
i.e. sin 0 <0 < tan 0.(1). 

Dividing through the inequality (1) by sin 0, which is positive 
since 0 is acute, 

, 6 1 

1 < — —ft < -n • 

sin 0 cos 0 


Now cos 0 -> 1 as 0 —► 0, and thus --> 1 as 0 -> 0. 

cos 0 


Hence, O/sin0 lies between 1 and a quantity which approaches 
unity as 0-^0, 


Lt 

0->-o 


0 


sin 0 


i.e. Lt 


1 


o-o sin °/° 

_ \ 

Lt sin 0/0 
0->o 


= 1 , 


= 1, i.e. 


= 1, 


Lt 1 

o-*o 


= 1 , 


Lt sin 0/0 
0 ->o (Lt. of quotient) 

_ sin 0 
Lt x = 1. 


0-*0 


0 


Dividing through the inequality (1) by tan 0, 

0 


cos 0 < 


tan 0 


< 1. 


Now, cos 0 -> 1 as 0 -> 0, therefore 0/tan 0 lies between unity and 
a quantity that approaches unity as 0 -> 0. 

Hence, Lt 0/tan 0 = 1. 

0-vO 
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From this result, as previously, 

tan 0 


Lt 

o—o 


0 


= 1 


These two results show that, if 0 be very small and measured in 
radians, then tan 0 can be replaced by 6 radians, and also sin 0 can 
be replaced by 0 radians. The smaller the value of 0 the more accu¬ 
rate will be the results. The tables show that there is a fair measure 
of agreement between 0, sin 0, and tan 0 for angles up to about 
5° = 0 08727 radians. 

Example (l.u.). Show that, if 0 < x < tan x > x > sin x, and 
deduce that sin x /x -*• 1 asx-*' 0. 

Find the limits of 

(i) (i* - x) tan x, as x — i* 

(ii) (cos x - cos 2x) /x 2 as x -> 0. 

The first part of the question is covered in the previous theorem. 

(i) Lt <** - x) tan x = Lt [i* - (i* + /*)] ^n (** + « 

Jc-Hn A -* 0 

= Lt (-/»)(- cot h) 

h ~'° [tan (in + 0) = - cot 0 ] 

_ Lt ——- 7 = 1 (by previous theorem). 


h —>0 


tan h 


o 


.... _ . cos x - cos 2x 
00 Lt --- Lt 

X X—+0 

= Lt 

x -+0 

= Lt 

x —^0 


2 sin lx sin jx 
" x 2 

2 sin fx sin jx v ^ 

a 1 — 4 


3 sin |x 
2 :, x 


\x 

Lt (Lt. of product) 

x-,o lx 


2 a 


(si 


since Lt 
O—o 


sin 0 


0 


1 


) 


Differentia? Calculus. Calculus is the science of small quantities 

and is a very important branch of mathematics. 

When a train is said to be moving at 60 miles per hour this does not 
mean that it will cover 60 miles in the next hour or that it covered 
60 miles in the previous hour, unless it is travelling at a steady 

(uniform) speed, as, generally, its speed fluctuates throughout its 
• 

J ° Now a speed of 60 miles per hour is equivalent to 88 feet per second 
and we can say that it is more likely to cover 88 feet in the next 
second of motion than to cover 60 miles in the next hour since its 
speed has much less chance of varying in the next second than in 

the following hour. 
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It would be more accurate to say that in the next one-tenth 
second it would cover 8-8 feet, and more accurate still to say that it 
would cover 0-88 feet in the next one-hundredth of a second. 

Thus the smaller the interval of time considered the more accurately 
will the quotient of the distance traversed to the time taken be a 
measure of the actual speed at the particular moment under con¬ 
sideration. 

Consider a particle that has moved through a distance s units in 
t seconds. If Ss be a small increase in the distance traversed in a 
small increment St of time (Ss is a symbol denoting a small increase 
in 5 and is not the product of S and s , and similarly for St, etc.), 
there will not be very much variation in the speed v during that short 
interval of time, and the smaller the value of St the less chance there 
is of a change in the speed. 

Thus it can be said that the value of v is the value that Ss /St 
approaches as St -> 0, i.e. 


v 


Lt 

Sf->0 


Ss_ 
St * 


The quantity 


Lt 

Si-y 0 


St 


is usually denoted by the symbol 

ds 

fit* 

and is known as the first differential coefficient of s with respect to t. 
or more briefly as the differential (or derivative ) of s with respect to t , 
It is to be noted that average speed means the total distance 
travelled divided by the total time taken. 

Also the velocity of a particle moving on a certain path at a 
particular moment is the speed at that instant considered tangential 
to its path, and therefore has both magnitude and direction and is a 
vector quantity , whilst speed is a scalar quantity. * 

The quantity 

ds 

fit 

is merely a symbol representing 


8,~0 * # 

and the ds and dt are not detachable in normal circumstances, i.e. 

ds 

fit 
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cannot be taken as a fraction with ds as the numerator and dt as the 

denominator. 

From the value of 

( i e - S , L _!„ ) • 

it can be seen that it is the rate of change of distance with respect to 

llI IfVrepresents the acceleration of the particle under consideration 
at timeTTt is known that /represents the rate of change of ve oc.ty 
") ESi'respect to time //and"therefore with the prevtous notat.on 

Sz; 

/ = Lt T -, 

81-+0 

where 8r is a small increase in the velocity r due to a small increase 

of 8/ in t. 

The quantity 

Lt 


Sr 


is denoted by the symbol 


81-vo 


8 / 


Jv 

~di' 


and is known as the first differential coefficient (or derivative) of u 

Wi AcXaUon has magnitude and direction and is a vector quantity 
subject to the laws of vectors. 



Next consider tne grapn m r 

close together on the curve, where P = (*, yh an 

Q = (x + 8 x,y + *y)> 

* , . 0 cma1 . increase in v due to a small increase of Sx in x. 

(Cr d ^am" in /he diagram, or otherwise they cou.d 

“^/^"perpendicular from P on the ordinate at Q, and therefore 
QL = 8 y, and PL = 8x. 

T 
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The slope of the chord PQ is 

QL _ By 
PL 


and as Sx -» 0, Q moves up into coincidence with P, and the chord 
PQ produced becomes the tangent at P. 

Hence, the slope of the tangent at P is the value that 

jy 

Sx 


approaches as 8x - 

> 0, i.e. the slope of the tangent at P is 


Lt ^ 

Sx-lo 8*' 

This quantity 

$x-+0 hx 


is denoted by the symbol 


dp 

dx 


and is known as the first differential coefficient of y with respect to x. 
Hence, the slope of the tangent at P is 

4y it 
dx 8 _ 0 s* • 


From the slope of the tangent 



on a graph, which represents the rate of change ofy with respect to x, 
it can be seen that the rate of change will be positive if y increases as 
.v increases, and negative if y decreases as x increases. 

From the preceding explanation, it can be seen that the definition 
of the first differential coefficient (or derivative) of p with respect to q, 
where p is some function of q y will be 



and will be denoted by 


dp 

dq * 

(8/> is a small increase in p due to a small increase of 8q in q.) 

The determination and the application of derivatives is known as 
differential calculus. 
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Theorem. If y = fix), to prove that 

dv T fi x + &x) — f(x) 

* = 

y=A x ) . 

If v increase by 8 y as x increases by a small amount Sx, the new 
value y By will correspond to x + Sx, i.e. the point (x a, 
y + s^) must satisfy the equation (1), 

.'. y + By = f{x + 8x)... 

8 y = fix + Sx) - fix), 

8 y _ fix + Sx) - fix) 

Sx 

*y _ 


( 2 ). 


(2) - (1) gives 


Sx 


i.e. 


dy 


dx 

This result for 


Lt 

Sx-*o 


Sx 


fix + Sx) - fi x) 


</x 


VIZ. 


Lt S x) - / ( x) 

8x-*0 &X 

is known as the derived definition of 

iL 

dx * 

and is used in preference to the ordinary definition for finding 

dy_ 

dx 

in particular examples, since it saves a certain number of steps in the 
working. 

Note To find a differential coefficient from first principles means to 
obtain its value with either the use of the ordinary definition or the de¬ 
rived definition and not employing any theorems or results in calculus 
that may be proved later. (Results in the other branches of mathematics, 
such as arithmetic, algebra, trigonometry, can be used.) 

Example. Find the derivatives with respect to x of the following func¬ 
tions, from first principles: (0 x, (u) x , (m) a , ( ) 

(v) l/(2x + 1), (vi) Vix - !)• 

(i) Using the derived definition. 


dx 


(a) 


Lt 

8^—0 


Lt 

8*->0 


(x_+ Sx) - A 
Sx 

(f(x) = x in previous formula) 


Sx 

Sx 


Lt 1 

Sjc—>0 


i. 
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Note. This result could also be obtained by considering the graph of 
y = x, which is a straight line of slope unity, and, since the slope 

dy dy 

= dx' ~dx 


1. 


(ii) Let y=x* .(1), 

and y increase by 8y as x increases by a small amount Sx. Then, when the 
value of x is x + Sx, the new value of y is y + Sy, and it follows that 

y + Sy = (x + Sx) 3 

x a + 2x . 8x + (8*)*.(2). 

2x . Sx + (Sx) a , 


(2) - (1) gives 

= X 
Sy - 


• !y « 

• ♦ 


Sx 

. dy 

= Lt 2 ? = 

" dx 

Sx—>-0 


2x + Sx, 


Lt (2x + Sx) 
Sx->0 


2x, 


dx 


(x*) = 2x. 


(iii) Using the derived definition. 


dx 


(x 5 ) 


Lt 

8 x —>0 

Lt 

Sx—>0 

Lt 

Sx —>o 


(x + Sx) 3 - x s 
8x 

x 3 + 3x a Sx + 3x(Sx) 3 + (8x) 3 - x* 

Sx 

3x 3 8x + 3x(8x)* + (8x) 3 
8x 


(iv) Let 


- Lt [3x a + 3x . 8x + (Sx) 3 ] 

8x-*0 

- 3x 3 . 

y = 2x a + x -+- 2. 

and let y increase by 8y as x increases by a small amount 8x, 

y + 8y = 2(x + 8x) a + (x + Sx) + 2 

- 2[x a + 2x . Sx + (Sx) 3 ] + x + Sx + 2 
= 2x 2 + 4x . Sx + 2(8x) 2 + x + 8x + 2., 
(2) - (1) gives Sy = 4x . Sx + 2(Sx) a + Sx, 

• S 2 = 

** Sx 

. dy 

dx 


( 1 ) 


( 2 ) 


4x + 28x + 1. 


- L, 3? - 


Sx—>-0 


Sx 


Lt (4x + 2Sx + 1) 
S^->o 


4x + 1, 


dx 


(2x- + x + 2) 


4x + 1. 


(v) Using the derived definition 


d 

dx 


( 2 ^ + 1 ) 


1 


1 


Lt 

Sx —>-0 


2(x + Sx) -t- 1 


2x + 1 


Sx 
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( 2 x 4 - 1 ) - (lx + 28x + 1 ) 

Sx[ 2 (x + Sx) + 1 ][ 2 jc + 1 ] 

- 2 . 8 x 

= Ji 8 x[ 2 (x + Sx) + l][ 2 x + lj 

-2 _ _ -2 
= 5^0 [2(x + Sx) + \][2x +T] {lx + 1)‘ 

(vi) Let y “ V(x - D. (1) ’ 

and let y increase by 8 y, as x increases by a small amount 8 x, 

y + By = V[{* + Sx ) ~ H. (2)- 

( 2 ) - ( 1 ) gives 

sy = vi(x + **) - n - " 0 , lx - 

[V[(x + 8x) - l] - V(X - iVMVKx + s *) ~ n + V(x —0] 

Vl(x + 8x) - 1] + V(x - 1) 

(x + Sx - 1) - (X - 1) = _----. 

= V(x + Sx - 1) + V(* - 1) V(x + Sx - 1) + V(* 1) 

8 y_ 1 _ 

•’* Bi = VU + 8x - 1) + V(* “ 1)’ 


* “ »hl„ s “ s “o V(« + •*-« + V(* -1) 

1 

= 2V(x - D* 

ie - lL w(x ~ 1)1 " 2Vix - T)- 

Notice the special method of using conjugate surds in (vi) to avoid the 
use of the binomial theorem. 


Lt » 
8 *-*-o Sx 


Note. The results of (i), (ii)» (>**) are 


dx 


dx 

d 


(x 1 ) ~ 2x 
(x») - 3x* 


1 . x 


2 . x* ». 


3x* -1 . 


1 . X 11 . 


IM 

The new forms of these results show that they all obey the general result 

- nx"- 1 . 

where „ is any constant, and mis leads to the following general theorem. 
Theorem. To prove that 


dx 


(x”) = nx**" 1 . 
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Using the derived definition, and the binomial theorem. 


dx 


(*") = Lt 


8 x ->0 


Lt 

8 x —>0 


Lt 

8*->0 

Lt 

Sx—>0 


(.V + 8jt) n — X n 

Sx 

J x n + nx n ~ 1 $x + —-^* n - 2 (S.x ) 2 4 * •. • J — 

8^ 

nx n ~ x Sx + — n ~ 2 \ ——x” - 2 ( 8 .x ) 2 + . . . 


x n 


nx 


- 1 + - 


Sx 
n(n - 1 ) 


2 ! 


x»--(Sx) 


higher powers of Sx 

= /ix"- 1 . 

Note. Before this result can be used the term in x involved must first 
be put in the form x”. x is chosen as the independent variable in proofs, 
but any other variable could be used. 

Example. Find the derivatives of the following with respect to the variable 
contained in each. 

(I) *•. (ii) w (iv) (v) v> s . 


Vs 


(i) 

II 

/-N 

•O 

H 

>»|-8 

5x 61 = 5* 4 . 


(ii) 

d i 

' 1 ' 

\ d 


ds \ 

V Vs , 

) “ s'** - - 

is-*/ 9 = 

(iii) 

-i ^ - 

izi-' - Jx-I. 


(iv) 

± ( 
dt \ 

f 1 ' 

V ' 31 > 

) - i - 


(v) 

Jy <V> ‘) 

- - ** 

= fv>. 


-1 


3 Vs* ' 


-31 

r*.l 


( 1 ). 


theorem. To find the derivative of C with respect to x, where C is 
any constant. 

Let y = C. 

and y increase by Sy as * increases by a small amount Sx. 

y &y — c .( 2 )) 

(C unchanged by increase in x 
(2) - (1) gives Sy = 0, = 0, 

dy , 8y 

••• -£ = Lt xr = Lt ( 0 ) = 0 , 

ax 8.x—>0 6X 8.x—*0 
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dx 


(C) = 0. 


Note. This result could also have been obtained by considering the 
graph of y = C, which is a straight line parallel to OX and has therefore 

zero slope. But the slope must equal 

dy_ 

dx 

at the point under consideration, and thus, in this case, 

fSL = o. 


dx 


dx 


< 2> > = °- -JxUn) ~ °' etc ' 


E.g. 

Theorem. To find the differential of a .fix) with respect to x, where a 
is a constant. 

Using the derived definition, 

d . af(x + 8 x) - af(x) 

= Lt o L - E - 

j f( x + Sx) - /(x) J 

/(x + Sx) - f{x) 

Sx 

(Lt. of product) 

fix + Sx) - fix) 

Sx 


Sx—►o 

= Lt a 

Sx-*0 

= Lt a 
8x—*o 


Lt 

Sx-*0 


= a Lt 

Sx—►<) 

= aflfWl 

Example. Find the derivatives of the following functions with respect to 
the variable contained in each: 


(i) 5x 


a.6 


(ii) 


2-4 
-a.4 » 


1 

(iii) 4T4/), (iv) v(2 py- 


note. Each function must fust be put in the form ox (variable)”, 
where a and n are constants, before the previous theorems can be applied. 


(i) -^(5x» •) 

.... d ( 2-4 \ 
0,) ds \ s' * ) 


5 4-ix") “ 
dx 

2-4 4~i s ") 
ds 


5 x 3-5x a - 6 = 17-5x a - 6 . 

2-4( - 3-4)5 4 4 “ 
d 


-816 

o4?4 


on ) 4 (^> - 4 <^ 4 ■ <"> - “ (,,) ~ 15/4 < * H> 

a/ «* 


dt 




1 




J 


\/ J * 
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<lV> <fy [v(2j‘)] dy{v 2 ' Vy‘ ) 

- ^ - ^v* 

-5 1 -5 

~ 2V2 ' Vy 7 = 2V(2y 7 ) * 


Theorem. To prove that the differential of the sum of afinite number 
of functions of x with respect to x is equal to the sum of their differen¬ 
tials. 

Let y = u + v — w +.(1), 

where y, u, v , w, etc., are functions of x , and let y, u, v, w, . . . 
increase by 8y t Su, 8v, Sw, . . . respectively as x increases by a small 
amount Sx. 

Then y + Sj; = (u -f 8u ) + (v -f Su) — (w + Sw) -f.(2) 


(2) - (1) gives. 

8y = 

Su -f- 

Sv 

— 

Sw • . . 

• 

• • 

S >’ _ 
Sx 

Su 

Sx 

Sv 

Sx 

— 

Sw L 

Sx + * * * 

• 

dy 

T t 

8y 



• • 

dx 

1—4 l 

Sx—>0 

8x 






( Su 


8v Sw \ 


~ 

Lt 

S.x—>0 

u 

+ 

Sx Sx + • • •) 



Lt 

Sx—>0 

Su 


T SU 


1 

Sx 

+ 

Lt ST 

Sx—>0 6X 






_ Sw 






Lt x 4 * • • • 

Sx — Sx 






(Lt. of sum) 



du 

dv 


dw 


■■■ ■ 

dx + 

dx 

— 

dx + * * ** 

d , 

...) = 

du 

dv 


dw 

i.e. + v — w + 

dx + 

dx 

— 

dx + * * * 


Note. Before this result can be used, the given function of x must be 
first expressed entirely of the sum of terms of the form Ax n , where possible. 


Example. Find the derivatives, with respect to x, of the following func¬ 
tions, after simplifying where necessary: 

(i) 3x 8 + 2x 8 - 3x + 4, (ii) (iii) (x* + 2) 8 , 

(iv) x 3 (2 8 - x- 8 ), (v) 

X- + 2 
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(i) ^(3x 8 + 2x 2 - 3x + 4) 


4-Ox') + -4-(2x*) - 4-i 3x) + 

dx dx 


dx 


dx 


(4) 


3 x 3x* + 2 x 2x - 3 + 0 
9x 2 + 4x - 3. 


(ii) 


dx 




(x 8 + X- 8 ) 


d (X s ) + -^-(x- 8 ) 


(iii) — [(x 8 + 2) 8 ] 


dx . ' dx . dx 

= 3x* + (- 3)x - 4 = 3x* - 3 /x*. 
d 


dx 

d 


(. x* + 6x 4 + 12x* + 8) 


dx ^> + dx^ + i (12jt,) + ^ (8) 


dx 


6 x 5 + 24x s + 24x + 0 = 6 x(x 4 + 4x* + 4). 


(iv) — [x*(2 8 - x- 2 )] 


(v) 


dx 


(m)- 


dx 


- 7 -( 8 x 8 - x) - 
dx 

(x 2 - 2 ) - 2 x. 


8 x 3x* - 1 = 24x 2 - 1. 


Tangents to a Curve. The slope of the tangent at the point (x, y) of 
a curve will be given by dy I dx, and thus the slope of the tangent 
at the point (x lf yd is (, dy/dx) u which denotes the value of dy / dx 

when x is replaced by x, and y by y v 

Using the equation y — y x = m(x — x,) for the equation of a 
line through the point of slope m, the equation of the tangent 

at this point is 




y wx 

and since the slope of the normal at (x,,>»i) is 


-/(*).■ 


the equation of the normal at (x lt yd will be 

y-y* = (x “ x,) * 

\dx) t 

Example. Find the equations of the tangent and normal at the point 
(1, 4) of the curve y = x + 3/x. 


Now 


dy_ 

dx 


dx 


(x + 3x-*) 


1 + 3(-l)x 2 
1 - 3/x 2 . 
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therefore slope of tangent ^ at P°* nt (1* 4) 

= 1 - 3 /x 2 , where x = 1 
= I - 3 = -2. 

The slope of the normal at (1, 4) == —-^- = + ^. 

r slope of tangent 2 

Equation of tangent at (1, 4) is 

y — 4 = — 2(x — 1), i.e. 2 x + y = 6. 

Equation of normal at (1,4) is 

y — 4 = i(x - 1), i.e. 2y — 8 = x — 1, i.e. 2y = x 4 7. 

Theorem. To find the derivative of sin x with respect to x, where x is 
in radian measure. 

Using the derived definition. 


dx 


(sin x) = 


Lt 

Sx —► <) 

Lt 

8x— 


sin (x + Sx) — sin x 

Si 

2 cos (x + sin |Sx 


Sx 


sin £Sx 


Lt cos (x 4- i&x) • i * 

Sx->0 “ t 6x 

(dividing numerator and denominator by 2 ) 

T sin £Sx 

(Lt. of product) 
sin 0 _ 

M 


Lt cos (x 4- £Sx) . 

Sx—>-0 


But Lt cos (x 4- £Sx) = cos x, and Lt 
8 x-*o 6 —*-o 


0 


sin iSx 

kt AS v = * 

8*-*0 


(0 in radians ) 


Hence, 


dx 


(sin x) = cos x. 


Theorem. To find the derivative of cos x with respect to x, where x is 


in radian measure. 

Let y = cos x.(1), 

and y increase by Sy as x increases by a small amount Sx, 

y 4- Sy = cos (x 4- Sx).(2). 

(2) — (1) gives Sy = cos (x + Sx) — cosx 

= — [cos X — cos (x 4- Sx)] 

= — 2 sin (x 4 - £Sx) sin JSx, 





FUNCTION OF A FUNCTION 


283 


. ^ 
'* 8x 


— 2 sin (x 4 - $&*) sin Px 

8 x 

. , . sin^Sx 


= — sin (x + px) . 


i8x ’ 


• *L 

'* dx 


Lt "87 

8x->0 dx 


= Lt 


— sin( x -f- Px) . 


sin px 
i 8 x 


8x->0 v 7 

sin px 

Lt - sin (x + P*) • Lt 15 • 

,_wn 8x—>0 


8*->-o 


(Lt. of product) 


Now, as before, 


sin px _ , 

8 ,Jo "W _ ’ 


and Lt [- sin (x + P*» = - sin x 

8x-*0 

• = — (cos x) 

* dx dx K 

= — sin x. 

Function of a Function Theorem. This states that, if y be some 
function of z where z is some function of x, then, 

dy _ dy_ dz 

~dx ~~ ~dz dx' 

(E.g. y = z* where z = x 3 — 3x + 2.) 

Let 7 and z increase by $y and 8 z respectively as x increases by a 

small amount 8 x. 

Then, TF = IF • (ordinary algebra). 

Sv . . / »y 8z \ 


Then, 


(ordinary algebra). 


alio ST - 8 “ 0 V Sz 


8 z 

= ^ 8 x • 

8*_>.o 6z 8 x ->0 ox 

(Lt. of product) 

Since z is a function of x it follows that Sz —► 0 as 8 x —► 0 . 


Lt 

8x—+0 

i.e. 


Sy 

Sx 


= Lt ^ • Lt 


St-*-o 


8x—*0 


dy dy dz 


Ibc - dz dx' 

This result is used to a large extent when differentiating complicated 
functions of x. The procedure is to let z equal some suitable 
function of x which can easily be differentiated. 
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Then, if y be the original function of x y it can be obtained in terms 
of z and dy/dz found, and by multiplying this result by the value of 
dz/dx the required value of dy / dx is obtained. 

Example. Find the ^-derivatives (i.e. the derivatives with respect to x ) of: 

(i) V(x* + a*), (ii) ^(3* s - 2), (iii) sin* x, 

(iv) y* (y is some function of x), (v) - 3x + ~4 ) * 

(i) Let y = V(x* + <**)» and z = x 1 + a* .(1), 

.*. y = zt .(2). 

From (2), i| - *«-V = 2 VF = 2 V (J + aV 
From (1), = 2x. 

. _ dy_ dz 1 x 2x - * _ 

' * dx dz dx 2V(** + a*) + «*)’ 

'*• Tx [V( *’ + a ' )] = Vix* + a*)' 

This is a result worth memorising. 

(ii) Let y = ^(3x 3 - 2), and z = 3x* - 2...(1), 

y - z»/».(2). 

From (2), = iz“ a/ * - 3 ^ z i .* 3^(3x s - 2)*’ 

From (1), = 9 a:*. 

dx 

■ = d y .. *L = 1 9jf « = 

" dx dz dx 3-^(3x 3 - 2)* * ^(3x 3 - 2)»* 

(iii) Let y ■= sin* x, and z = sin x .(1). 

.*. y = z*.(2) 

From (2), dy / dz = 2z = 2 sin x. 

From (1), dzldx = cosx. 

dy d , . , . dy dz . . . » 

. . ~ = — (sin 1 x) = -f-• -p- = 2 sin x cos x «= sm 2x. 

dx dx dz dx 

(iv) Using the function of a function theorem, 

> -*<»■■£- »£■ 

<V > Let , = V(2x . 3 * + 4)’ aDd Z “ ^ " 3 * + 4 . 0)> 

••• y - .< 2 >- 

From (2), f - - Ir- _ - 2v(2jc . 3 , + 4)> - 
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From (1), 


dy_ 

dx 


Jy 

dz 


dz 

dx 

dz 

dx 


4x - 3. 

- (4x - 3) 
2V(2x* ~ 3x + 4) s ' 


Theorem. To prove that 

d 


where z = ax + b. 

Let y = Rax + b), and z = ax + b 

:.y=f& . 


(1) 

( 2 ) 


From (2), 


From (1) 


dy 


n 

II 

[/(*)]. 


dz 

— a. 


dx 

dy 

dz 

= a 

dz 

dx 


dz 


[/(*)]• 


dx 

Corollary (i). If f(ax + b) = (ax + *>)”, and z = ax + b, then, 

4 -[/(«* + b )] = = a **- 1 


i.e. 


dx 


[(ax -f b) n ] = an(ax + b) n 1 . 


CoroUary (ii). If f(ax + b) = sin (ax + b), and z - ax + b, 
^[sin (ax + b)] = a-^(sin z) = acosz = a cos (ax + b). 

Similarly, -^[cos (ax + b)] = — a sin (ax + b). 

Example. Find the derivatives of the following functions with respect to 
the variable contained in each. 

(i) (It + 3)‘, (ii) 1 


(iv) sin 30, 
d 


(5x - 2)*’ 
(v) cos (3 - 2<p), 


(iii) i/(2y + 1), 
(vi) (1 - z) K 


(i) —(2/ + 3)‘ = 2 x 5(2/ + 3) 4 — 10(2/ + 3) 4 . 
dt 


(ii) 


1 


dx (5* - 2) 2 


dx 


[(5x - 2) *1 = 5( — 2)(5x - 2)-* 


-10 


(5x - 2)» 
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(iii) + D] = -^[(2 y + 1)*] = i(2) (2y 4- l)-l 

2 

“ 3 V(2y + 1 )*' 


(iv) 

(v) 

(vi) 



(sin 30) = 3 cos 30. 

[cos (3 - 2<p)] = ( — 2)[ — sin (3 - 2 9 )] 
Id - z)- 1 ] = (-D(- DO - z)~* = (1 


= 2 sin (3 - 2<p). 

- z)- a . 


Theorem. If u and v be functions of x, to find the differential 


coefficient of the product uv with respect to x. 

Let y = uv .(1) 

and let y, u , v increase by 8y, 8u, Sv respectively as x increases by a 
small amount 8x, then, 

y + 8y = (u -f- 8u)(v 4- 8v ) 

= uv 4- u . 8v 4- v . 8u + (8u)(8v).(2) 


(2) — (1) gives 8y = u8v + vSw 4* (8w)(Sv). 



Sv 

Sv 


8u 

8u 

. Sv 

• 

• • 

Sx 

~ U 8x 

+ 

V Sx + 

8x 



Sv 


8u 

Su 

Sv 



= 

4- 

v s x + 

Sx 

Sx 

Hence, 







d y Tt *y 

dx 8xto Sx 


/ 

Sv 

8u 

8u 

Sv 


Lt (u- 

8x—>0 V 

Sx 

+ V Sx + 

Sx 

s7 


• 8x. 

• Sx) 


= Lt u 

8 x ->0 


Sv 


8x 


Lt u 

Sx -*0 


4 Lt 

8x— ►o 

Sv 


S u 

v —— 4- Lt 


8u 


8v 


Lt 

8 x -*0 


8x 


— u 


dv 


+ v 


du 

dx 


4 


i.e. 


d dv 

= u t x ■ 


8x 


8x—>o 


8x 8x 
8 u 


8x 

(Lt. of sum) 


4 Lt v . Lt 

Sx —>0 8 x —>0 ox 

S U 


+ Lt tr 

8 x -*0 bX 


Lt 

Sx—>*0 


Sv 


Lt 8x 

8 x —*0 


8x 

(Lt. of product) 


du 

~df 


4- v 


dv 

dx 


Lt 8x 

8x-*0 


du 
dx ’ 


since Lt 8x = 0. 

& x — 
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Example. Find the derivatives of the following functions with respect to 
the variable contained in each. 

(i) xV(2x + 1), (ii) (2/ + 3) 3 (/ + 2) a , (hi) (0 3 + 1) sin o, 

(iv) 2/°cos3/°, (v) (2 y - 3 )V(y 3 - 5). 

All the functions are products and the result 

d dv du 


— (nv) = u - -h v — 

dx dx dx 


will be used. 
d 


(i) 1& lxVi2x + 1)1 = *c lxi2X + 1)M 

= x-^[{2x + 1)»] + (2x + D* x) 

= x(2x + I)* + (2* + 0* 

= ---- + V(2x + 1) 

V(2x + 1) 

x + (2x + 1) + 1 


(ii) ~[(2t + 3) 2 (/ + 2) 2 ] 


(iii) -^[(0* + l)sin0] 


(iv) — (2/° cos 3/°) 
at 


V(2x + 1) Vi2x + 1) 

- (21 + 3)’~ [« + 2)=] 

+ (I + 2 )*-^[( 2 / + 3 ) 1 ] 

= (2/ + 3) 3 x 2(/ + 2) + 

(, + 2) 1 x 2 x 2(2/ + 3) 

= 2 (/ + 2)(2/ + 3)[(2/ + 3) + 2 (/ + 2)] 

= 2(/ + 2)(2/ + 3)(4/ + 7). 

( 0 3 + 1)-^ Q (sin 0) + sin 0— (0 3 ) 

(0 3 + l)cos 0 + 20 sin 0. 

3/ x n 


l 7T 

'Of v'- 

SC 

(angle must be converted to radians) 


[ 2t * 180 


cos "Tso 


dt 

TT/ 

90 

nt 

90 


nt nt 

90 COS 60 


d 

dt 


cos 


nt 

60 


nt 




n nt 

90 C ° S 60 


71/ 

60 


+ 

COS 

60 

' dt 


7t 


nt 

+ 

— cos 
90 

60 


nt 

1 


sin 

60 

r 



nt 

90 
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(v) Using the function of a function theorem, 

where z 

1 v a 

= ___. 3v a = - * 

3 z} y V(y 

d 


frw - 5)1 - 


y* - 5 


^0 8 - 5)> 


.. [(Zy - 3)(^(y 8 - 5)] = (2y - 3) — W(y* - 5)] 

+ V(y' - 5)^(2^ - 3) 

- (2 ' - 3 > + - 5) 

(Zy* - 3y*) + (2 y* - 10) 

V(y s - 5) 8 
4 y* - 3 y* - 10 
V(y 9 - 5 ) 2 ' 

Note. AH results should be simplified as far as possible 

Theorem. To find the derivative of the quotient u /v with respect to x t 
where u and v are functions of x. 

Let y = u/v .(1), 

and y , u, v increase by small amounts 8y, 8u, 8v respectively as x 
increases by a small amount 8x , 

u -f 8 m ... 

> + *= . (2) - 

„ . ^ u + 8u u uv -b v8u — u8v — urn 

(2) - (1) gives, 8y = 


v + 8v 
v8u — tt8v 


v 


v(v -f- Sn) 


v(y 

8u 


8v) 


8y 

8x 

Jy_ 

dx 


v 


8x 


— u 


8v 

8x 


= Lt 


v{v + 8v ) 
8y 


v 


8u 8v 
— u 


8x—*■() 

Lt 

8x—►() 


8x 


Lt 

8x —o 


8* 


8* 


v(y + 8v) 


( 8u 8v \ 
\8x ~ “sjj 


Lt r(t> + 8v) 

8 x -*-0 

Lt V . S “ - Lt u — 

s*-*o 8x Sx-*-o 8x 


(Lt. of quotient) 


Lt r(u + 8v ) 

8v —►O 

(Lt. of sum and 8i> -*■ 0 as 8x -*■ 0) 
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Example. Find the derivatives of the following functions with respect to 
the variable contained in each: 


(i) 

2/ - 3 

2 / + r 

(ii) 

COS X 

• 

X 

(iii) 

2y+\ 

y 2y - T 

(iv) 

tan 0, 

(v) 

(2z - 5) 2 

1 - z ’ 

(vi) 

sin 3 <p 

\/(9 + 1) 


Note. 


All angles are in radians unless otherwise 



stated and the result 


will be used throughout. 




(2 1 + l)-^-(2/ - 3) - (2/ - 3)-^(2/ + 1) 

(2/ + D a 

2(2/ + 1) - 2(2/ -3) = _8_ 

(2/ + 1)* ( 2 ‘ + 1)1 



x^(cosx) - cosx^(x) 


— x sin x — cos x 


- (x sin x + cosx) 

v2 



d f(2 y + 1)> 
dy \(2 y - D* 

- (2^ + 

2 ^- 1 

(2v - 1)* x 2 x i(? y + l)' 4 
K y - (2 v + 1 )* x 2 x 4(2 y 

y - 1 


- 1 )*] 


- D* 


(2y - 1) - (2 y + 0 
“ (2y - l)*'H2y + D x/a * 

-2 

“ (T/^njv*^ +~o I7r 
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(iv) tan 9) — 


(v) 


dz 


(vi) 


d<? 


_ d ( sin 0 

dQ \cos 0 


)- 


cos 0-^-(sin 0) — sin 0-^-(cos 0) 
dv dv 


cos 2 0 


cos 0(cos 0) - sin 0( - sin 0) 
cos a 0 

cos* 0 + sin 8 0 


d l(2z — 


cos 2 0 
= sec* 0. 

5) 


1 

COS 2 0 


1 - z 


2 | = o - z) * - 5 > - Vz - s > 2 (- *> 

j 0 - Z) 2 


(2z - 5)(4 - 4z + 2z - 5) 
(1 - z) 8 

- (2z - 5)(2z + 1) 

(1 - z) 2 


1 


sin 39 


V(.9 + O 


V(9 + 1) x 3 cos 39 - sin 39 x -t- 1) 


(<? + 1) 

6(9 + 1) cos 39 — sin 39 

2(9 + l) 8 /* * 


Example (l.u.). Gas is being pumped into a spherical balloon at the rate 
of 12 cubic feet per minute. 

Find the rate at which the radius of the sphere is increasing at the instant 
when its length is 6 feet. 

Also show that at this instant the area of the balloon is increasing at the 
rate of 4 square feet per minute. 

Let V cubic feet be the volume and A the surface area in square feet 
when the radius is x feet. 


Then 


V - i«x», 

dV d -(W) 


dt 


When x = 6 and 


dV 

dt 


dt 


4«x 8 


12, 


dx 
dt ' 


12 = 4* x 36 


dx 

dt 


12 


Also, 


4** x 36 
A = 4itx 8 , 
dA d 


d dx 

s*”* • s 


dx 

~di ’ 


—z— feet per minute. 

12tt r 


dt 


dt 


(4^*) 


s'»”•> • i 


8 tut 


dx 

dt 
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dx 1 

When * - 6, 

^ = 8it x 6 x 


4 square feet per minute. 


dt - ’ 12* 

Example (l.u.). Find the equation of the tangent to the parabola 
v* + 6* - 0 at the point ( - f , - f). Find also the co-ordinates of the 
point of contact of the tangent which is perpendicular to the tangent 
the point ( - 6, 6). 

It can be seen, by inspection, that the point ( _ i> ~ t) bes on t c 
parabola 


y 2 + 6x — 0 
Differentiating (1) with respect to x, 

+ 6 = 0 , 


( 1 ). 


i.e. -?-( y *) • -r: + 6 “ 


dy 


dx 

dy 


When y = 


••• 2 y + 6 = °* 


^ = — 3( — I) - +2. 


dy ___ — 3 


<7x 


7 




UA 

Hence, the equation of the tangent at (- _ «) ‘ s 

y + -5- = 2(x + |). 
i.e. 4y + 6 = 8x + 3 
i.e. 8x - 4y = 3. 

The slope of the tangent at the point (-6, 6) is -3 /y. where y 

'^Therefore the slope of the tangent perpendicular to this is. 2 .which is 
the slope of the previous tangent. Hence, the required point of contact 

Example (l.u.). If the co-ordinates of any point P on a certain curve are 
(at 2 , 2xi t), where / is variable and a constant, find the equation- 
tangent and normal at P. . 

Find the co-ordinates of the point Q, where the norma at mee s ^ 
curve again, and find also for what values of t the angle C l 

angle, O being the origin. 

The equation of the curve is given by 

x ® . ( 2 ) 

y - 2 at .. ( 

(known as the parametric equation of the eurye, winch is a pa ^ 
y* =■ 4ax obtained by eliminating the parameter t e \ q 

and (2)). 

From (1), 


dx 

dt 


dy 

2at, and from (2) 


2a. 
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dy dy 

dx dt 

2 a 
2at 


~~ = (seenext theorem 

dx dt I dt 


1_ 

/ 


therefore slope of tangent Is 1 //, and hence the slope of the normal is - 1. 

Thus, the equation of the tangent at the point (at*, 2at) is 

y - 2at = (1 /t)(x - at*), 
i.e. ty — 2 at* = x — at*, 
i.e. ty — x = at*. 

Also, the equation of the normal at the point is 

y — 2at = - t(x - at*), 
i.e. tx + y = 2 at + at* .(3). 

Let the normal meet the curve again in the point (aT*, 2aT). Then this 
point must satisfy the equation (3), 

atT* + 2 aT — 2at + at*, 

i.e. tT* + 2T - (2t + / 8 ) = 0, (quadratic in D. 

i.e. (T - t)[tT +(2 + /»)] = 0, 

T = /, or T = -(2 + t*)ft. 

But T * /, therefore the normal cuts the curve again in the point where 
T = — (2 + /*)//, i.e. at the point 

a( 2 + t*)* — 2a(2 


2 




The slope of OP 


y - co-ordinate of P _ 2at 
x - co-ordinate of P at* 
2 21 


2 

t 


Similarly, the slope of OQ = + /»)* 

OP and OQ are at right angles if the product of their slopes equals - 1 


i.e. if — x 

t 


21 


i.e. if 


-(2 + t*) 
4 


- 1 , 


2 + t* 

i.e. t* = 2, i.e. if / 


1, giving t* + 2 = 4, 

* ±V2. 


Theorem. To prove that, if y be some function of x, then 

dx _ , / dy 

dy / dx' 

Let be a small increase in y corresponding to a small increase of 
Sx in x. 

5x 1 


Then 


Lt x 

s^o ty 


By 8y /Bx 

(dividing numerator and denominator by Bx), 
Bx _ 1 


iio 
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= Lt 1 

Sy^-0 


Sy-*0 


8x 


(Lt. of quotient) 


dx 


= 1 


= 1 


= 1 


Lt 

Sy —►O 


Sx-vO 


Sx’ 


(8x -> 0 as $y -*■ 0), 


dx' 


" dy I dx 

Exponentials and Napierian Logarithms. The quantity e*, defined 
as being 

Lt (1 4 x/n)” 


n-> co 


s known as the exponential function, and with this definition 

e = Lt (1 + 1 AO". 

n—► CO 

This quantity e, whose value will be shown later to be 2-71828 . . 
is the base for Napierian (or natural) logarithms , and is a very impor¬ 
tant quantity in advanced mathematics. 

Theorem. To find a series in ascending powers of x for e*. 
Expanding by the binomial theorem 

n(n — 1). . 

(1 -f xAfl" = 1 4 n(x/n) -\ - 

+ *" - >» zl >(„.)■ + ... 

. 1(1 - 1 AOO - 2fn) x3 


I . (1 - l/'O 2 
Lt (1 + x/n)» = Lt (1 4 ■* 4* * 

(! - 1/»)(1 -2/») . 


x 3 4 


= 14x4 


+ -TT + * ' - 


since 1 /«, 2 In, etc., each —0 when n -*■ co. 

But Lt (1 4 x/n)” = e‘, 

n —co /. e x = 14x4 x 2 /2! 4 x 3 /3! 4 - • • 


n—► co 


oo. 
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This series is known as the exponential series, and, by replacing x 
in it by (— x), it can be seen that 

e~* = 1 - * + * 2 / 2 ! - jc 3 / 3 ! + ... 

Using x — 1 in the series for e x y 

e = 1 + 1 + 1 / 2 ! + 1 / 3 ! + 1 / 4 ! + ,.. 

and by the arithmetical working shown it can be seen that the value 
of e to five decimal places is 2-71828. 

1 + 1 = 2-000000 

1/2! = 0-500000 

1/3! = 0-166667 

1/4! = 1/4 x 1/3! = 0-041667 

1/5! = 1/5 x 1/4! = 0-008333 

1/6! = 1/6 x 1/5! = 0-001389 

1 /7! = 1 /7 x 1 /6! = 0 000198 

1/8! = 1/8 X 1/7! = 0-000025 

1/9! = 1/9 x 1/8! = 0-000003 

2-718282 


Theorem. To find the derivative of e x with respect to x. 
Using the previous theorem. 



1 + * + x 2 /2\ + * 3 /3! + x*/4l + . . . 


d 

dx 


1 +* + 







= 0+1+ 2x/2\ + 3;r 2 /3! + 4* 3 /4! + . . . 
= 1 + * + * 2 /2! + x 3 /3! + . . . 

= e x . 



Employing the function of a function theorem, where a and b 
are constants, 


d 

dx 


(e ax +*) 



where z = ax + b 



dz 

dx 


= e* X a — ae ax+b . 


Thus -j- (—— ) = -^-(e~ 2u ) = — 2e~ Zu = — 
du \ e~ u ) du e Zu 

d ( I 1 \ d d 

= -***''• 

+ - x A (e Zl + 3) + c z. + *f (x) 
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= x X 2e 2x + 3 + e 2 *+ a x 1 
= (2x + l)e**+ 3 . 

d ( y* \ = - ^-dy ier+2) 

dy \ ey + 2 ) (ev + 2 ) 2 


(ev + 2 ) 2 

ey +2 x 2y — y 2 e*+ 2 _ j(2 — y) 
= ( e >+ 2 ) 2 e y + 2 

d 


</z . 

(where z = t 2 — 2/ + 3 and = It — 2) 

d dz 

= * (£,) ' rfT 

= e'(2 1 - 2) = 2(r - l)e‘ , - 2/+3 - 

Theorem. To find (log, x), -^-[log* ( a v + £)]. 

where a and b are constants. 

Let y = log, x ( y is the Napierian logarithm of x) 

. . . . 0 ) 

Differentiating this with respect to y. 


— = -Hey) 
dy dy KC } 

— e y = x. 

It has been shown earlier that 

dx 1 . * 

~dy — dy/dx’ " dy/dx 

d y 1 


(from (1)) 


and 


dx 


~r-(log,x) = -• 


Using the function of a function theorem. 


-^-[log, (ax 4- b)] = ^(log,z), 


(where z = ax f 6 and 
d , 

= 7/7< lo K- z) ' 7/x 


1 ^ 

= 7 x a = ^T+b- 


rfx - a) 
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(iv) Let 


Example. Find the derivatives of the following functions with respect to x : 

(i) 2 log, (2x + 3), (ii) x 2 log, (4 - x ), (iii) (1 fx) log, x, 

(iv) log, (x 8 - 3x 2 4- 6), (v) log, (sin 2x). 

(i) log. (2, + 3)] = 2 X -±- 3 = -±- 3 . 

(H) dX^ l0gt ^ ~ = ^ (4 “ 

+ log, (4 - x) x ^(. x *) 
= x 9 x (-1)/(4 - x) + [log, (4 - x)] x 2x 
- * (2 log. (4 — X) — yij . 

d x 4z^°& x ) ~ flog.*) • 4~(x) 

(iii) — [(l/x)log,x] = - 5 -*L_ 

= X X. \!x - (log, x) x 1 1 - log, X 

X 9 * 

z = x* - 3x a + 6, 
dzldx = 3x 9 — 6x, 

-j- [log, (x 3 - 3x* + 6)] = (log, z) 

d dz 

- z > ■ S' 

= 1 lz x (3x* - 6x) 

_ 3x(x - 2) 
x 3 - 3x> + 6' 

z = sin 2x, 
dzj dx = 2 cos 2x, 

^ [log, (sin 2x)] = ~ Gog, z) 

^ n \ dz 

= * 0og ‘ z) • s 

= 1 /z x 2 cos 2x 
_ 2 cos 2x 
sin 2x 
= 2 cot 2x. 

Second Differential Coefficients, etc. If the result of differentiating 
/(x) with respect to x be (p(x), then the result of differentiating <p(x) 
with respect to x is known as the second differential coefficient (or 
derivative ) of/(x) with respect to x. 


and 


(v) Let 


and 
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SECOND DIFFERENTIAL COEFFICIENTS 

If y ==/(*), the first differential coefficient of y with respect to x 
is represented by 

§• r/«. 

The second derivative of with respect to x will be the differential of 

dy_ 

dx 

with respect to x, and is represented by 

d / dy 


m 


dx \ dx 

or more briefly 

d 2 y 
dx 2 * 

other symbols when y = f(x) being 

^ i/x*)]./"<*>• 

Similarly, the derivative of 

d 2 y 
dx 2 

with respect to x is known as the third differential coefficient of y 
with respect to and is denoted by any one of the symbols 

and so on. 

Example. Find the first and second derivatives of the following functions 
with respect to /, and find their values when / = 4: ^ ^ 

(i) (2 1 - 3) 8 , (ii) 4/ 8 /* - 3/ + 2/ 1 /*, (iii) —- . 

(i) Let y = (2 1 - 3) 8 

• = 

“ dt 

and £L - 

dt 8 

Therefore when / = 4, 


2 x 3(2/ - 3) 8 = 6(2/ - 3) 8 , 

6 x 2 x 2(2/ - 3) = 24(2/ - 3). 


dt 


6x5 


iso. 


y 

•• 

d 2 y 

fit 2 


= 24 x 5 
4/ 8 / 8 - 3/ + 2/V«, 
6/ 1 /* - 3 + r 1/a , 


120. 


3/-V* - */-•/*. 


(u) Let 
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When t = 4, 
dy 


dt 


= 6x2- 


3 + J = -L&. and 


d*y 


(iii) Let 


y = 

dy 


~s~* 

t* - 1 


dt* 

- t - 

d*y 


= 3_A X A=3_ 

T 2 8 2 


1 

T5 


2 3 

XT' 


<// 


= 1 + t~*, and 


dt 2 


— 2 t~*. 


When t = 4, 

± . 

dt 


* , 1 17 . J 2 v 

1 + 16 = 16’ and ^ 


-2 

64 


- 1 
32 ’ 


Example (l.u.V The radial stress p in a rotating flywheel at a distance r 
from the centre is given by p = A + Br -* + Kr*, where A, B, K are 
constants. 


Prove that 


r -jfr + 3 “7“ = 8A>. 


If p = 0, when r = a, and when r = b, find A and B in terms of a , b, K. 

p = A + Br~* + Kr*, 

• iL - 

” dr 


- 2Br~* + 2 Kr, 


d*p _ 


dr* 

• r * P - + 3 *P_ 

dr* +3 dr 


= 6 Br-* + 2K, 


(6 Br-* + 2Kr) + 3( - 2Br~* + 2Kr) 
SKr. 


Since p = 0 when r = a. 


0 = A + —- + Ka* 
a 2 


( 1 ). 


( 2 ). 


Since p *= 0 when r = b, 

0 = A + -T* + Kb ' . 

b 

(1) - (2) gives 0 = 5(1 /a* - 1 /b*) + K(a* - b*), 

- **>■ 

5 = (a* * £>•) 

Using this in (1), 

0 = A + Kb* + Ka*, 


A 


- K(a* + b*). 


Example. The distance s feet moved in a straight line by a particle in 
time t seconds is given by the equation 


7T 


'“'COS Jo'- 
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Find the acceleration after five seconds. 


7T 


5 = tcos To‘ 


(i). 


Differentiating (1) with respect to t, 

ds 

velocity v = 


dt 


''-TS^Tb' +cos T6' 


(differential of product) 


Acceleration 


dv 

~dt 


- - {o ' sin ts' + 005 fo'- 

- - -fohfo“ s fo' + sin fo' 


n . it 

.o sm To' 


n 3 TC 2tt . 7T 

loo' 005 ro' - To s,n To'- 


Therefore when t = 5, 
acceleration *= 


2 

100 


7T 


71 X 5 COS y - y SID 2 


0 _ — c= - y feet per second, per second 



Maxima, Minima, etc. In the graph shown, the points A ana eon 
the curve are known as maximum points, and the points an 

are minimum points. ... , . ■ 

A maximum point on a curve is a point at which the ordinate 

greater than any other ordinate in its immediate vicinity on ei 

side of it. 

A minimum point on a curve is a point at which the ordinate is 
algebraically less than any ordinate in its immediate vicini y 
either side of it. , .... 

The two types of points are classed together un er it- g 
name of turning points , due to the fact that the curve turns at this 

From the graph shown, it is clear that the tangent at any turning 
point is parallel to OX, and therefore has zero slope. 
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But dy 

di 

is the slope of the tangent at any point (x,y) of the curve, and hence 
for a turning point at (x, y) the value of 

dy 

—jr~ must be zero. 
dx 


Thus, for the curve y = /(.v), the equation in a: given by 



will give the values of x at which there are turning points, and the 
corresponding values of y can then be found from the equation 

y =/(■*)• 


Example. Find the turning points on the curve y = x 5 — x* — x. 
From the equation y = x a - x* - x, 

~dx = 3a ' 2 ~ Zx ~ 1 “ O* + DU - 1). 
cl v 

For tinning points =0, 

i.e. (3 a- + 1 )(.v - 1) = 0, i.e. .v = - i, or 1. 

When a- = 1, y = - I , and when x = - i, 

v __1 _ 1 _l_ 1 _ JL 

J 2 7 » “ I 27* 

Hence, the required turning points are (1, - 1), ( - -/ Y ). 


As can be seen from the graph, a maximum value does not 
necessarily mean the greatest ordinate on the curve, nor does a 
minimum value necessarily mean the least ordinate, but in practical 
questions it is generally found that the maximum value is the greatest 
value and a minimum value is generally the least value. 

In certain cases it is necessary to distinguish between maximum 
and minimum values, and a further condition is required for this 
purpose. 

From the graph it is clear that the slope of the tangent immediately 
to the left of a maximum point is positive and immediately to the 
right ot the maximum point it is negative. Hence dy/dx changes 
from positive through zero to negative in passing through a 
maximum point with .v increasing. Thus in passing through a 
maximum point with x increasing the rate of change of dy/dx is 
negative. But the rate of change of dy/dx is 


d / dy \ _ d 2 y 
dx \ dx ) dx 2 ' 


Hence for a maximum point 


d 2 y 

ls negative 
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Immediately to the left of a minimum point, it is seen from the 
graph that the value of dy/dx is negative, and immediately to the 
right of the minimum point dy/dx is positive. Thus, by a similar 
argument to the previous one, it follows that, for a minimum point, 
d 2 y/dx 2 is positive. 

The procedure when finding the maximum and minimum values 
of a given function/(x) is to equate f(x) to y, and then find dy/dx 

and d 2 yfdx 2 . . . 

The result for dy/dx is then equated to zero, thus obtaining an 
equation in x from which values of x are obtained which give the 
turning points on the curve y = /(*), and, if required, the corre¬ 
sponding values of y are determined by using y — f(x). 

To distinguish between maxima and minima, these values of x 
will be inserted in the result obtained for d 2 y / dx 2 , and those giving 
a negative value of d 2 y/dx 2 will give maximum values of t e 
function, and those giving positive values of d 2 y/dx 2 will determine 
minimum values of the function. 

Note. In certain practical questions dealing with mensuration etc., 
the quantity for which a maximum or minimum value is required will first 
be found in terms of two variables. From data in the problems a relation¬ 
ship between these two variables will be obtained, and this must be used 
in conjunction with the first equation to eliminate one of the variables in 
the first equation. The normal procedure is then employed. 

In practical questions the distinction between a maximum and a mini¬ 
mum value can be generally ascertained from the nature of the question 
without recourse to the conditions that dy/dx 2 shall be negative or 
positive respectively. 

Example (l.u.). If y~ 3*‘ - 20*’ + 48*’ - 48* - 2. find the values 
of X for which dy/dx = 0, and for which of these values ol x, if any, y 
is a maximum or minimum. 

y = 3x 4 - 20x 3 + 48x 2 - 48x - 2. 

Ay = I2x 3 - 60x 2 + 96x - 48 .0). 

dx 

. d *y. = 36x 2 - 120x . .. (2)> 

dx 2 


From (1), 


Ay. 

dx 


0 if 12x s - 60x 1 + 96x - 48 

i.e. if x 3 - 5x 2 + 8x - 4 = 0 


0, 


By inspection, x = 1 is a solution of (3). 
Equation (3) can be written, 

(x 3 - x 2 ) - (4x 2 - 8x + 4) = 
i.e. x 2 (x - 1) - 4(x - l) 2 = 
/. (x - l)(x 2 - 4x + 4) - 
i.e. (x - l)(x - 2)* = 

.'. x = 


0 

0 

0 

0 

1 or 2 (twice). 


( 3 ). 
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When x = 1, 


d*y 

dx* 


36 - 120 + 96 = +12, 


therefore y has a minimum value when x =■ 1. 

d*y 


When x = 2, 


d!x* 


= 144 - 240 + 96 



therefore there is neither a maximum nor a minimum point when x 
(the special point is known as a point of inflexion). 


2 


Example (l.u.). From first principles obtain the differential coefficient 
of cos x with respect to x. 

Find the maximum and minimum values of 2 cos 2x - cos 4x in the 
range 0 < x < n. 

Sketch the curve y = 2 cos 2x — cos 4x from x = 0 to x = it. 



The first part of the question has been proved as a theorem 
Let y = 2 cos 2x - cos 4x, 

. -Z- = 

dx 
d*y 


- 4 sin 2x + 4 sin 4x, 


dx* 
dy 


- 8 cos 2x + 16 cos 4x. 


For a turning point = 0, 


From (1), 3x 


i.e. - 4 sin 2x + 4 sin 4x ■= 0, 
i.e. sin 4x - sin 2x = 0, 
i.e. 2 cos 3x sin x = 0, 
/. cos 3x = 0. 
or sin x = 0. 

n 3rr 5" 

~2 * 2 * 2 * e * c ' 

x = 0, 7r, 2*, etc. 


0 ). 

( 2 ). 


From (2) 

-r w — 9 —- 

Therefore in the range 0 < x < iz, there are turning points if x *= 0, 
i n t 

d*y 


When x =• 0 or n. 


dx a 


-8 + 16 


When * = in, 


d a y 

dx 3 


+ 8 + 16 *= +24, and y 


+ 8, and y = 2-1 — 1. 

* -2 - 1 ~ -3. 
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When x 



d 2 y 

"dx* 


= —4 — 8= -12, and y 


1 + i = f • 


When x = 4*. = +4 - 8 = -4, and y = 1 + i = f. 

6 dx 2 

Therefore y has a maximum value of -f and minimum values of 1 and - 3 
From the data obtained the sketch opposite is drawn. 


Example (l.u.). An open cylindrical can is to be made to contain one 
litre (1,000 cc.). If the radius be r cm., find the area of metal required and 
calculate for what value of r this is a minimum. 


Prove that the minimum area is about 440 square cm 
Let h cm. be the height of the can. 

Then, the volume = nr 2 h = 1,000, 

1,000 


h = 


(1) 


nr 


If A square cm. be the total surface area, 

A = 2nrh 4- nr 2 


Using (1) in (2), 


From (3), 


2,000 , 2 
—- + nr 2 


and 


dA 
dr 
d 2 A 
dr 2 


+ 2nr, 


4,000 


4- 2n. 


Now A has a turning value when dAfdr — 0, 
i.e. when, 

2,000 


4- 2 nr = 0 


i.e. r 


1,000 


7T 


<J 


,/ 1,000 

71 


( 2 ). 

(3). 


10 = 6-83 cm. 

j/n 


When r s 


1,000 


d* A 

dr 2 


4 n 4- 2 n 


4 6n, 


therefore for a minimum value of A, r = 6-83 cm. 

2,000 4- nr 9 

From (3), A = --- » 


therefore when r* 


1,000 

* 

71 


2,000 4- 1,000 ^ 3,000 

A “ ^( 1,000 In) “ \0/Vn 

= 300 i/n = 300 x 1 46459 
— 439-38 square cm. 

i.e. the minimum area is approximately 440 square cm. 
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Example. An open tank is to have a horizontal square base and vertical 
sides. Its volume is to be 60 cubic yards. The cost of lining the base is 
p /- per square yard, and the cost of lining the sides is q /- per square yard, 
where p and q are constants. 

Prove that, when the dimensions of the tank are such that the total cost 
of lining it is a minimum, the cost of lining the sides will be double the cost 
of lining the base, 

Let the square base be of side x yards and its height be y yards. 

The area of the base is x 2 square yards and the cost of lining it is px 2 
shillings. 

The total area of the vertical sides is 4xy square yards and the cost of 
lining these sides is 4 qxy shillings. 

The total cost (C/-) of lining the vessel is given by 

C = px 2 + 4 qxy .(1). 

But the volume = 60 cubic yards, therefore yx 2 = 60, from which 

60 

y = ~T m 


Using this in (1), 


240 q 

C = px 2 + -- = px 2 + 240 qx- 1 , 


dC 

dx 


= 2 px - 240 qx- 2 . 


For a maximum or a minimum value of C, 


dC 

dx 


0 , 


i.e. 2px - 


240q 


x m 

i.e. 2 px* 

2px 2 


/ C maximum from \ 
^practical considerations/ 

240 q, 

240 q 


But 240 q lx shillings = cost of lining the sides and px 2 shillings = cost 
of lining the base. 

Hence, the cost of lining the sides = twice cost of lining the base. 

Example (l.u.). A point moves in a straight line from a fixed point O 
through a distance s in time t, the value of s being given by 

2 at 

5 = 1 + t 2 ' 

Show that the point moves through a distance a from O and then 
returns towards O, and that the maximum speed towards O is la. 

2at 


s = 


speed v 


1 + t 2 

ds 


2a{\ + /*) - 2at(2t) 


dt 

2u(\ - /*) 
(1 +">»)* 


(1 + t 2 ) 2 

(Differential of a quotient) 
. ( 1 ) 
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Also, the acceleration / = 


dv 

~d7 


d_ 1 2a(l ~ t*) \ 
dt \ (1 + / a ) a I 


( 


— 4af(l + t 2 ) 2 - 2a(l - t 2 ) x 4/(1 + 


= — 4 at 


- 4 at 


(1 + t 2 )* 
+ t 2 ) + 2(1 - 


(1 + / a ) 3 


( 

feS -.] 


a ) 


-1 


( 2 ). 


The point comes to a stop when the velocity » is zero, and, from equation 

(1), this occurs when 0 

2a(l - t 2 ) i.e. when (1 - / 2 ) = o 

(1 + t i y~ = i.e. when t = +1. (/cannot be negative). 
When , - 1. the acceleration / = -*.«] = -«. «■*■ / " e S ative 

-sk rfrvsra? TZ=r^L° move s . — 

• — 

- 0 . 
dt 

i.e. when —Aat + |*)#j a 

i.e. when /[3 - /*! “ 

i.e. when / ■= 0 or / =3. 

Now , - 0 clearly gives a minimum speed since the particle starts with 
zero°speed. Therefor! f - 3 gives the max.mum speed. 

(1-3) -4a = -o 

When /* =■ 3, u + 3) a ” 16 4 

Hence, the maximum speed is numerically ia. 

Points of Inflexion. These are points at which the tangent crosses 
.. rurve as shown in the diagram at points A and B , i.e. the portions 
ofthecmve on either side of the point of inflexion lie on oppos.te 
sides of the tangent at the point. 

Mathematically, a point of infle¬ 
xion on a curve is a point at which 
the tangent cuts the curve in three 

coincident points. 

From the diagram, it can be seen 

that the slope of the curve immedi¬ 
ately to the left of A is increasing 
as x increases, and immediately to 
the right of A it is decreasing as x 


K 1 


O 




X 


the right ot A u is ucuwsmg ~ . . . < nnf1 

increases. Hence, dy/dx must have a max.mum value at A, and 

therefore 
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dx V dx 
d 2 / dy 


m - » 


at A , i.e. 


d 2 y 
dx 2 


= 0 at ^1 


= — ve at Ay i.e. is negative at A. 


and also ^ y dx 

By similar reasoning, there is a minimum value of the slope at B, 

dry d*y 

and therefore = 0 at B and is positive at B. 

d 2 y d 2 y 

Hence for any point of inflexion = 0 and is not zero. 


Example. Find the points of inflexion on the curve 

y = 6* 5 - 5x 3 + 2. 


dy 

From the given equation 

d'y _ 
~d^ ~ 


= 30x* - \5x* 
\20x* - 30x. 


- 360* a - 30 
dx 8 


For points of inflexion 


d 2 y 

dx' 



i.e. 120x 8 - 30x = 0 /. x(4x* - 1) - 0 

.*. x = 0, or ± i. 

Using these in the value of 

d*y 

dx** 

in no case is zero obtained and therefore these values of x give true points 
of inflexion. 


(Note. It is possible to have a maximum or a minimum point when 

— 0 if is also zero.) 
dx 2 dx 

When x = 0, y = 2. 

When a = i, y = 3°2 " I + 2 = ff . 

When x = - *, y ■= - -h + t + 2 = ff. 

Hence, the points of inflexion are (0, 2), ( - i, f£), (i, ff)- 


EXAMPLES X 

1. Differentiate x 3 with respect to x from first principles. 

Draw the curve whose equation is y — x*(3 — x) and find the equation of 
the tangent at the point (-1,4). Show that this tangent meets the curve again 
at the point (5, - 50). 
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2. Prove, from first principles, that the differential coefficient of sin 2 a with 

respect to a is 2 cos 2 a. . __ 

If y — + 2a + 4a sin x + 4 cos a + sin 2a, prove that 

^- = (a + 2 cos a) s , 
dx 

and, hence, that y increases with a for all real values of a. 

3. (i) Find, from first principles, the differential coefficient of v'a with 

^^The distance , moved in a straight line by a particle in time r is given 

by 5 = at* + bt + c, where a, b, c are constants. . _ , _ h t 

V lfvbc the velocity of the particle after time r, show that 4a{s c) - v b . 

4. Sketch the curve ay 2 = a 3 , andjffiow that the equation of the tangent 

at The tangent at/meets the curve again at Q Find the length of PQ. 

5. Establish the formula for the differentiation of the quotient u/v of two 

functions of a with respect to a. 

x /1 + 2x\* . 1 - V* 

Differentiate (i) tan 00 ^ \ + x ) * u ‘ u 1 + Va* 

6. If u and v are functions of a, obtain the formula for the differential 

coefficient of the product uv with respect to a. 

Differentiate with respect to a. (a 2 - x)\ cos (2 - 3a), a s.n -a 

7. Show that the equation of the tangent to the curve y = x at the point 

( °The Ungcn.V P the .-axis at S and O is the origin. Prove that 

SO => 2 SQ where Q is the foot of the ordinate ot P. 

8. Show'that (a - 6) is a factor oft.” - where n is a positive integer. 

and write down the other factor. 

Hence prove that 

_f(_(A-«) = -nx—-\ 


dx 

when n is a positive integer. 

Find the derivatives of : (i) (a + 1 /a) cos x. 


(ii) 


a sin a -+- b cos a 


a cos a - b sin a 

Show that, as * increases, the value of the function (ii) always increases. 

9. If n be a positive integer, prove that 

d 

-^-(a m ) = nx n 


-l 


“"r/^^V^r^wlI^'and'^arrconstants. And values of and „. 

both positive integers, so that 

cPy _ dy 

r m - 


x ‘d + 2x ~di 


12 y. 


10. Differentiate 1 /(a + a) with respect to a from first principles. _ 

Find the equations of the tangents to the curve y = 1 /(a 1) 4 /(a Z) 

at the noints where it crosses the co-ordinate axes. 

Show that y increases as a increases for negative values of a. 

11. (i) Differentiate <x« - a 2 ) with respect to a from ^ rSt pr ‘ nC ' ple . S ' 3x , )S 
(ii) Find the differential coefficients with respect to a of (a) (1 3a ) . 

(£>) sin (3 a + \n). 
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(iii) Find the x co-ordinates of the points on the curve 

y = x 3 - 6x* + 9x + 1 

at which the tangent is parallel to y = 24x. 

12. Find, from first principles, the derivative of sin ax with respect to x 
If y — Jx 4- i(4x 3 ) 4- 4 sin x - 4x cos x - 4 sin 2x, prove that 

^ = (2x + sin x)*. 

and hence that y increases as x increases for all real values of x. 

13. Write down the quotient when x m — a m is divided by (x - a), m being 
a positive integer, and use the result to find 

Lt(x m - a m )/(x - a). 


Deduce the value of 


Lt(x~ m - cr m ) /(x - a). 


when m is a positive integer. 

The curve whose equation is y **■ Ax * 4- Bx 4- C passes through the point 
(1, 1). At this point the tangent to the curve is inclined at 30° to the x-axis. 

When x = 3, the inclination of the tangent to the x-axis is 60°. Find the 
values of A, B, and C. 

14. (i) Find from first principles the differential coefficient of cos 2x with 

respect to x. . 

(ii) The displacement x at time t of a moving particle is given by 

x — a sin 2t + b cos 2/. 

If v be the speed at time r, prove that v = 2y/(a l -4- 6* - x*). 

15. A function y is such that >• = ax* for x < 2, and y => b + 9x - 2ox* 
for x > 2. If ax* and b + 9x - 2ax* have the same value for i: = 2 and 
also the same gradient for x = 2, find the values of a and b, and give a rough 
graph of the function y for values of x between - 2 and +5. 

16. Find, from first principles, 

d 

-j— (sin x). 

ax 

Show that the curves y = 2 sin x - \/3 and y = (3x*)/2n - touch 
at the point (Jtt, 0), and find the intercept on the y-axis between the common 
tangent and the common normal at their point of contact. 

17. Find the limit as X tends to x of 

X' s - x lb 
X* - x 4 ' 

Differentiate x/(x* + 9); sin x - x cos x; Jx 3 -F 3/x 3 ; (1 4- x)-*; 
cos 2x + 2 cos £x. 

18. Find the limit as x tends to zero of x cot x. 

Differentiate cos 2 x and (x 3 - l)/(x + 1). 

19. Prove that, if x be measured in radians, 

-7— (sin x) = cos x. 

(IX 

Find (without tables) the value of 

2 sin (30° 4- 0) - 1 
sin 9 


when the angle 0 is one second. 
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20. Prove that the gradient of the curve y — (3x* - 2)/(2x) is always 

greater than 1-5. , . , , 

Find the co-ordinates of the points of this curve at which the gradient is 

5-5 and find where the tangent at one of these points intersects the x-axis. 

21 Plot the curve y = x 3 - 3x + 2 between x = -2 and x = 4-2, 
using 1 inch for the unit along each axis of co-ordinates. 

Calculate the points at which the tangents have gradient 3, and draw these 

tangents. 

22. If y = x*(3 - x), tabulate the values of 

dy d x y 
y ' ~dx* dx* 

W *DrawCarefully' the graph of the curve from x = - 1 to x = 3* noting the 
peculiarities (if any) which it presents at the four points named above. (Use 

1 inch as unit for both axes.) 

23 Find the gradient of the curve y = 2x/(l + x*) at any point. 

Prove that the tangents at the four points whose abscissae are ±x lt ±x„ 
are all parallel, provided that (x x * — l)(xi* - 1) 4. 

24 Define the differential coefficient of a function /(x) with respect to x. 
Find, directly from your definition, the differential coefficients of (0 x»/», 

<n) If the derivative of (x* - a*)/(x* + a 3 ) is unity when x = 1, find the values 

25. Differentiate with respect to x: (i) Vx; (ii) (5x* + 2)/(x* - x); 
(iii) sin* x cos ix. 

26. Prove that the differential coefficient of x" is nx"-», n being a positive 

^ Show that the tangent to 3p*a + is parallel to , - 0 when 

X - ±P. and that these tangents meet the curve again where x = =F 2 p, 

p and q being constants. 

27 Explain with reference to a figure, how to determine by consideration 
of the sign of the differential coefficient, whether a function of x is increasing 

or decreasing as x increases. 

d cos 3x 


Prove that 


(sin x \/cos 2x) 


~d x ~ v -- Vcos 2x’ 

and deduce that, if x lies between 0° and 45°, sin x Vcos 2x < i V2. 

28. Find from first principles the differential coefficient of 1 lx with respect 

t0 Find the gradient of each of the two curves y • = 4ax, and xy ■= 4a* V2 
at their point of intersection. 

29. Establish the formula for the differentiation with respect to x of a 

quotient u/v, where u and v arc functions of x. . - , , 

Differentiate with respect to x (i) (x* - 3x + 2)/(2x + 1), (it) sin 3x/Vx 

30. Show, with reference to a diagram, that if 

dy 

dx 

is positive, y increases as x increases. 

Show that (i) x - sin x, and (ii) sin x - x cos x increase as x 
from 0 to Deduce that, in this range, tan x > x > sin x 

Differentiate sin x/x with respect to x, and deduce that, if 0 < x 

1 > sin x/x > 2In. 


increases 


< i*. 
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31. Find the equation of the tangent to the curve y = ax 3 bx 3 + cx + d 

at the point (/i, k). 

Find the values of a, b, c, d so that the tangents to the curve at the points 
(2, 2) and ( - 2, - 4) may be parallel to the axis of x. 

Determine also the co-ordinates of the point of intersection of this curve 
and the tangent to it at the point (2, 2). 

32. (i) Find from first principles the differential coefficient with respect to 

X of X COS X. 

(ii) Prove that the function x 3 increases less rapidly than 6x 3 + 16x-F 5 
in the interval 5 > x > - 1. 


33. Explain, with reference to a diagram, the meaning of the statement that 

dy 

A y is approximately equal to ^-Ax, 


where y is a function of x and Ay and Ax are corresponding smalljincrements. 

Hence, find the error made in calculating the area of a triangle in which 
two of the sides are accurately measured as 18 feet and 25 feet, while the 
included angle is measured as 60°, but is 4° wrong. 


34. Find the equation of the tangent to the curve y = x 3 at the point 
PQ, / 3 ). 

Prove that this tangent cuts the curve again at the point Q ( - 2t, - 8f 3 ) and 
find the locus of the middle point of PQ. 

35. Find, from first principles, the differential coefficient of x n with respect 
to x, n being a positive integer. 

Find the range of values of x in which the rate of increase in the function 
(x - l)(x - 2)(x - 3) is less than that of the function 3x 2 - 4x -f- 10. 

36. Define the differential coefficient (or derivative) of a function of x 
with respect to x, and employ your definition to obtain the differential 
coefficients of (1 4- x)- 3 , and of sin 3x with respect to x. 

If /(x) = 1 /x a , show that the ratio of 

•^[/(-V) ]tO i[/(x + h) - fix - /!)] is (l - £)\ 


and prove that, when x = 2, h = 01, this ratio differs from unity by 1 /200 
nearly. 

37. The equation of a curve is of the form y = ax 4- bx 2 4- cx 3 . Find what 
values a, b, c must have in order that the gradients of the curve at the points 
whose abscissae are -1, 2, 4 may be tan- 1 8, tan _1 (-l), tan- 1 3 respec¬ 
tively. 

Find the value of x for which the gradient is zero, and draw a rough graph 
of the curve. 


38. Find the equation of the tangent to the curve y = x - x 3 at the point 
P ( v„ y,). 

Prove that, if the tangent cuts the curve at Q, one point of triscction of PQ 
lies on the y-axis, and find the equation of the locus of the other point of 
triscction. 

39. Find the gradient at any point of the curve y = (3x - x 3 )/(l - 3x 3 ). 
Show that there are only two points on the curve at which the tangent is 

inclined at 45° to the axes. 

40. Show that, for any value of t, the point (4r a , 4r 3 ) lies on the curve 

4v = = , x 3. 

0 

Show that the gradient at the point for which / = /, is and find the 
equation of the tangent at this point. Prove that this tangent meets the curve 
again where t = - $r,. 
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41. Find the equation of the tangent at any point (x„ yj of the curve 

y = x * — 2 & 2 x 2 b 3 x. 

Prove that the tangent at the point where x, = a is also the tangent at a 
second point of the curve and find its gradient. 

Sketch the curve assuming a = b = 1. 

42. Prove that 

d ( u\ 1 / du dv\ 

d^iv) = ~F\ V dx " dxr 

If y == (A cos ntx + B sin mx)/x n , where A, B, m , n are constants, show that 

+ 2 » ± + »* 

X 


dx 2 X dx ' \ X 

43. Show that, when x is measured in radians, sin x < x < tan x, if 

0 Findthe derivative of sin x/x with regard to x, and deduce that sin x > 2x/n 

when 0 < x < a , 

44. (i) Differentiate with respect to x: (a) 3x 4 - 2xr* + 3, (b) x cos 5x. 

(ii) if y = ax 2 + bxr*, prove that 

9 d*y dy _ 

- x lu +2y - 

45. If u and v are functions of x prove that 

d dv du 

Find the differential coefficients with respect to x of 

** and sin* (3 - 4x). 

46. Show that the tangents to the curve 8y = (x - 2)* at the points (4. *), 

( - 6, 8) intersect at right angles on the line y — ~ 2 / T< , . 

If the point of intersection is T, and 5 is the point (2. 2) show^that TS is 
perpendicular to the line joining the points of contact of the tangents. 

47 A piece of wire 10 feet long is divided into two portions, one being 
bent to fom a square and the other bent to form a circle. Show that the 
sum of the areas of the square and circle is least when the side of the square is 

equal to the diameter of the circle. ... v 

48 A straight line AB has two ends on two fixed perpendicular lines OX, 
or, and passes through a fixed point C. whose distances from the fixed lines 

^FhidUre position of AB which makes AAOB of minimum area, and cal- 

culate that minimum area. .... . . f .. 

49 An isosceles triangle of vertical angle 20 is inscribed in a circle of radius 

.. Show IhaHhc area of the triangle is 4.* sin 0 cos 2 0. and hence that the 
area is a maximum when the triangle is equilateral. ..... 

50 A dispatch rider is in open country at a distance six miles from the 

nearest pointV of a straight road. He wishes to proceed as quickly as possible 

to a point O on the road twenty miles from P. 

If his maximum speed across country is 40 Th^ro id" 8 ^ 
50 m.p.h., find at what distance from P he should strike the road. 

pJi through^hc 5. T -TKi'-CtiS 

31 Ex e aminc°tto h turning-points to sec whether they are maxima or minima, 
and find any points of inflexion on the curve. 


2 


! ) >■ = o 
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52. Find, from first principles, the differential coefficient of 1 /(2 + x) with 
respect to .x. 

Determine the maximum and minimum values of x 4- 9/(2 + x), and 
sketch a rough graph of this function. 

53. A thin rectangular plate of breadth 
6 a is bent to form a double symmetrical 
right-angled gutter as shown in the sketch. 
If the depth of the gutter be x, find the 
capacity per unit length, and determine x 
for this to be a maximum. 

54. A trapezium A BCD has the sides AD and BC parallel, and 
AB — BC = CD = a. If the angle DAB is 0, show that the area ABCD is 
ia 2 (2 sin 0 4- sin 20). 

Find the value of 0 for which this area is a maximum. 

55. Find the maximum and minimum values of the expression 
3.v 5 - 5.x 3 + 2, stating carefully any rules you use. 

Explain why the value x = 0 docs not give a maximum or a minimum 
value, and illustrate by giving a rough sketch of the graph of the expression 
between x = -2 and x = +2. 

56. (i) Prove that "(tan x) = sec* x, 

ax 


7 

X 

1 


and that 


</ / tan x \ 
tlx \ 1 4- sin x! 


1 - sin .x 4- sin* x 


4- sin x* cos* .x(l 4- sin x) ' 

(ii) If a small object be placed u inches in front of a thin lens of focal length 
/ inches, the image is v inches behind the lens, where 1 /t> + l Ju = 1 //. 

Express (u -f >•) in terms of v and /, and hence show that the minimum 
distance between image and object is 4/inches. 


57. A line AB drawn through tho point (1,8) has one end A on the XO 
and the other end B on the v-axis. If AB makes an acute angle 0 with the 
.v-axis, prove that the length of AB is sec 0 - 8 cosec 0, and that AB is least 
when tan 0—2. 


58. Find the co-ordinates of the maximum and minimum points of the 
curve y — 4 -f- 12.x - 3.v* - 2.x 3 . 

Sketch the curve and calculate its slope at the point for which x = 2. 

59. Explain how the differential coefficient of a function may be used to 
find the maximum and minimum values of the function. 

The total cost of a ship per hour while on a voyage is £(4-5 4- t> 3 /l,250), 
where v is the speed of the ship in miles per hour. Find the total cost of a 
voyage of 2,000 miles in terms of »> and find the value of v which makes this 
cost the least. 

60. If u and r are functions of .x, find an expression for the derivative o! 
a /«> in terms of the derivatives of u and v. 

Prove that the greatest and least values which can be assumed by 

3 4- 2.v + .v* 

1 + 2.x + 3.x 2 ’ 


for real values of .v, are 2 4- \ 7 3 and 2 - \/3. 

61. Find the maximum and minimum values of the expression 

2.x 3 4- (a - 2.x) 3 , 

explaining carefully the method used to discriminate between them, and 
assuming a to be a positive constant. 

Illustrate by giving a graph of the expression when a = 3. 
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62. Explain how to find the maximum and minimum values of a function 

of a variable quantity x. , . , „ 

A right circular cylinder has a given volume K Express the total surface 
area S in terms of V, and the radius of the cylinder, and show that S is least 
when the length and diameter of the cylinder are equal. 

Find this least area when V = 64 cubic feet. 

63 A thin wire, 16 inches long, is cut into two pieces, one of which is bent 
into a circle of radius r, and the other into a right-angled isosceles triangle. 
Express the sum of the areas in terms of r, and find the value of r when this 

sum is a minimum. 

64. Find, from first principles, the differential coefficient ofx* J with respect 


Calculate the maximum and minimum values of x 3 - 15x + 7 - 12x~ 
and sketch the curve y = x 3 - 15x + 7 - 1 2x~ . 

65. Find the maximum and minimum values of the expression 

(x -f 3a)(9a a - x a ), 

3S Fxplafn^carefu 1 ly how you distinguish between these two values. Draw a 
graph of the expression, giving sufficient to show the maximum and minimum 
points, and the general character of the curve. 

66. Find, from first principles, the differential coefficient of cos 2x with 

^ Determine the maximum and minimum values of 2 - sin x + i cos 2x 
for values of x from 0 to 2*, and distinguish between them. 

67. (i) If u and v are functions of x, prove that 

d du dv 

( uv) = v—r- + 


ll 


dx' dx ' ~ dx' 

(ii) Differentiate log, (tan 2x) with respect to x. giving the answer in the 
simplest form. 

dy 


(iii) If y = x? 


*■- 3 *, fmd —and hence prove that y decreases as x 


increases from 4 to 1. 

68. ( a) If y = 4(«* + e-*). 


show that 





( b ) Find 


dy 

dx 


if y = log, (x s - 2x*). 


(c) If y — xe* x \ prove that y increases as x increases from - 4 to + 1. 

69. (u) Find the derivatives with respect to x of the functions 

(i) (15x a + 12x + 8)(1 - x) 3 />, (ii) (2x a + lOx + ll)<r»*. 

and state in each case the value of x for which the derivative vanishes 

(6) The abscissa x of a point P moving along the x-axis is given in terms 
of the time r by the equation x = 16(e~' - <r»). Determine the acceleration 
when P reaches its maximum distance from O. and the maximum speed in the 

subsequent motion. 

70. (a) If y - (A + Dx)e ~»*, prove that 


d x y 

~d*T 

d 2 X 

(b ) If y ~ x + e*. find 


+ 4 


dy 

dx 


+ 4y 


0 


in terms of x. 
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71. A line drawn parallel to the y-axis meets the curve 4y = e u +r u at P 
and the x-axis at N. Show that the projection of PN on the normal to the 
curve at P is of constant length. 

72. (a) Find the derivative with respect to x of 

6(x 3 + 1) log* (x + 1) - 2x 3 + 3x a - 6x. 

(6) The abscissa x of a point P moving along the x-axis is given in terms of 
the time t by the equation x = - 3) t, where / > 0. 

Show that the ratio of the extreme distances of P from the origin is e 2 ' 5 : 9 
and the accelerations towards the origin in these extreme positions are in the 
ratio e 2 ' 6 : 1. 


73. (a) Differentiate with respect to x 

x + 2 ,.. x x -I- 2_ 

(,) V(x* + 4x)’ (,,) x - 2 

(6) If xy = h - 9c*x -+• x 3 + k log^ x, where h, k, c are constants determine 
the values of x for which 


°- 

74. ( a ) Show that the tangent to the parabola y % = 4ax at the point 
(/», k) cuts the axis of x at ( - /«, 0). 

( b ) The speed of signals along a certain cable is known to be directly 
proportional to x 2 log* 1 /x, where x is a positive number less than unity. 
Find the value of x corresponding to the greatest speed. 

75. (a) Differentiate with respect to x (i) x 3 /(2 + x) and (ii) (1 + sin 2x) a . 
(6) Show that y — (A + Bx)e~ x + x 2 - 4x + 6, where A and B are 

constants, satisfies the equation 


d*y 
dx 2 


+ 2 


dy 

dx 


+ y 


Find A and B given that y — 0 and 



1 when x = 0. 



CHAPTER XI 


Calculus 

Integration , Areas , Volumes , etc. 

Integration. Integration is the converse of differentiation. Thus, if 

= 9 (*). 

then /(x) is said to be the integral of <?(*) with respect to x. 

This statement is written in the following manner, 

|' 9 (x)dx = f{x), 

where the symbol J is an'elongated S (from the word ‘summation') 
and represents 'the integral of’, whilst dx represents with respect 
to x*. The quantity <p(x) is known as the integrand. 

Thus, since -J^(x 3 ) = 3 * 2 ’ il follows that J 3x * dx = * 3 * 

Also, since f(x) = 1, it follows that Jl . dx = x. 

From differentiation it is known that, if C be any constant, 

—[/(*) +C] = fl/M ] = <pW (say). 

Hence, a more general result for J<P (x)dx is f(x) + C, and the 

result /(x) is merely a special value in which C = 0. 

When the result is of the form/(x) + C. where C ^ 

it is known as the general integral and C is known as the constant of 

When the result does not contain a constant of integration it is 

known as the indefinite integral. . i 

Unless the indefinite integral is specifically required, the general 

integral will always be used. . , h 

A third type of integral, known as the definite integral, will be 

dealt with later. 

Note. C will be taken as the constant of integration throughout the 
remainder of this chapter. 
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Theorems on Integration. From the definition of integration as the 
converse of differentiation, the following two theorems are valid. 

(u + v — H’ + .. .)dx = ( 'udx + dx — J\v dx + . . 

where u , v, w, etc., are functions of x. 

(ii) af(x)dx = a | f(x)dx, where a is a constant. 

Theorem. To find the value of J.x" dx, where n is a constant and not 
equal to — 1 . 

d / v M + 1 \ x n 

(except if n = — 1 when the result is zero) 


J 


x n +* 

.V” dx = - 1 —:—; -F C. 


n 


1 


Thus the rule for integrating .x n with respect to .x is, ‘increase the 
index of x by unity, divide by the new power, and then add C the 
constant of integration’. (The rule for differentiating x n with respect 
to a* is, ‘decrease the power by unity and multiply by th eold power’.) 

Combining this theorem and theorem (ii). 


f 


Y n + i 

fl.V" dx = a —:—; 4- C. 


n -I 1 

Note. As in differentiation, every term of the integrand after expansion, 
etc., must be converted to the form iix" before integration can take place 
for algebraic functions which have a finite number of terms in their 
expansions. 


Example. Find the following integrals: 


(i) 

| x b (ix 9 

(ii) 

(iii) 

J -k *• 

(iv) 

(v) 

| (.v 2 + i /x-y-dx. 

(vi) 

(vii) 

» 

i>* + i . 

■— ;— 7-dv. 

.1 V + 1 ‘ 



J 2 -*, 

5 2 * ’ 

x 3 (8 - x *)dx. 


8 


2z* 


dz. 


Using the previous theorem the following results are obtained. 



vHl 

X s _ 


(i) 

j.vV, - , + C - 

6 +C - 


(H) 

| ~ A ds = 2 I s~ ~ *ds = 
J s-* J 

2s 2 1f 1 

„ 2*"“ 
+ C =- 

-2-4 + 1 

+ C -1-4 


C - il 
C 7 's™ 
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<“> fw d, = -k \‘' dt - 


i/2 i 


+ C 


15 ./ /* 

2 V 2 


+ C. 


(iv) 


jx*(8 - xr*)dx = J(8x 2 - >r 2 )dx = 

3 (x -1 ) 


8x 2 rfx - x- 2 dx 


8 


- 1 


+ C = -?£* + + C. 


(v) J(x 2 + 1 /x 2 )*dx = j (x 4 + 2 + at 4 )</x 


x 6 ^ x' 3 

— + 2x + _ 3 

1 


+ 2x - 


3x 


+ C 


+ c. 


(vi) J- 


- 2z 4 


dz 


\ 


(z* - 2zr 2 )dz = 


* + ± + C. 

3 z 


- 1 


+ C 


<vH) - Jo- - > + *>* 


0 + 1 ) 
zl _ z* 

3 


+ v C. 


Note. All integrands should be simplified as far as possible before 
integrating. 

Area under a Curve and Definite Integrals. In the diagram, AB is 
the portion of the curve y =/(*) between x = a and x - b. 



The area between the curve AB, the axis of x and the ordinates at 

A and B is known as the area under the curve AB. / . 

P and Q are two adjacent (very close together) points (x, y), 
(x + $x, y -f- 8y) on the curve AB, and S is taken to denote the 
area under the curve AP, whilst Si is used for the area un er t e 
curve AB. 

The element of area, shaded in the diagram, is a small increase in 
the area S due to a small increase of Sx in x, and is therefore denoted 

by SS. 
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Now, the shaded area is approximately a rectangle of length y 
and width 8 .x, whose area is y Bx y and as $x -> 0 this element of area 
approaches closer and closer to y Bx. 

Thus, 85 -► y Bx y as Bx -► 0 

i.e. as 8 x -> 0 

85 


i.e. Lt 

8 . x —>0 


. dS 
y, i-e. 


= y 


Hence, from the definition of integration, 

5 = J* y dx. 

Thus, the area under a curve can always be represented by an 
where y = /(x). 


* 

integral of the form 


Now 


J y dx = J f(x)dx = ?0) + C, 


where cp(x) is the indefinite integral of f(x ) with respect to x. There¬ 
fore 5 = <p(x) -b C. 

Since the area 5 commences from the ordinate at A, it follows 
that 5 = 0 when x = a. 

Therefore 0 = 9 (a) + C, 

C = -9(a). 

Hence, 5 = 9 (x) — 9 (a) 

Now 5 = 5j when x = b. Therefore 5j = 9 ( 6 ) — 9 (a). 

Thus the area under the curve AB between the limits x =a 
and x = b is equal to 9 (b) — 9 (a), where 9 (x) is the indefinite 
integral of f(x) with respect to x. 

In order to facilitate the working in any problem, this result is 
written 


[?(*) ’ 


and to show the limits for the area 5 X in the corresponding integral, 
it is written 


/ 


f{x)dx. 


where b is the upper limit and a the lower limit of the integral. 

This integral is known as a definite integral , and the following 
statement shows the setting out for evaluating a definite integral in 
any particular case of the area under a curve: 
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area under a curve 
area under the curve y = /(*), between x = a and x = b 

= j b ydx = \ b f{x)dx = [?(*)] = 9(b) - 9 («). 

where <p(x) is the indefinite integral of/(x) with respect to .v. 

Note, (i) When the area under the curve considered is totally above the 
x-axis and b > a, all the ordinates are positive and 8x is positive, and 

the resulting area will be positive (y 8x is positive). 

(ii) When the area under the curve is totally below OX and . 

all the ordinates are negative, 8x is positive (therefore y 8* is negative) and 

* wHf w! «hen e 8 xt V nega*ive and the resulting area under the 

CU (-v)(ii), then Sx is negative and the resulting area under 

' h (v) U \Vhen ^rtion of the area is above and a portion ^.ow the x^xis 
the area under the curve will be given by the algebraic sum (i.e. taking 
signs into account) of the areas above and below the x-axis. 

These results are shown in the following diagrams. 
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Example. Evaluate the following definite integrals: 

(i) \\ %' (ii) f* (2 + 3/ + 5ti)dt ' (m) \\ ^ - l) * d y 


(iv) 


8 Jx 


(v) 




1 ^x’ 


= -[* - 1 ] - i 
(ii) J*~ (2 + 3/4- 5 t*)dt 


- [2/ + f/ a + f/ 5 ]"* 


- (-4 + 6 - ^o) - (-2 + f - f) 

- -V + V- 

(iii) f O' - l) 3 rfy = f O' 3 - 3y 2 + 3y - X)dy 

= (4 - 8 + 6 - 2) - (0) =0. 

[ 41 -*['•]:• 

- 9/2. 

(v) dy - J* <1 - r')dy = [y- ^]* 

- [7 +^J* = (2 + *) - 0 + 1) - 1/2. 


av) r 


fix 


i[2> - 1*] 


x* - 4* + 3. 


Example (l.u.). The gradient of a curve passing through the point (3, 1) 
is given by 

4y 

dx 

Find the equation of the curve, and the area enclosed by the curve, the 
maximum and minimum ordinates, and the x-axis. 

, 

dx 


x* - 4x + 3 


( 1 ). 


From (1), 


I (x 1 - 4x + 3 )dx 


«= ix 8 - 2x 9 + 3x + C. 

Since the curve passes through the point (3, 1), y ™ 1 when x — 3, 

1 = 9 - 18 + 9 + C 
C = 1 

therefore equation of the curve is 


y “ 


3 


- 2x> + 3x + 1. 
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Now = 0 for turning points. 

Therefore from (1) for the turning points x 2 - 4x 4- 3 =* 0, 

i.e. (x - l)(x - 3) = 0 

i.e. x = 1 or 3. 

Thus, the values x = 1 and x = 3 will be the limits for the area 


required. 

Therefore required area 


Jyctx 


fl^x 


(ix 3 - 2x 2 + 3x + 1 )dx 


[*- 


2x 3 

3 


-h: 


[-V- - 18 + + 31 - hV - § 4- I + U 


2 1 _ 2.3 

"4 1 2 


io. = 1JL = 31 square units. 


Theorem. To find /(a* + b ) n dx 9 where a , 6, /» are constants, 
d | (ax + *)"+ 1 ) _ , , S ax + -91 = + 


Now 


r/x I a(« + 1) 


= <" + = + 6) ” 


/’ ... (ax + b ) n+l , ^ 

j («*+«-<** = a(n +1) - + c - 

Example. Find the following integrals: 

(i) J(2x - 1 )‘dx (>i) | (1 _ 2tj‘ d ‘ 

(iii) J‘ V(2( + U<* (iv > }^(1 !_ 4y) 

Using the previous theorem, 

f._ .... (2x - D* ^ _ (2x-l)* 


^(1 - 4y) 


f , (2x - 

(i) J(2* - l Ydx - - 2 — 6 

(ii) j(T^ITT* ** - 1° ' 


+ C 


2tY*dt ■■ 


(2* - 1)8 + c 
12 + C * 

<J - 2/ >- + C 
(-2K-2) 


(1 - 20 -* 


+ C 


4- C. 


(iii) J* V(2t + \)dt = J o (2' + *)*<* 


i (2/ 4- l) 8 / 


■I 


i [27 - H - V-* 

• Jo - w' d y - ( ' ( :^r + c 

C - Id - 4y) 2 / 8 - C - i^d - 4 />’* 


4(1 - 2/)* 

(2/ + 1)»/ 2 “| 4 

. 2xf-J 0 

= J[9 3 / 2 - 1 8 /*1 


(iv) 


jV(l - 4/)^ 


v 
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Theorem. To find (i) J cos (ax + b)dx, (ii) J sin (ax + b)dx :, where 
a and b are constants and x is in radians. 

(i) Now 

-^[(1 fa) sin (ax + 6)] = 1 /a . a cos (ax + b) = cos (ax -f b) 

.*. J cos (ax + b)dx = (1 /a) sin (ax + b) + C. 

In the particular case when a = 1 and b = 0 

J cos x dx = sin x + C. 

(ii) [(— 1 /a) cos (ax + Z>)] = (— 1 /a)[—a sin (crx -f- b)] 

= sin (a* + b) 

.*. | sin (ax -f b)dx = C — (1 /a) cos (ax + b). 

When a = 1 and b = 0 

J'sinxr/A = C — cos x. 

Note. When the integrand is the product of sines or cosines, or a 
product of a sine and a cosine, it is necessary to convert the product into 
an expression consisting of first degree trigonometric functions (sines or 
cosines) before integration can take place. To perform this conversion, 
use is made of the following trigonometric formulae: 

sin 2 0 = 4(1 - cos 20), cos 2 0 = 4(1 + cos 20) 
sin A cos B = 4 [sin (A + B) + sin (A - B )] 
cos A cos B = 4 [cos (A + B) + cos (/l - B)] 
sin A sin B = 4 [cos (A - B) - cos (A 4- B)] 
sin 30 = 3 sin 0 - 4 sin 3 0, from which sin 3 0 = 4(3 sin 0 - sin 30) 
cos 30 =* 4 cos 3 0-3 cos 0 , giving cos 3 0 = 4(3 cos 0 + cos 30). 

Theorem. To find / x = J cos 2 0 dO, and /, = f sin 2 0 r/0. 

A = U(1 + cos 20)d0 = J(0 + £ sin 20) + C 

% 

I « == J iO ~ cos 20)c/0 = K0 — i sin 20) 4- C 

Theorem. To find / x = J sin px cos qx dx, / 2 = J cos px cos qxdx , 
1 3 = J sin px sin qx dx, where p and q are constants. 

Now, 

sin px cos qx = £[sin (p + q)x -f sin (p — q)x], 

A = h I [sin (p + q)x + sin (p - q)x]dx 

= \JT~q COS + qVc + C ° S ^ ~ ) + C * 
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Also, 

cos px cos qx 




£[cos ip + q)x + cos (p — q)x], 

£ J [cos (p + q)x 4- cos (p — q)x]dx 


= l 


1 


sin (p -f q)x 


sin px sin qx = 


p + q 

4 - —?— sin (p — q)x ) 4- C. 
p - q ) 

£[cos (p — q)x — cos (p 4- 


h = 


= |J* [cos (p — q)x — cos (p 4- q)x]dx 


= h 


p - q 


sin (p — q)x 


— -J— sin (/> 4- q)x ) 4- C. 

p + q > 


Theorem. To find I x = J sin* x dx, and I 2 = J cos 3 x dx. 

Now, 

sin 3 * = £(3 sin x — sin 3x), 

= Ji[3 sin x - sin 3 x]dx = }[-3 cos * + i cos 3x] + C 

= ^[cos 3x — 9 cos x] 4- C. 

Also, 

cos 3 x = i(cos 3x 4- 3 cos x), 

/. / 2 = Ji(cos 3a: 4- 3 cos x)r/x = i(i sin 3x 4- 3 sin x) 4- C 

= ^(sin 3x 4- 9 sin x) 4- C* 

Example. Find the following indefinite integrals : 

(i) jsin 2* cos 3-x dx, (ii) J3 sin sin 3x dx, 

>• 

(iii) J cos 4x cos 2x </x, (iv) J sin» 3x dx. 

(i) Jsin 2x cos 3x dx = ij (sin 5x - sin x)dx - K - i cos 5 * + cos x ) 

~ cos x - cos 5x). 

(ii) J 3 sin 5x sin 3x dx = f J (cos 2x - cos 8x)<£x 

= f(i sin 2x - i sin 8x) 

= ^(4 sin 2x - sin 8x) 
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(iii) f cos 4x cos 2x dx «=*- i | (cos 6x + cos 2x\dx 


\ 


(iv) 


= Ki sin 6x + I sin 2a:) 

= XaCsin 6x + 3 sin 2 at). 

sin 2 3x dx = jJ(l - cos 6x)tfx = i(x - i sin 6a:) 
= Tzifix - sin 6a:). 


Integration as a Summation. In the diagram AB is the portion of 
the curve y = f(x) between x = a and x = b. AC and BD are the 
ordinates at A and B and the base CD is divided up into small 
intervals by means of equidistant ordinates 8x apart. The shaded 
interval under PQ is a specimen of these intervals, and P = (x,y), 
Q = (x + 8x, y + $y). 



As Sx ->-0 the shaded area approaches a rectangle whose area is 
y Sx. Hence, the area under the curve AB is the sum of all such 
areas as Sx -> 0, and is therefore denoted by 

x — 6 

Lt \\y Sx, where 2 is the summation sign. 

Sjt->0 x~-a 

r b 

But the area under the curve AB = y dx. 

J a 

x — b rb 

Thus, Lt 2 y 8x — y dx * 

8x-*0 x — a J a 

This result is very useful for evaluating the type of summation 
shown, by using the equivalent definite integral. 

Since y is any function of x, it will be found that this result can be 
applied to volumes, centres of gravity, etc., in addition to areas. 

When dealing with the application of this result, it is essential to 
make a suitable choice of element, which may not always be the 
one indicated in the above proof. 

Example. Find the area of a circle of radius r. 

O is the centre of the circle and the element of area is the area between 
two circles of radii x and (a: + Sx), each with centre O. 
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AREA BETWEEN TWO CURVES 

Considering this element cut and straightened out, it forms approxi¬ 
mately a rectangle of length 2-x and width 8x(8 x — 0 ), therefore as 
Sx —*■ 0, area of element —► 2 tcxSx. 


The area of the circle 
= sum of all such elements 

2 r.x dx 


x -»r 

= Lt 2 Sx = 

8x->0 i — o 


- S'. - 


h: 


K/‘ a . 



Example. Find the area between the parabola y ~ 3x + x and 

x-axis. „ . , 

Note In problems on areas it is advisable to have a fairly accurate 
diagram of the curve, especially in the case when the area between t\ 

curves is dealt with. 

The area required is the shaded one in the diagram. (Left-hand figure.) 
When y = 0, * 3 - 3x + 2 = 0, 


i.e. (x - 1)(* - 2 ) = 0, 

/. x = 1 or 2, 

therefore the area required is the area under the curve of y = 2 - 3a + a 
between x ■= 1 and x = 2. 


.2 


i.e. J* y dx - J 2 (2 - 3x + x*)dx 


- [2* - S* 2 + ***!? 3 . 3. _ , _ 5 

- (4 - 6 + §) - (2 - 2 + i) - a « 

«= - square units 

The negative sign shows that the area is below the x-axis. 




Area between Two Curves. (Right-hand figure.) Consider the two 
curves y = /(x) and y = <?(*) intersecting in two points A and B 

such that A = (x lt y,), B s(x 2 , >' 2 )- . 

The area between the two curves is seen, from the d, agra , 
the difference of the areas under the curves, from the ordinate 

to the ordinate at B , i.e. 

J*'f(x)dx - j X \(x)dx = j^ [fix) - ?(x)]</.v. 
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Hence, after the jc-values of the two points of intersection of the 
curves have been found, the area between the curves is obtained 
from the above formula. 

The result is only proved for the first quadrant, but holds true for 
any quadrant. 


Example (l.u.). (i) Evaluate 


r+i* 

J *Tt 


(cos x + sin 2x)dx 


(ii) Find the area enclosed between the curve y = - x a + 5x — 4 and 
the line y = x — 1. 

r -ii* 


(i) (cos x + sin 2 x)dx = I sin x - * cos 2x I 

- \r. L J-i- 

= (sin - J cos tt) 

- [sin (-*77) - icos(-Tt)] 

= (1 + i) - (-1 + i) = 2. 

(ii) y = -x- + 5x - 4 .(1) 

y = X - 1.(2) 

Substituting for y from (2) in (1), the x values of the points of inter¬ 
section of the parabola and line are given by 

x - \ = - x 2 + 5x - 4 
i.e. x 2 - 4x + 3 =0. 

/. (x - 1)(* - 3) = 0, 

x = \ or 3. 

Hence, the required area (Left-hand figure.) 

r 3 

[(-x 2 -1- 5x - 4) - (x - 1 )]dx 


T 

J-IT7 


1 


= J (,-x 2 + 4x - 3)dx 

= i.v 3 + 2.v 2 - 3 a-J 3 

= (-9+18- 9) -(-*-1-2- 3)=£ square units. 



Solids of Revolution. (Right-hand figure.) If any plane closed 
curve be rotated through one complete revolution about a fixed line 
AB in its plane, the solid thus formed is known as a solid of revo¬ 
lution’, AB is its axis of revolution , and all sections perpendicular to 
the axis AB will be circles or circular annuli. 
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When the area under the curve y = /(x) between x — a and 
x = b is rotated through one complete revolution, about OX, the 
usual element of area y Bx under the curve will generate an elemental 
circular disc of radius y and thickness Bx, whose volume approaches 

7 ty 2 8x as Bx —► 0. . 

The total volume generated will be the sum of all such elements in 

the Lt. as Bx 0, i.e. the total volume 

= Lt 2 Try 2 Bx 

Sx->0 X~a 

= Vizy'dx. 


Note. If the ordinates at A and B be c and d respectively and the 
element of area chosen be x 8y, it can similarly be shown that the volume 
of the solid generated by rotating the area about Or is 

'd 

kx 2 dy. 


I 


Definition. A frustum of a cone is the portion cut off by two planes 
perpendicular to the axis of the cone. 

Theorem. To find the volume of a cone of radius r and height h, 
and also the volume of a frustum of a cone of height h and radii oj 
ends r, and r 2 . (Cone means ‘right circular cone unless otherwise 

stated .) 



Consider the line y = mx , between the limits x — a and x b, 
the ordinates at the extremities of this part of the line being; r, and 
r 2 . When the area under this portion of line is rotated through 
complete revolution about OX y a frustum of a cone is g cnc a 

radii of whose ends are r, and r 2 . . „ 

The points (a, r,), (b , r 2 ) must both satisfy the equation y - mx 


and thus 


r = am. 


— bm 


If h be the height of the frustum, then h = b - a. 


The volume of the frustum 


=/: 


r 

Try 2 dx 


= f nm 2 x 2 dx = 7rm 2 £--^-J a = 

= £m\b - a)(b 2 + ob + a 2 ) = h*,h(m 2 b 2 + m'ab + "*«*> 
= i^(r 2 2 + (r 2 r t + r 2 ). (usl S < 
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When r x = 0 and r 2 = r, a complete cone of radius r and height 
h is obtained whose volume, obtained from the previous result, is 
\nr 2 h. 

Definition. A zone of a sphere is the portion of the sphere con¬ 
tained between two parallel planes. 

Theorem. To find the volume of a zone of a sphere of radius r, and to 
deduce the volume of the sphere. 

Consider the upper half of the circle x 2 + y 2 = r 2 , and the two 
ordinates x = a and x = b. 

When the area thus enclosed is rotated through one complete 
revolution about OX , the volume formed is a zone of a sphere. 

The volume of the zone is J -xy 2 dx 

= - j*V 2 ~ * 2 )dx = 7r^r 2 x-ix 3 J 

= t i[(r 2 b - hb 3 ) - (r 2 a - ia 3 )] 

= 7z[r 2 (b -a) - Mb* - a 3 ] 

= -(b - a)[r 2 - l(b* + ab + a 2 )] 

= rdi[r 2 - Mb 2 + ab + a *)], 

where h = height of zone. 

In the case of a segment of a sphere b = r, a = r — h, and using 
the previous result, the volume of the segment is 

• 2 + ra + 



■■ i 

-h r 2 — - 


a~~ 


= J-/i[3r 2 - r 2 - r(r - h) - (r - h) 2 ] 

= ~ fl2 ] = ~J~( 3r ~ b). 

When h — 2r in this result, the segment becomes a full sphere of 
volume 

(2r ) 2 

«^-[3r - 2r] = ±tt r 3 . 


Theorem. To find the curved surface area of a 
cone. 

V is the vertex and O the centre of the base of 
the cone, whose radius is r and slant height /. 

An element VPQ of the curved surface area is 
chosen so that P and Q are two points close to¬ 
gether, on the circumference of the base, and the 
arc PQ subtends an angle SO at O. 
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“71 


\rl X 2tt 


FRUSTUM OF A CONE 

Since P and Q are very close together, the element of surface area 
VPQ can be taken as triangle VPQ whose area is \l. PQ = V * r au. 
Hence, the curved surface area of the cone 

n=.27T 27T r "1 

= Lt V ir/SO = \rlcft = \rl\ 6 
80-*O 0-0 J 0 L J 

= 7 zrl. 

Theorem. To find the curved surface area of the frustum oj a cone of 
slant length l u and radii of ends r lt r 2 • ( r 2 > r i)- 

Consider the completed cone of slant length (/, 4- /*)• 

By similar triangles, 


/ 


2 


l\ + l\ 


.'. U r 2 = r Jl + r l / 2» 
/*(r2 — /*!> = V,, 

Vi 


/o = 


— r 


therefore area of whole conical surface (curved) 

= w*(/| 4- /*) — * r *(^ + r 2 — r,) 
nrSU 



f 2 — r l 

Area of curved surface of small cone 

therefore curved surface area of frustum 

7 ir 2 2 l\ f ii 

r 2 - r, 


nrf 2 

Trr, 2 /, 


r 2 — r, 


r 2 — '’i 

(r 2 a - r, 2 ) 


= 


- r x 


= 7t/i( r i h r a)' 


Theorem. To find the curved surface area of the zone of a sphere of 

^Avertical section of the sphere is shown, with (9 the centre of the 

sphere, and the usual axes OX, OY. , , 

The height of the zone is h, and the zone is sue ' melers of 

of the zone are perpendicular to OY, and sue i ia ‘ 

the end faces of the zone subtend angles of 2* *nd2JL*l - ^ 

An element of curved surface area is chosen as ci g - . cn( j 
planes perpendicular to OY and such that the diameters of the 

faces of the element subtend angles of 20 and 2( ) 
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If the element be flattened out, it will be approximately a rect¬ 
angle of width r80 and length 2 tt r sin 0, and therefore its area is 
2 tt r- sin 0 . SO, in the limit as SO ->■ 0, therefore the curved surface 
area of the zone 

2nr 2 sin 0 JO = — 27rr 2 | cos 0 

p L 

= — 2-r 2 [cos a — cos p] = 2izr[r cos {J — r cos a]. 

But, h — r cos 3 — r cos a. Therefore curved surface area of zone 
= 2-r.rh. This gives the important result that the curved surface area 
of the zone of a sphere is equal to the curved area surface of the 
corresponding zone of the circumscribing cylinder of the cone. 

Note. When h = 2r, the curved surface area of a sphere is obtained 
and has a value 4-r 2 . 

Example (l.u.). Prove that the area of the portion of a spherical surface 
cut off by two parallel planes is 2-^rh, where r is the radius of the sphere 
and h the distance between the two planes. 

If the radius of the base of a spherical cap is J the radius of the sphere, 
determine the ratio of the surface of the cap to the surface of the sphere. 

The first part of the question is proved in the previous theorem. 

The diagram on the next page (left-hand figure), shows a vertical section 
of the sphere, radius r, through the centre O. 

AB is the diameter of the base of the cap, and OC is the perpendicular 
on AB (in the vertical plane), the height of the cap being /;. 

By geometry, C is the mid-point of AB , and AC is the radius of the base 
of the cap, therefore AC = -Jr. 

Using Pythagoras’ theorem, OC = f-r, therefore h = r - fr = fr. 
Therefore curved surtace area of the cap = 2-nrh = -J*r*. 

The curved surface of the sphere = 4?tr 8 , therefore required ratio 
= : 4~r 2 =1:5. 

Example (l.u.). A frustum of a cone circumscribes a sphere. The radius 
of one plane end of the frustum is a and the length of the slant side is 
(" + b). Prove that the volume of the frustum is s^(o 2 + ab + b z )y/ab 
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The diagram (right-hand figure) shows a section of the sphere and 
frustum through the centre of the sphere. 



ABCD is the section of the frustum touching the similar section of the 

sphere at E t F, G, H as shown. , ( «r = £x> = a 

"since the tangents from a point to a circle are eq l( ^ f , he 
by symmetry), ED = DH = a, leaving HC - b - CO, tnerei 

radius of the base of the frustum is b. f f t m 

Using Pythagoras’ theorem, where h = height of frustum, 

h* = (a + b)~ - (b - aY = 4 ab, 
h = 2 y/ab. 

ore £2£& 

present case = i^Vabia 2 + ab 4- b 2 ). 

rzirJSXi rsi 

7 Determine a,' and find "he ratio of the volumes formed by the rotation 
of these areas about the x-axis. 

. . v - x 3 and x = a, since the curves intersect 

Area between y = x*, y — x , anu 

at x = 0 is 


j a (x s - x l )dx 


fix 4 - *x»J‘ = ja‘ - 


Also, area between , - x*. and y - x*. and x - «. since the curves 
intersect at x = 0 is 


J* (x» - x’)dx - [**• - i* 4 ]” - ‘ a * - ia ‘ 

By the question, ^ _ 3(|fl , _ 

3 - I a\ 


i.e. 


a u = cj 

i.e. a 6 - 2a 4 + « 3 = 0 , 

i.e. a* - 2a + 1 = 0, 

/. (a - U* =- 0. 


1 (twice). 


(a * 0) 
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The volume generated by the rotation of the area under the first curve 
y = x*, from x = 0 to x — a, about OX 


S'. * - s 


izx B dx 


The volume generated by the rotation of the area under the curve 
y = x 3 , from x = 0 to x — a, about OX 

dx = j a nx* dx. 


J> 


Therefore the volume generated by the rotation of the first area (between 
y = x 4 , y = x 3 and x = a) about OX = difference of the above two 
volumes 

- /: ~ - - - t? - 41 - -[4 - 4] 

= ~ §]• since * = 1 


2n 

63 


c. units. 


Similarly the volume generated by the rotation of the second area 
(between y = x 3 , y = x 3 , and x = a) about OX 

- s: *• - - - -{4 - tT - •[! - 4} 


- -d - n 


where a = 1 


2~ 


therefore the ratio of the two volumes 


35 

2- 2 tt 


c. units. 


63 ‘ 35 


35 : 63 = 5 : 9. 


Example (l.u.). A hole of circular section, radius r, is bored symmetrically 
through a solid sphere of radius R. Prove that the volume removed is 
>MR 3 - (.R 3 - r*)»/*]. 

If exactly half the volume of the sphere remains, show that 

0 r/R ) a = 1 - 4-1. 

Let 2x be the height of the hole. 

From the diagram, using Pythagoras’ theorem, 

x z = R 3 - r 3 , .*. x = (_R 3 — r a )L 

Using an element of the remaining volume formed by two planes 
perpendicular to the axis of the cylinder, and at distances y and y + 
from O, the volume of the element 

= ~(R 3 — y 3 )Sy — t tr a 8y 

(radius of element of sphere = “ y *)) 

= - y 3 — 1 3 )Sy. 
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Therefore volume remaining 

- y 2 - r*)dy 


-J. 

= *(R a - y* - r 2 )dy (by symmetry) 

= 2T,|”(* a - r*)y - 



= 2*[(/? 2 - r 2 )x - ix s ] 

= 2 *x[(R* - r 2 ) - *x 2 ] = 2 *(R* - r 2 )l[(/? 2 - r 2 ) - H* 2 - r')) 

= - r 2 ) 8 / 2 , 

therefore volume removed = volume of sphere - volume remaining 

= Art R* - ±<R 3 - r 2 ) 8 / 2 

- *AR 3 - (* 3 - '• 2 ) 9/t l- 

When half the volume remains 

£n[/? 8 - ( R 2 - r 2 ) 3 / 2 ] - 
2K 8 - 2{R 2 - r 2 ) 3 / 2 - R 3 

i.e. /? 3 = 2(K 2 - r 2 ) 8 2 
i.e. R 2 = 2 2 / 3 (/* 2 - r 2 ) 
r 2 . 2 8 / 8 = RH2*/* - 1) 

. r 2 , _L = i_ 1 -1 - 4 *. 

Example (l.u.). A spherical ball placed inside a hollow cone with its 
vertex downwards, rests with its highest and lowest points trisecting 
axis of the cone. 



Show that the semi-vertical angle of the cone is sin_ 1 i,, and ^ h «*t Jhc 

radius of the circle of contact of the cone and the sphere is // \ - / , 

h is the length of the axis of the cone. , f th » cone ; s 

Prove also that the ratio of the volume of the ball to that of the cone 

4 A is the lowest point and D the highest point of the sphere, and the cone 

^CMLslhe centre of the sphere, radius r, and by the question, 

2r = AD = Vi, r = i h. 

Now OV = OA + AV = r + \h = \h + */» = 4'»- 
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If 9 be the semi-vertical angle of the cone (must be acute), 

r 


sin 0 = 


O V th ’ 


.*. 0 = sin- 1 i. 

Let P be a point of the circle of contact in the section of the diagram, 
and x be the radius of the circle of contact. 


Then, 


pv -= v(ov* - op 2 ) = 

- > - *> = 4 


V( 


36 ) 


Hence, 


PV sin0 = \PV = 


hy/ 2 
3 * 
W 2 


Volume of ball = 4~r 3 


- *■(»' 


Radius of cone = h tan 0, 

volume of cone 


T.h* 

162* 


J-(//tan 0) 2 . h 
\-h 3 tan 2 0. 


Now, sin 0 = i, therefore from a right-angled triangle, 

tan 0 = 1 /\/8 
1 
8 

volume of cone = \-r.h* x | 



tan 2 0 


V<3 by Pythagoras 
therefore ratio of volume of sphere to volume of cone 

162 : “24 


w/i* 

24 


24 : 162 = 4 : 27. 


Example (l.u.). OA, OB are the bounding radii of a quadrant of a circle 
of radius r. PQRS is a square of side a inscribed in the quadrant so that 
/’ lies on OA, S on OB, Q and R on the arc of the quadrant and OP = OS. 
Show that the angle QOR is 2 tan- 1 J, that a/r = V10/5, and that the 
ratio of the area of the square to that of the quadrant is 8 : 5*. 

By Pythagoras, op- + OS 2 = a 2 

i.e. 20P 2 = a 2 

OP = a lx/2. 

If the perpendicular from 

O on SP = x, 

then 

* = OP cos 45° ( /LOPS = 45°) 

a 1 
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The perpendicular OD from O on RQ bisects RQ by geometry, and 

3 a 

OD = x -+- a = 


.*. tan AQOD = 


QD 

OD 


if 

3 


i 

3 


/-QOD = tan- 1 * 

/_ROQ = 2 /.QOD = 2 tan 1 *. 

From triangle ODQ by Pythagoras, 

OQ- = r2 = DQ 2 + OD 2 - + 

Vio 


(acute angle). 


a 


9a 2 

4 


-a 


a 2 _ 2 « /2 

•'* “r 2 ” 5’ " r v 5 


The ratio of the area of the square to the area of the quadrant 

, 4a 2 

= a 2 : \~r 2 = 


nr 


4 2 

it X 5 


8 : 5rr. 


Example (l.u.). A pyramid on a square base has all its edges two feet in 
length. 

Find the radius of the inscribed sphere (to y-’-o inch) and show that the 
sphere occupies nearly one-third of the volume of the pyramid. 



VE 


By Pythagoras, 


O is the centre of the base A BCD of the pyramid whose vertex is V. 
E and Fare the mid-points of AB and CD respectively, and, by symmetry 
the inscribed sphere will touch the sides of the triangle VEF. VAB is an 
equilateral triangle of side 2 feet. 

2 x *V3 = \/3 feet. 

= VE 2 - EO 2 (EO “ 1 foot) 

= 3—1 =2 
= \/2 feet. 

Area of triangle VEF = * VO x EF = i x V2 x 2 = V2 square feet. 
Semi-perimeter of triangle VEF = VE + EO = (V3 + 1 ) feet. Therefore 
radius of inscribed circle of triangle VEF = radius of inscribed sphere 
of the pyramid 

area of triangle VEF _ \/2 \/2(\/3 - 1) 


VO 2 

VO 


semi-perimeter of triangle VEF 

*(V6 - \/2) feet = 0-5177 foot. 
6-21 inches to inch. 


\/3 + 1 


3 - 1 
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The volume of the sphere 

- * { V2 ( ' / V 1) } * - 

7l\/2 


1* • (3v/3 - 9 + 3V3 - 1) 


8 


(6 \/3 - 10). 


The volume of the pyramid 

volume of sphere 
volume of pyramid 


i x area of base x VO 
\ x 4 x V2 = {-V2 

- 3- (6 ' /3 " ,0 ' * 47 ? 
Jk(6V3 - 10) 

1^(10-3926 - 10) = in x 0-3926 
0-308, which is roughly 


Centres of Gravity, Centroids, and Centres of Mass. Since the 
weight of a particle is proportional to its mass, the centre of gravity 
and centre of mass of any body will be coincident. 

The definition for the centroid of a body is the centre of gravity 
of the body, assuming the body to be uniform. 

In all that follows the bodies considered will be taken to be 
uniform, and, where the centre of gravity lies in the plane XOY, its 
co-ordinates will be taken to be (.v, y), and will be the same as the 
centroid since only uniform bodies are considered. 

When the .v-axis is a line of symmetry, the centre of gravity will 
lie on the .v-axis, and only the value of x will then be required. 

It is shown in books on applied mathematics that if w lt w 2t 
n . . . are the weights of particles of a plane lamina lying in the 
plane A O Y, and the positions of these particles are (x 2 , y 2 ), 

(v ;t , v 3 ), etc., respectively, then 


H-,.Y, + H’jjA*j -f H- 3 .Y 3 -f • . . 

total moment about OY 

H-i -f H o -f U* 3 -f . . . 

total weight 

_ M\Vi + H-oVo + My, 4- . . . 

total moment about OX 

»»’i + H o -f- u- 3 -r . . . 

total weight 


If the body be continuous, and Su* be the weight of a particle 
situated at (.v, v), these results become 


Lt H x 8w 


o 

«f 
) , 
CO 

J.v dw 

II 

1* 

eo 

H 

*—* 

-i 

/</»»• ‘ 

o w—>0 

Lt 22 y 8»e 

8h—* o 

Jr dw 

Lt Y.Sw = 

f dw ' 



Noii . I he choice ot the element of weight is entirely dependent upon 
the type of bodv considered. 
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In all that follows w will be taken as the weight per unit (length, area, 
or volume) of matter. 

Theorem. To find the centre of gravity ( C.G .) of the lamina formed 
by the area under a curve y =/(*). 

The diagram shows a portion AB of the curve y =/(*) between 
x = a and x = b, with the usual choice of element. 



The element of area is y Bx and its weight wy Bx. 
Its moment about OY is 

wy Bx . x = 


x = 


wxy Bx, 

total mo ment about OY 
total weight 

I wxy dx J xy dx 


f: 


I 

wy dx 


I 


y dx 


Since the C.G. of the clement is at a distance \y from OX, its 
moment about OX is £wy 2 Bx. 


Hence, y = 


total moment about OX 


total weight 


l 


j j,., 

J 


2 dx 


wy dx 


hy 2 dx 




y dx 

I 

Theorem. To find the centre of gravity {or centroid) of the uniform 
solid formed by rotating the area under the curve y = f{x) between 
x _ a an j x = b through one complete revolution about OX. 

Using the diagram of the previous theorem, when the element of 
area under the curve is rotated about OX, it generates an elemental 
disc, whose volume can be taken as ny 2 Bx and has its C.G. on OX. 



338 


INTERMEDIATE MATHEMATICS 


Its moment about OY = wizy 2 8x X x = wnzxy 2 8x. 


Hence, 



From symmetry, the C.G. lies on OX (at a distance x from 0). 

Note, h* can only be cancelled in the two integrals since the body is 
uniform and h- therefore constant. 


Example (l.u.). (i) A plane area is bounded by the A-axis, the line 
a = a, and the arc of the curve y = x 3 la- from x = 0 to x = a. Show 
that the co-ordinates of the centroid of the area are (4«/5, 2a\1). 

(ii) The part of the curve y = 3(x 2 - 1) from x = 1 to x = 3 is rotated 
about the > -axis. Find the volume so generated. 

(i) Let (a, y) be the centroid of the area. 


Then x = 





therefore the centroid is the point (4o/5, 2a /7). 

(ii) In this problem it is implied that the area shown shaded in the 
diagram is revolved about OY. 

y = 3(.v 2 - 1). therefore when .v = 1, y = 0, and when a- = 3, y = 24 
Hence, volume required 




— ~ | (1 + h )iiv 

J 0 



— “[24 -f 96] = 120 tc. units. 


Theorem. To find the C.G. of a conical shell {made of thin sheet 
material) excluding the base. 

The C.G. must lie on the axis by symmetry, and, using the elemen¬ 
tal triangle, as w hen finding the curved surface area of a cone, the 
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C.G. must lie one-third the way up the slant 
length from the base in the case of all the 

elemental triangles ( VPQ ). 

It will thus lie on a section one-third the 
way up the slant length from the base and by 
similar triangles it must divide the height in the 

ratio of 1 : 2 from the base. 

Hence , the C.G. is on the axis of the cone and 
divides it in the ratio 1 : 2 from the base. 



Theorem. To find the C.G. of the curved surface area of the zone of 

a sphere. ( Thin-sheet material.) . . 

Since the join of the centres of the ends of the zone is an axis of 
symmetry, the C.G. must lie along this line (axis of zone). 

Considering two elements of the area formed by pairs of circles 
parallel to the end circles, and of the same heights, their areas and 
therefore their weights will be equal, and, if they are equally placed 
on either side of the mid-point of the axis, their combined C.G. will 

be at the mid-point of the axis. . 

The whole area can be thus subdivided into equal pairs ot elements, 
and, therefore, the C.G. of the whole surface is at the mid-point of the 

axis. 


Theorem. To find the C.G. of a solid right circular cone of radius r 
and height h. 

The cone is generated by the revolution of the line y — mx % 
between x = 0 and x = /», through one complete revolution about 



By symmetry, the C.G. must lie on OX , and, if x be the distance ot 
the C.G. from 0, then 


x = 


| xy 2 dx | m 2 x 3 dx J 


x 3 dx 


m 2 x 2 dx 


2 dx 


J* yt dx J 

- -<*•*<*• - * 

Thus the C.G. of a solid cone divides its axis in the ratio 1 
the base. 


: 3 from 
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Theorem. To find the C.G. of a solid hemisphere of radius r. 

A hemisphere of radius r is generated by the revolution about OX, 
through one complete turn, of the quadrant of the circle x 2 + y 2 = r 2 , 
between x = 0, y = r, and x = r, y = 0 (i.e. lying in the first 
quadrant). 


By symmetry, the C.G. lies on OX, and, if this C.G. be at a distance 
from O 



= lr. 


Thus the C.G. of a solid hemisphere is on the radius perpendicular 
to the plane base and divides this radius in the ratio 3 : 5 from the base. 

Differential Equations. Any equation involving 

dy d 2 y 
~dx' dx 2 ’ etC ” 

in addition to x and y, is known as a differential equation in x and y. 

The only types to be considered here will be of the form that 
require straightforward integration, viz., 

(0 = /(.v), (ii) % = F(x). 

Great care must be taken to introduce a constant of integration 
for eacli integration that takes place, and this constant (or constants) 
can generally be determined from data given in the question (some¬ 
times known as boundary conditions). 

Example (l.u.). For a certain curve. 




andy has a minimum value 5 when .v = 1. 
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Find the equation of the curve and the maximum value of y. 

£L =6,-4. d J - f 

dx 2 dx J 

d Y_ = 


i.e. 


dx 


dx 

3x* - 4x + C lt 


(6x - A)dx + Ci, 


where C x is a constant of integration. 

Since y has a minimum value when x — 1, 

= 0 when x = 1, 
dx 

.-.0 = 3 - 4 + C u Ci 

d y = 

dx 


1. 


Hence, 


3x a - 4x + 1 


(1), 


- J (3jt *' 


4x + l)</x + C t , 

(C, is a constant) 


= x 3 - 2x 2 + x + C t . 

Now y = 5 when x = 1 

5 = 1—2+1 + C t , C t = 
.*. y = x 3 - 2x 2 + X + 5. 


5, 


dy 

From (1), 


0 when 3x 2 - 4x + 1 


0. 


1/3, 


i.e. when (3x - l)(x - 1) =0, 

i.e. when x = 1 or 1. 

Now x => 1 gives a minimum value of y, and when x = 
therefore x = i gives a maximum value of y, which is 

(J) 3 - 2(l) a + i + 5 = Vt - £ + * + 5 “ 5 

Example. The acceleration of a point moving in a straight line is (4 + 2C) 
feet at time t seconds after the start of the motion. Find the velocity v 
at time 2 seconds, given that v = 3 ft. /sec. when / = 0. 

Find also its displacement 5 at time 2 seconds given that 5-0 when 

/ - 0 . 


3 1 


The acceleration of the moving point 


dv 

At * 


dv 
•* dt 


4 + 2/*. 


Hence, v - j (4 + 2/•)<// + C, 

(C, constant of integration and also C,) 

- 4/ + |r 2 + Ci 
Now v - 3 when / = 0, therefore C, — 3 

.*. v — At + l/ 3 + 3. 
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When t = 2, y = 8 + -^ + 3 = 16i ft./sec. 

ds ds 


Now, 


dt ’ 


dt 


= 4t + V s + 3 


s 


| (4/ + it 


3 


+ 3 )dt = 2t* + it* + 3/ + C,. 


Now 5 = 0 when t =0, therefore C t = 0. 

Thus, when t = 2, s = 8 + - + 6 = 16| feet. 

Example. A cantilever is of length / feet with a load of iv lb. per ft. length. 
The deflection y at a distance x from the fixed end is given by 




dx* 


2 El 


Solve the equation and find the greatest 
deflection. 

From knowledge of the cantilever (clamped horizontally at one end) 
the following conditions are obtained: 

dy 

y — 0 when x = 0, and = 0, when x = 0. 

dx 


Now ~ y 
dx* 


(, - x y ■ d >\ 

2EI V X) , . . dx 


W 


i.e. 


dy 
dx 

Now 

dx 


w (/ - x) 


3 


2EI 3(-1) 

0 when x = 0, 
0 = 


+ C, 


2 El 

— w 


f- 


xYdx , 


6EI 


(/ - x)* + Ci. 


w 


- 6 El P + C - 


Thus, 


)’ 


• ■ C > " 6EI '* 

. dy wl* iv 

dx ~ 6EI ~ 6 El 
( »7 S iv 

( 6 El ~ ~6EI 


/ 


(/ - x)\ 


(/ - x) s dx + C, 


iv/ 3 x 
6 El 

But y = 0 when .v = 0, 


IV 


+ “ *) 4 + C t . 


24 El 


w 


0 - 24H , ‘ + c - • • 


IV 


- wl * 


24E/ ’ 


,e - 7 = 24 £/ 14/3a ‘ + (/ ~ ~ / 4 1 . 

IV 

,e - y = 24 £ 7 16a ' 2/2 " Ax3/ + **) 


ivx- 
24 El 


[v a - 4/x + 6/ 2 J. 



343 


SIMPSON’S RULE 


X 


From the diagram, it is clear that the greatest deflection occurs when 
= / (i.e. at the free end), and when x = I, 



Z'r, 1“ - 4 /* + 6 /-] 

24 El 


wl* 

8 El' 


Approximate Integration. (Left-hand figure). Since the area under 
any curve can always be represented by an integral, if an approxi¬ 
mate value can be found for the area under a given curve this will 
also represent an approximation to a certain integral. 

One method of finding the area under a portion of curve is by 

counting squares but this is very laborious. 

A second method is by using the trapezoidal rule , where the area 
under the curve is divided up into a series of intervals by means of 
n equidistant ordinates y u y t ,.. . each successive pair of which art 

h units apart. . .... 

Considering the first space as a trapezium, its area will be 

£/i(Vi + >’ 2 ) approximately. 

Similarly, the area of the second interval is approximately 
\h(y 2 + y 3 ) and so on. 

Hence, the approximate area under the curve is 

i/i[(v, + y 9 ) + O'2 + >’3) + O’a + >’«) + • • • O’-i + 3 ’")] 

= \h[(yi + y*) + 2 0’2 + >' 3 • • • + y—vj- 

It can be seen from the diagram that the smaller the value of h, 

the greater is the degree of accuracy obtained. 

This trapezoidal rule is not usually as accurate as Simpson s rule 
that follows, which is based upon the assumption that each small 



Simpson’s Rule. (Right-hand figure.) Let it be required to find 
the area between a portion of curve AB, the line X'X and the per¬ 
pendiculars AL, BM from A and B on the line X'X, which is chosen 

as the x-axis. . . . 

O, the mid-point of LM, is taken as the origin, and OY , the 

^-axis, cuts the curve at C. 

Let LO = OM = h, AL = y„ CO = y 2 , BM = y 3 - 

Then, A =(-/i,yi), C = (0, y 2 ), B =(h,y 3 ). 

Let the equation of the curve ACB with respect to the axes OX, 

OY be y = ax 3 -f bx 2 + cx + d (this covers a parabola when 

a == 0, and a straight line when both a and b arc zero). 
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Since A, C, B lie on the curve, 

y x = — ah 3 + bh 2 — ch -f- d, 

y 2 = d 

y 3 = ah 3 + bh 2 4- ch + d. 
yi + 4/ 2 + y 3 = 2bh 2 -f 6d, 

•*. Wy x + 4y 2 + y 3 ) = %h(bh z + 3 d) .(1) 

Now the area under the curve ACB 


-/ 

-J 


+ h 


- h 


y dx 




- h 


(ax 3 + bx 2 4- cx + d)dx 


T ax 4 

bx 3 


cx 2 

, l +h 



II 

1 

+ 

3 

+ 

2 

+ dx U 



/ ah 1 

bh 5 


ch 2 

„ \ 



- (— + 

3 

+ 

2 

+ dhj 







( ah * 

bh 3 

ch 2 




1 

( 4 

3 + 

2 


2bh 3 

-j- 4- 2dh = lh(bh 2 4- 3rf), 



therefore from result (1), the area under the curve /ICfl 


= £/*0’i 4- 4/ a 4- y 3 ). 

By extending this result, a rule can be obtained for the area under 
a curve ot any length, provided an odd number of equidistant 
ordinates be chosen. 

Let there be (2n 4- 1) ordinates y 2 , . . ., j 2 „ + 1 equally spaced, 
each pair being h units apart. 

From the above result, the area in the first two spaces 

= hh(y l 4 - 4 v 2 + / 3 ), 

the area in the next two spaces = \h(y z + 4 y t 4- /*), and so on. 
Therefore the total area under the curve 


— \h(y j 4 4/ 2 4 - / 3 ) 4- \h(y 3 4 - 4 y A + y s ) 4- . . . 

.... + ih(y 2n _ 1 4- 4/ 2n 4- /2»+i) 

= m(j’i 4- y 2 n f,) 4 - 20’ 3 +y 6 4-... 4- y^-i) 

+ 4(/o 4- / 4 4- ... 4- y**)] 

Note. The result will be absolutely accurate if the curve ACB is a 
straight line, parabola, or cubic curve, and in other cases the degree of 
accuracy obtained will depend upon the number of ordinates chosen, 
which should not be more than about eleven, as for large numbers of 
ordinates the work becomes too laborious. 
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INTEGRALS OF EXPONENTIALS, ETC. 

Theorem. To find the indefinite integral / = je* x + b dx, where a and b 
are constants. 

Now - — (e ax+b ) = ae ax + b , therefore since integration is the con- 
dx 

verse of differentiation. 


J 

i.e. flj 
i.e. | 


ae a*+b dx = e ax + h > 


e ax+b dx = e ax + b , 

e ax+b dx = — e ax + b . 

a 


When a = 1 and b = 0, we have 
Example. Find 

(i) 


e x dx = 
J 


= e x . 



(ii) |5e 8 - 6 ‘</x, 

(iii) | 

) 2e a, ‘ ’ 

J 

J 




du 


2e 2 




■J* - *J 


i e' iu du 

1 


i 


(-SO 


+ C 


4e 2u 


4- C. 


(ii) j5e 8 - 6 '</. 

(iii) Je°-*ydy 


5e* tx 


-5 

e°-*y 


- + C = C - e*-*'. 


0-4 


+ C = 5e° 4 >' + C. 


Theorem. To find the indefinite integral 

■ - 1 " 

where a and b are constants. 


ax -f b’ 


Now 


4e tl ° g ‘ (<1X + b)] ~ 


Using integration as the converse of differentiation. 


J 


a 


dx = log# (ax 4- b). 


ax + b 

i.e. a [———u = lo & ( ' ax + ^ 
J ax 4- b 

! 


dx — = I log, (ox 4- 6). 
c/jc 4- 6 a 


When 


a = i, b = 0 the result is = log, x. 
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Example. Find 

I' 2 dx 

W I 4+- 3 *' 


® JWjs* ~ " 2xJ1 °^ (4 + 3 " ) + c 

= I log, (4 + 3x) + C. 

I* c^u 1 

(ii > J T^Tu = T5 lo S' (2-5 u) + C = C - \ log, (2 - 5 u) 

(iii) J 4 < 2 - yy x d y - = t^TT log * (2 “ ^ + c 

= C - 4 log, (2 - y). 

Example. Find an approximate value for 

C* dx 

L *' 

and compare the result with that obtained by integration. 

Let y ~ 1 lx, therefore 

J> 

represents the area under the curve y = 1 jx from x = 1 to x =■ 2. 
Using reciprocal tables, the following is obtained: 


4 + 3.v 


" 2 f 


00 j 2 ?' 5u . (iii) J* 4(2 — y)~ l 


dx 

4 + 3x 


(ii) 



1 

M 

1-2 

1-3 

1-4 

1-5 

1 

0-90909 

yt 

0-83333 

>’» 

0-76923 

0-71429 

y> 

0-66667 

y* 1 


1-6 

0-625 

)’■> 


0-58824 

y* 


0-55556 

y> 


1-9 

0-52632 

yio 


0-5 

yn 


Using Simpson’s rule, viz., 

approximate area = \h j^ 1 + 2 (>- s + y t + y, + y„) 

1 I A f .. I 1 ■ 


approximate area = \h v 1 s ll) + + J® +7* + >*•) ) 

l + *<>• + + > r 8 + Jio)/ , 

where /j =0*1, the approximate value of the integral (i.e.the area under 
)’ = 1 1* from x = 1 to * = 2) is 

HOI) 1(1 + 0-5) + 2(0-83333 + 0-71429 + 0-625 + 0-55556) \ 

I + 4(0-90909 + 0-76923 + 0-66667 + 0-58824 + 0-52632)/ 

= io [15 + 2 x 2-72818 + 4 x 3-45955] 

^ = o'o [20-79456] = 0-69315 to 5 decimal places. 

Now J i “J = [ ,0 8‘ * = log, 2 - log, 1 - log, 2 

= 0-69315. 
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EXAMPLES XI 


COS X dx. 


1. Find (i) j * ^-^-dx, (ii) J* Wx - 1 )*dx, (iii) J *" sin 2x 

2. (i) Show that j* cos 2 x dx = J*”si n 2 x dx = i~. 

(ii) A curve passes through the points (0, 1), (3, 10), and at any point on it 

d-y 


dx* 


= 4x - 6. 


Find the equation of the curve and show that y increases as x increases for 
all real values of x. 

3. (a) Differentiate cos 6x with respect to x from first principles. 

[2 f 7T/0 

( b ) Evaluate (x + 1 /x)*dx, and J ^ sin 3x cos 3x dx. 

(c) The sides of an equilateral triangle are all increasing uniformly at the 

rate of 1 mm. per second. . . ._„ 

Show that, when the sides are each 20 cm. long, the area is increasing at the 

rate of 100 v/3 sq. mm. per second. 

4. If y denotes the deflection of a beam of length / at a distance x from one 
end, it is found that 

- A(l - x ) 3 + DU - x). 

dx 2 

where A, B arc constants. 

dy 

Obtain, by integration, general expressions for and y. 

ir = 0 and y = 0 when x = 0, find their values when x = /. 
dx 

5. Draw the curve y = 2 sin 3 x for values of x between 0 and n, taking 

2 inches as unit for both axes. . . . 

Express sin 3 x in terms of sin x and sin 3x, and thence find by integration 

the area between the curve and the axis of x. 

6. Find the equation of a curve y = /(x), given that 

d*y , . 

dx* “ 6X 4 * 

and that the curve passes through the point (1. 3) at which the gradient is -5 
Determine the co-ordinates of the point on the curve at which the tangent 
is parallel to the tangent at the point (I, 3), and sketch the curve. 


sin 3 x dx. 


rt x t _|_ j fi" 

7. Evaluate (a) I — -§ — dx, (£) J o Sl 

(f) j* 2, 


cos x dx. 


8. A plano-convex lens is in the form obtained by rotating the part of he 
ellipse x* + 10>- 3 - 10, for which y is positive about the axis of y. hind the 
volume of the lens and prove that its mean thickness is 3 of greatest 

thickness. 

9 Sketch the curve v 3 = 1 - cos 2x for values of x between 0 and n. 
A spindle-shaped solid is in the form obtained by rotating the above 
portion of the curve about the axis of x. Calculate the volume of the solid. 



348 


INTERMEDIATE MATHEMATICS 


10. A plane cuts a sphere of radius a into two segments whose curved 
surfaces are in the ratio 3:1. 

Find the distance of the plane from the centre of the sphere. Prove that the 
volume of the larger segment is S~a 3 . 

11. Show that the curve y = at 3 - 6 x* + 9x - 4 touches the x-axis where 
x => 1 , and find the point where the curve intersects the x-axis. 

Find also the area enclosed by the curve and the x-axis. 

12. Prove that 

= nx»-', 

when n is a positive integer. 

A solid is formed by the rotation about Of of the part of the curve x =■ y* 
between y = 1 and y — 8 . 

Show that its volume is 93 tt/ 5 cubic units. 

13. Find the points of intersection of the curves a 7 y = x 8 , a 7 x = y», and 
calculate the area bounded by the arcs of these two curves between their 
points of intersection. Find also the volume of the solid generated by rotating 
about the x-axis the area bounded by the arc of a 7 y = x 8 between ( 0 , 0 ) and 
(a, a) the x-axis and the ordinate x = a. 

14. Find the area enclosed by the curve y = 3 + 2x - x* and the x-axis. 

Show that the line 3x + 2 y — 6 = 0 divides this area into two parts whose 
ratio is 7 : 9. 

15. The gradient of a curve at any point (x, y) is \(x - 3), and the curve 
passes through the point (5, 0). 

Find the equation of the curve and the area bounded by the curve and the 
axis of x. 

16. Find the area contained by the curve y = 4x 8 and the line y = 6 x - 2. 

Find the point of contact of the tangent parallel to the given line and deter¬ 
mine the ratio of the area found above to the area of the parallelogram formed 
by the chord, the parallel tangent, and lines through the extremities of the 
chord parallel to the x-axis. 

17. Find the equations of the tangents to the curve 

y = (x - l)(x - 3)(x + 4) 
which are parallel to the line y + x = 0 . 

Determine the w hole area between the curve, the axis of x, and the ordinates 
ol the points of contact of these tangents. 

18. Prove that the area enclosed by the curve y = ax * 4 - bx + c, the 
x-axis, and the ordinates at x = - h, x = h is \h(y x + 4 y, + y t ), where 

>'=> are thc ordinates at x = - h, x = 0 and x = h respectively. 

I he ordinates of a curve at eleven equidistant points on the x-axis, the 
distance between every two consecutive points being unity, are given in the 
table: 0, 4-2, 4-7, 4-9, 4-7, 5-2, 5-5, 5-7 4-9 40 

Use the above result to find approximately the area between the curve 
and the x-axis. 

19. Prove that the volume of a segment of height /» cut from a sphere of 

radius R is -lr(R - §/,). K 

A sphere of radius R touches a right circular cone along the circumference 
ot a small circle c. 

If the semi-angle at the vertex of the cone is 30°, find the volume of the 
segment of the sphere bounded by the circle c, and show that the volume of the 
space between the cone and the sphere is Jrr/? 3 . 
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20. The area bounded by the curve y = fix), the x-axis and the ordinates 
x = a, x = b is rotated about the x-axis through four right angles. Show 
that the volume obtained is 

J* ny* dx. 

Find the volume of the portion of a sphere generated by the rotation about 
the x-axis of the area inside the circle x a + y 2 = 100 and between the lines 

What fraction of this volume lies within the cylinder obtained by rotating 
the line y = 8 about the x-axis? 

f* dx . , . 

21 . (i) Evaluate I ^ (5x + J # 2 s,n 3x cos x dx - 

(ii) The part of the curve x*y = x 4 + 3 between the ordinates x = 1 
and x = 2 is rotated about the x-axis. Calculate the volume generated. 

22. The inner surface of a vessel is formed by the revolution of the curve 
x t = y _ 2 about the y-axis, which is vertical, the unit on each axis being 
1 inch. Show that, if the vessel contains liquid to a depth of h inches, the volume 

of liquid is ^r.h 2 cubic inches. . 

If liquid be poured into the vessel at a uniform rate of 2 cubic inches per 
second, find the rate at which the surface of the liquid is rising when its depth 
is 3 inches. 

23. A trapezium OABC is such that O is the origin. A is the point (6. 0) 
and the equations of the sides OC, CD, BA are respectively y = x, y = 2, 
y = - x + 6. Find the area of the trapezium. 

If the trapezium be rotated about OA, find the area cf surface generated 

and the volume it encloses. 

24. Sketch the curve y = 8 + 2x - x*. and find the area between it and the 


x-axis. 

Find also the co-ordinates of the centroid of the 
the curve and the x-axis. 


area contained between 


25. Draw the graph of x = 1 + 4 sin y from y = 0 to y = 2*. 

A vase is formed by the rotation about the y-axis of the part of the curve 
x = 1 + 4 sin y between y = 0 and y = 2t., the base being formed by the 
rotation of the x-axis. If x and y be measured in inches, find the volume in 
cubic inches (correct to one decimal place) of the vase. 


26 Prove that the area cut ofTon the surface of a sphere between two parallel 
planes is equal to the corresponding area on the circumscribing cylinder whose 

axis is perpendicular to the planes. . , . 

A cone of height h and a hemisphere arc on the same side of their common 

circular base of radius r(/i > r). Prove that the area of that part of the surface 

of the hemisphere which is outside the cone is 47 rr 3 /;/(/i T r ). 

27. Three spheres each of radius a rest on a horizontal plane with their 
centres at the vertices of an equilateral triangle of side 2a. A fourth equal 

sphere rests symmetrically on top of the other three. . . 

Find the height of the highest point of the fourth sphere above the horizontal 
plane, and prove that the ratio of the volume of the tetrahedron whose 
vertices arc the centres of the spheres to the volume of a sphere is 1 :r.\ 2. 


28. A sphere rests in a horizontal circular hole of radius 4 cm., and the lowest 
point of the sphere is 2 cm. below the plane of the hole. Calculate the area in 
square cm. of the part of the surface of the sphere below the hole and the 
volume in cc. of this part of the sphere, each to three significant figures. 
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29. The height of a segment of a sphere of radius a is c. Prove that the 
volume of the segment is J^c 2 (3a - c). 

A plane divides a sphere into two parts whose surface areas are in the ratio 
5:1. Find the ratio of the volumes of the two parts. 

30. A vessel containing water has the form of an inverted hollow pyramid 
without base. The open top is a square of side 12 inches, the faces are four 
equal isosceles triangles and the vertex is at a depth 8 inches below the top. 
A sphere of radius 1* inches is lowered into the water and is found to be just 
covered when it makes contact with the four faces. 

Find the volume of water in the vessel and its initial depth. 

31. The vertical cross-section of a horizontal trough, of length h, is an 
isosceles triangle with vertex downwards, the angle between the sloping sides 
being 2a. A cylinder of radius a rests inside the trough with its axis of length 
h horizontal. If the volume of the trough below the cylinder is half that of 
the cylinder, prove that cot a + a = rr. 


32. A sphere touches the curved surface and the plane base of a hollow right 
circular cone, the radius of whose base is 9 inches and whose height is 12 inches. 

Find the dilfcrcnce between the volumes of the sphere and the cone. 

33. Three spheres, each of radius 6 inches, rest on a horizontal table and 
each of them touches the other two. A right circular cone of semi-vertical 
angle 45° is placed with its vertex downwards and its axis vertical so as to rest 
on all three spheres. Find the height of its vertex above the table. 


34. Prove that the area of a zone of a sphere of radius R contained between 
two parallel circles whose radii subtend angles 0,, 0, at the centre of the 
sphere is 2-/f 2 (cos0, ■—• cos 0*), and show that, if 0, ~ 0, is a small angle, 
the area is approximately 2-A’ 2 (0, ~ 0,) sin J(°i + 0 S ). 

I'he radius of the earth being 3.9SO miles, calculate the area of the state of 
Colorado in North America, which is bounded by the meridians 102°, 109° 
of west longitude and the parallels of 37°, 41 ° north latitude. 

35. A sphere of radius « is cut by a plane at a distance b from the centre, 
and radii of the sphere are drawn through all the points of section. Show 
that the sphere is divided into two sectors whose areas are in the ratio 

(</ - />) : (</ -r />). 

Through a solid sphere of radius 5 inches is bored a hole in the form of a 
frustum of a cone, whose axis passes through the centre of the sphere. 

1 he circles at the two ends of the boring are of radii 3 inches and 4 inches 
respectively. Calculate the volume of material removed from the sphere. 


3b- Prove that the volume of a segment of height h cut from a sphere of 
radius R is ~/r(R - J/j). 

A sphere of radius R touches a right circular cone along the circumference 
ot a small circle <. If the semi-vertical angle of the cone is 30°, find the volume 
ot the segment of tiie sphere bounded by the circle c, and show that the volume 
ol the space between the cone and the sphere is 

37. Prove that the volume of a sphere is two-thirds that of the enclosing 
cy finder. 

I he surface ol a solid is formed by a segment of a sphere of radius a greater 
than a hemisphere, and by a cone whose generating lines are tangential to the 
sphere. I he base of the cone is the plane face of the segment. If the vertical 
angle ot the cone be 60’, find the volume of the solid. 


PA, RR are tangents to a circle centre O and radius R. PO meets the 
circle in C and AH in D. If PC = //, and /; is small compared with R, prove 
that PA is approximately equal to \ 2 Rh and CD is approximately equal to h. 
find the distance of the horizon and the surface area of the earth visible 
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from a point half a mile above the earth assuming it to be a sphere of radius 
3,960 miles. 

39. A hut stands on a rectangular base measuring 24 feet by 10 feet. The 
sides and ends are rectangular and of height 8 feet, and the roof has four faces 
each making an angle of 35° with the horizontal. Find the cubic content of 
the hut and the area of the roof. 

40. ABC is an equilateral triangle of side a. A circle is drawn through 
A, B, and C, and another circle with centre C passing through A and B. 

Find the area common to both circles. 

41. A column is composed of six solid circular cylinders which are such 
that the linear dimensions of each one are three-quarters of the corresponding 
dimensions of the one on which it rests. If the greatest cylinder be of radius 

*3 feet and height 4 feet, find the total volume of the cylinders and express this 
volume as a fraction of the volume ot a cone ol radius 4 feet and height 16 feet. 

If the number of cylinders in the column be n, find the limiting value of the 
above fraction as n increases indefinitely. 

42. Equilateral triangles DBC and EBC are drawn on opposite sides of the 
base BC of a triangle ABC. 

Prove that AD 2 + AE 2 = a 2 + b 2 4- c 2 . 

Show that the area common to the circles through B and C, having centres 
at D and E respectively, is |cj 2 (2tt - 3\/3). 

43. Prove that the volume of a segment of height ft cut from a sphere of 
radius R is nh 2 (R - \h). 

A regular tetrahedron is inscribed in a sphere of radius K. 

Prove that (i) the height of the tetrahedron is tR, (ii) the plane of the base 
of the tetrahedron cuts the sphere into segments having volumes in the ratio 


7 : 20. 

44. Obtain an expression for the area of the smaller portion of the surface 
of a sphere of radius r cut oil' by a plane at a distance d Irom its centre. 

Assuming that the earth is a sphere of radius 3,960 miles, show that the 
area of the portion visible to an airman at a height of one mile is about 24,900 


square miles. 

45. Prove that the volume of a right circular cone is equal to one-third of the 

product of the area of the base and the height. 

A right circular cone of height 3 inches is lowered with its vertex downwards 
into a cylinder of the same radius as the cone containing water. Find the 
difference of the water levels when the vertex and the base of the cone are 


just in the surface of the water. 

46. An open conical cup whose height is 12 inches and the radius of whose 
base is 5 inches, is placed with its axis vertical and vertex downwards. A 
sphere of radius 13 inches rests symmetrically on the cup. Find the area ol the 
surface of the part of the sphere inside the cup, and the volume contained 
between the sphere and the cup. 


47. Three solid spheres of radii 2a, a, a, are placed inside a right circular 
cylinder of radius 2a. whose length is such that each sphere touches the other 
two and touches one of the plane circular ends of the cylinder. Find the volume 

of the cylinder. 

48. Show that the curved surface area of a segment of height h cut from a 
sphere of radius r is 2nrh, and hence, or otherwise, that the volume of a sector 
of a sphere formed by the addition of a cone to the segment is^ inr ft. 

If the semi-vertical angle of the cone is 60*. find the ratio of the volume of 

the cone to that of the segment. 
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49. Obtain an expression for the volume of a right circular cone in terms of 
its height and the radius of its base. 

From one end of a right circular cylinder of height h and radius a (< /j), a 
hemispherical portion of radius a is removed; from the other end is removed a 
right circular cone, whose base is that end of the cylinder which just reaches 
the hemisphere. Find the volume of the remaining solid. 

50. 0.4 is a fixed radius of a sphere, OP is a variable radius which makes a 
constant angle with OA. 

Prove that the locus of P is (a) a plane curve, (Z>) a circle. 

Prove that the difference between the area of the curved surface of a segment 
of a sphere and the area of its plane base is equal to the area of a circle whose 
radius is the height of the segment. 

51. The diameters of the ends of a frustum of a cone being a and b, and the' 1 
length of the slant side L, prove that the surface area is 4 -L{a + b). 

A sphere is placed in contact with the inner surface of a right circular cone, 
and tangent planes to the sphere are drawn perpendicular to the axis of the 
cone. 

Prove that the area intercepted on the cone between the planes bears to the 
surface of the sphere the ratio sec 2 a : 1, 2x being the vertical angle of the cone. 

52. One of the states of North America is defined by two parallels of latitude 
/ 1 , /* and meridians of longitude Z.,, L t . Prove that the area is 

IiHL l - L*)(sin /, - sin/*), 
where K is the earth's radius. 

Calculate the area, taking the parallels to be 41° and 45°, the meridians 
104° and 111 0 , and the earth's radius 3,960 miles. 

53. A regular tetrahedron is made with each edge 1 foot in length. Calculate 
the angle between two adjacent faces, and prove that the radius of the sphere 
which circumscribes the tetrahedron is about 7-35 inches. 


54. A right circular cone is inscribed in a sphere. If V be the volume of the 
sphere and .1 its surface area, and U is the volume of the cone, and B the area 
of its curved surface, prove that 



55. A sheet of paper is in the form of an isosceles triangle, whose vertical 
angle is 120° and whose equal sides are 12 inches long. A sector of a circle 
is cut from the sheet, the centre of the circle being at the vertex where the equal 
sides meet, and the sector is formed into a cone. Determine the cubical 
content of the cone, when the radius of the sector is as large as possible. 

lt is required to draw a line on the surface of the cone, starting from a point 
of the base, passing around the cone and returning to the starting-point. 
What is the length of the shortest line of this sort that can be drawn? 


56. A sphere of radius R is cut by a plane whose perpendicular distance 
from the centre of the sphere is .v. Prove that the area of the smaller portion of 
surface cut otf is 2 -R(R - .v). 

Show that, if a pair of compasses w ith equal legs is opened to a given angle 
and is used to draw a circle on the surface of a sphere, the area of the smaller 
portion of the sphere bounded by this circle is independent of the radius of the 
sphere. 


57. A pyramid is formed by drawing planes through the sides of a horizontal 
rectangle, meeting at a point vertically over one corner of the rectangle and 
distant 10 cm. from it. If the sides of the rectangle are 5 cm. and 10 cm. long, 
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determine the area of each triangular face, and find the inclinations of the 
sloping faces to the horizontal. 

58. A triangular prism ABC, PQR has parallel faces ABC, PQR and parallel 
edges AP, BQ, CR. Prove that the volume of the tetrahedron APQR is 
one-third the volume of the prism. 

A right circular cone has its vertex at O. Two points A, B are taken on the 
circumference of the base of the cone so that the minor arc AB is a quadrant 
of a circle. Prove that the plane OAB divides the volume of the cone approxi¬ 
mately in the ratio 1 : 10. 

59. A sphere of radius a is cut by a plane whose distance from the centre of 
the sphere is (a - x), where x is positive but less than a. Write down (without 
proof) the expression in terms of a and x for the area of the smaller portion of 
the surface cut ofT. 

Assuming the earth to be a sphere of radius 4,000 miles, prove that the area 
of the portion which is visible to an observer at a height of h feet above the 
surface is about i(19/») square miles. 

60. Show that one sphere, and only one, can pass through four given points 
which do not lie in a plane. 

Show that the radius of the sphere circumscribing a regular tetrahedron, 
each edge of which is 2a, is J a\/2. 

61 The curved surface of a bucket is part of the surface of a right circular 
cone The upper rim of the bucket is a circle of diameter 12 inches and its 
vertical height is 10 inches, whilst its base is a circle of diameter 8 inches, 
where all three are internal measurements. Prove that the capacity ol the bucket 
is nearly 796 cubic inches. 

(If any formula for the volume of a frustum of a cone be used, a proot ot the 
correctness of the formula must be given.) 

62. Find the area of the surface of a sphere. 

An observer is at a distance of 37 feet from the centre of a sphere of diameter 
24 feet. Find the area of that part of the spherical surface which is seen by 

the observer. 

63. A sphere of radius a is cut by a plane at distance (a - x) from the centre. 
Prove that the volume of the smaller segment formed is J*x 2 (3 a - x). (It 
may be assumed that the area of spherical surface cut off by the plane is 2i-.ax.) 

A hole of radius 3 inches is bored symmetrically through a solid sphere ol 
radius 5 inches. Find the volume of the remaining portion of the sphere. 

64. Show that the section of a sphere made by a plane is a circle. 

A plane cuts two concentric spheres. Show that the area intercepted on the 
plane is the same for all positions of the plane. 

65. Prove that the volume of a tetrahedron A BCD is $Ap, where A is the 
area of the triangle ABC and p is the perpendicular distance of D from the 

plane ABC. , , , . _ 

A regular tetrahedron A BCD is cut into two parts by a plane through D 

parallel to BC and inclined at an angle sin- 1 (1) to the perpendicular from D 

to the base ABC and on the same side of this perpendicular as DA. Show that 

the volumes of the parts are in the ratio of 1 : 8. 

66. A hollow cone with its axis vertical and vertex downwards has a semi¬ 
vertical angle of 30°. ... , , 

A sphere of diameter 2J inches is dropped into the cone and touches it 

along a horizontal circle. 

Find (i) the radius of this circle, (ii) the distance of its centre from the vertex 
of the cone, and (iii) the part of the volume of the cone below this circle and 
included between the sphere and the cone. 

2 A 
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67. A segment of a sphere is of height h and the radius of its circular face 
is r. Prove that its volume is 

-^-(3r a + h 2 ), 

and prove also that this volume may be expressed in the form 

~—(3R - h), 

where R is the radius of the sphere. 

When a balloon is at a height h from the ground, prove that the fraction 
of the earth’s surface which can be seen from it is h /2{R + h), where R is the 
radius of the earth. 

68. (i) OA, OB, OC are three mutually perpendicular straight lines whose 
lengths are a, b, c respectively. 

Prove that the radius of the sphere which passes through the four points 
O, A, B, C is J V(a 2 + b 2 + c 2 ). 

(ii) A point P is taken inside a cube, the length of an edge of which is a. 
Prove that the sum of the squares of the distances of P Irom each of the eight 
corners of the cube is 6 a 2 -T 8d 2 , where d is the distance of P from the point of 
intersection of the diagonals of the cube. 

69. Prove that the radius of the sphere, which circumscribes a right circular 
cone of height h and vertical angle 2a, is J/i sec 2 a. 

Prove that the area of the segment of the sphere which contains the cone 
is rc/i 2 sec 2 a, and that the volume of this segment is 

-^/i 3 (l + 3 tan 2 a). 

6 

70. A sphere, radius a, is cut into two by a plane distant h from its centre 
(/i < a). Find the area of the surface of the smaller part of the sphere. 

Two intersecting spheres, whose radii are 6 inches and 7 inches, have their 
centres 9 inches apart. Find what proportion of the surface ot each sphere is 
inside the other. 

71. Find the radius of the sphere which passes through the corners of a 
tetrahedron OABC, in which the triangle ABC is equilateral with sides each 
10 units in length, while the lengths of the three edges passing through O are 
each 14 units. 

72. A right circular cone and a circular cylinder of equal volume are 
described on the same circular base of radius a, and on the same side of it, the 
height of the cylinder being 3 a. 

Find (i) the semi-vertical angle of the cone, 

(ii) the area of the curved surface of the frustum of the cone within 

the cylinder, 

(iii) the volume contained within the cylinder and outside the cone. 

73. Show that the volume of the smaller segment cut oil a sphere of radius 
a by a plane distant c from the centre of the sphere is $-(a - c)*(2a + c). 

Find the ratio in which the volume of a sphere is divided by a plane that 
divides the surface area in the ratio 5:1. 

74. The base of a pyramid is a regular hexagon ABCDF.F of side a. V is 
the vertex and each edge passing through V is of length 2a. Find the volume 
of the pyramid and the angle between the faces VBA, VBC. 

75. A given circle is intersected by part of the arc of an equal circle in the 
points XY. Prove that the crescent-shaped area cut off from the given circle 
by this arc is equal to the difference of the areas into which the chord XY 
divides the circle. 
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Find this area when the radius of the circle is a and the centres of the arc 
and circle are 2x apart. 

76. Prove that the volume of the frustum of a right circular cone is 
$-/,(a* + a b + b*), where a, b are the radii of the plane ends, and h is the height 

of the frustum. .... j . ... e .. 

The volume of a frustum of a cone is 125 cubic inches and the radii of the 

plane ends are 2 and 4 inches ; find the total superficial area. 

77. A sphere is inscribed in a right circular cone of which the semi-vertical 

angle is sin -1 x. , f . 

Prove that the ratio of the volume of the sphere to that of the cone is 
4x(l - x)(l + x ) 2 , and show that the possible values ot this ratio range 

from 0 to £. 

78. Prove that the area of the portion of the surface of a sphere of radius r 
intercepted between two parallel planes distant a and b from the centre is 

2-r(a ± b), distinguishing between the two cases. 

A mound is in the form of a spherical dome, of height h and base radius a. 
Prove that the area of its curved surface is n(a 2 + h ) and that its volume is 

^ Deduce expressions for the surface area and volume of a complete sphere. 

79 Show that, if the cross-section of a prism is a triangle, any portion of 
the prism contained between two parallel planes may be divided into three 

tetrahedra whose volumes are equal. 

Find the volume of a regular tetrahedron whose edges are each of length 2a. 

80. Prove that the area of the curved surface of a spherical cap is 2*Rh, 
where R is the radius of the sphere and It the height of the cap. 

Show that, if a right circular cone of semi-vertical angle a is inscribed m a 
sphere, the area of the sphere is divided by the base of the cone into two 

parts whose ratio is tan 2 *. 

81. Find the following integrals: 


(i) 

f "" . 

(ii) 

J 3e°' 3u 


(iii) 

f-^-dx. 

(iv) 

J \/e 3 * 


(v) 

[(2 + 3 y)~ l dy. 

(vi) 


J 1 


+ c 


3 0 


d 0 , 


Id 

82. Using tables where necessary, calculate the value of 


dv 


dy. 


+ 2v 


1 


e- x dx , 


0 1 


(i) by direct integration, .... i/in„„i* 

(ii) by Simpson’s Rule, using 5 ordinates spaced at intervals of 1/10 unit. 

(Give your answers to four places of decimals.) 

83. Using Simpson’s Rule with four intervals calculate 

j*e * /6 ° dx 

working with four places of decimals throughout. 



CHAPTER XII 


Polar Co-ordinates; Logarithmic, Sine and Cosine 
Series; Coaxal Circles; Determinants 


Polar Co-ordinates. With the usual axes of co-ordinates let P be 
the point (.v, y) and let the line OP be of length r and make an angle 0 
with OX. Then r and 0 are known as the polar co-ordinates of the 
point P, and we write P = (r, 0), where r is always taken positive. 

The diagram shows P taken in the first quadrant, but the above 
holds good when P is in any quadrant. 



From the diagram it can be seen that x — r cos 0, y = r sin 0. 
Squaring and adding these the result is 

-V“ + y 2 = r- cos 2 0 + r 2 sin 2 0 

= r 2 (cos 2 0 -f- sin 2 0) = r 2 . 

It can be seen from what has been said that (3, 55 3 ) are the polar 
co-ordinates of a point P, three units distant from O such that OP x 
makes an angle 55° with OX; (4, 142 c ) are the polar co-ordinates of 
a point P., at a distance four units from O with OP 2 making an angle 
142 with OX; (2, 205°) are the polar co-ordinates of a point P 3 two 
units distant from O such that OP 3 makes an angle of 205° with OX; 
(3-4, —41) is a point P 4 at a distance 3-4 units from O with OP A 
making an angle of —41° with OX. 

The points P l5 P z , P 3 , P 4 are shown in the following diagrams. 

If a curve be given in the form r = /(0), or F(/% 0) = 0 the equation 
is known as the polar equation of the curve. In order to draw the 
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curve a table of values of r corresponding to various values of 0, such 
as 0°, 30°, 45°, etc., is formed and the points are then plotted on 
graph paper and joined up by a smooth curve. 

Example. Draw the following curves: 

(i) r = 3(1 + cos 0), (ii) r = 4 sin 20. 

(i) The following is the table of corresponding values of r and 0, and the 
curve is shown. 


0 

0° 

I o 

O 

I 

■L 

60° 

90° | 

120° 

135° 

150° 

r 

6 

5 6 

5 1 

4-5 

3 

1-5 

0 9 

0 4 

180° 

210° 

225° 

240° 

270“ 

300° I 

315° 

330° 

360° 

0 

04 

0 9 

15 

3 

4-5 

5 1 

5 6 

6 



Owing to its heart-shaped appearance this curve is known as a cardioid. 
(ii) The following is the table of values connecting 0 and r, and the curve 

is drawn from it. 
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0 

0° 

15° 

30° 

45° 

60° 

75° 

VO 

o 

0 

r 

. 

0 

2 | 

3-5 

4 

3-5 

2 

0 



120° 135° 

150° 

165° 

180° 

etc 

-2 

-3-5 | -4 

-3-5 

-2 

0 j 




Conversion'of Cartesian Equation to polar form and vice versa. It 

has been shown earlier that x = r cos 0 and = r sin 0, and hence in 
order to convert the Cartesian equation (.y, y relationship) to the polar 
form, .y is replaced by /• cos 0 and y by r sin 0. 

Thus the equation ax + by = c of the straight line becomes 
ar cos 0 -f- hr sin 0 = c in polar form which can be written 

r(a cos 0 q- b sin 0) = c 

i.e. / sin (0 + a) = c/y/(a 2 + b 2 ), 

where a/\\a 2 + b 2 ) = sin a and b/\\a 2 -f b 2 ) = cos a, and a is a 
constant. 

Thus a polar equation of the form r sin (0 + a) = a constant 
represents a straight line. Similarly it can be shown that the equation 
/• cos (0 + a) — a constant represents a straight line in the polar form. 


Example. Find the polar equations of 

(i) the ellipse (x 2 /a 2 ) + ( y*/b # ) = 1, 

(ii) the circle a 3 + y 2 + 2gx + 2 fy + c = 0, 

(iii) the parabola v 2 = 4/j.y. 


Note. In each case a- is replaced by r cos 0 and y by r sin 0. 

(i) The polar equation of the given ellipse is 

/• 2 cos 3 0 r- sin 2 0 
2 


+ 


= 1 . 


a* b * 

i.e. r 2 (b 2 cos 2 0 + « 3 sin 3 0) = a 2 b 2 . 
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(ii) The polar equation of the'given circle is 

r 2 cos 2 0 4 - r 2 sin 2 0 + 2grcos 0 + 2fr sin 0 4- c = 0, 
i.e. r 2 (cos 2 0 4- sin 2 0) 4- 2r(g cos 0 4 - /sin 0) 4- c = 0, 

i.e. r 2 4- 2r(g cos 0 4- /sin 0) -f c = 0. 

(iii) The polar equation of the parabola y 2 = 4ax is 

r 2 sin 2 0 = 4arcos0, 

i.e. rsin 2 0 = 4o cosO, since r 4= 0 

To convert the polar form of the equation of a curve into its 
Cartesian equation, /• cos 0 is replaced by * and r sin 0 by y. Also 

r 2 cos 2 0 + r 2 sin 2 0 = x 2 + y 2 , 

i.e. r 2 = x 2 + y 2 . 

Hence r 2 can be replaced by x 2 + y 2 wherever it occurs. 

Example. Find the Cartesian equations of the following curves represented 
in the polar form by 

(i) r = a(2 4 - sin 0), (ii) r - a cos 20, (iii) r 2 = 3 cos 0 + 2 sin 0. 


Ci) 


• • 


r = a(2 + sin 0) 

.*. r 2 — a(2r + r sin 0) 
= 2 ar + ay, 
i.e. x 2 + y' = 2 ar 4- ay, 

+ y* — ay = 2 ar 


(r sin 0 =*= y) 
(r 2 «= x 2 + y 2 ) 


2 m-2 


(ii) 


(x 2 + y" - ay) 2 = 4 a 
i.e. (x 2 + y 2 - ay) 2 = AaHx 2 + y 2 ). 

r = a cos 20 = a(cos 2 0 - sin a 0) 
r 3 = a(r 2 cos* 0 - r 2 sin 2 0) 

= a(x 2 - y 2 ) 


.0 — 


= a*(x 2 - y 2 ) 2 . 


But r 2 = x 2 + y 2 

(iii) 


. r n = ( x 2 4 and the Cartesian equation is 

(x 2 + y 2 ) 3 ~ a 2 (x 2 - y 2 ) 2 . 

r 2 = 3 cos 0 4 - 2 sin 0 
r 3 = 3r cos 0 4- 2r sin 0 = 3x4- 2_>\ 

squaring r 8 = (3x 4- 2^) 2 . 

But r 8 = (x 2 4- y 2 ) 3 as in (ii) the Cartesian equation is 

(x 2 4- y 2 ) 3 = Ox 4- 2 y) 2 . 

Example (g.c.e.) 

(a) Prove that r = 4 sec (0 - 30 ) is the equation of a straight line m 
polar co-ordinates. State the polar co-ordinates of the foot ol the per¬ 
pendicular on the line from the pole. 

(b) A point P moves so that its distance from the pole is equal to its 
perpendicular distance from the straight line r — 2a sec . tow n 
polar equation of the locus is r — a sec 1 JO. 

(c) Eliminate r and 0 from the equations 

x = rcos 0, y = rsin 0, r(l 4- cos 0) = 2. 

(a) The equation r = 4 sec (0 — 30°) is the same as 

M r cos (0 - 30°) = 4. 


(1) 
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i.e. r(cos 0 cos 30° 4- sin 0 sin 30°) = 4, 

i.e. r cos 0 + sin 0 = 4. 

But r cos 0 = x and r sin 0 = y, .'. the Cartesian equation is 

l± x + ' _ 4, 

2 2 y 

i.e. x \/3 4- y = 8, 

which is the equation of a straight line. 



From the equation it can be seen that the foot of the perpendicular from 
the pole on the line has polar co-ordinates r = 4, 0 = 30°. 

( b) P = (r, 0) is one position of P. 

The line r = 2a sec 0 can be written r cos 0 = 2 a. But r cos 0 = x , there¬ 
fore the Cartesian equation of the line is x = 2a. 

The projection of OP on OX is r cos 0, hence the distance of P from 
the line x — 2 a (i.e. r = 2a sec 0) is 

2a - r cos 0. 

But this is given equal to r therefore the locus of P is 

r = 2a - r cos 0, 
i.e. r(l + cos 0) = 2a, J t _ i 
i.e. 2r cos 2 JO = 2a, 

i.e. r = a sec 2 JO. 

(c) r(l + cos 0) = 2 

.*. r + r cos 0 = 2, 

i.e. r + x = 2, (since r cos 0 = x) 

.*. r = 2 - x. 

Squaring r 2 = (2 - x) a 

i.e. * 2 + y* = (2 - x)\ (r* = ** 4- >- 2 ) 

= 4 - 4x 4- x a , 
i.e. _)■* = 4 - 4.v, 

/. y* = 4(1 - x). 

Series and Approximations. The following series, for which no 
proofs are given, should be memorized. 
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JC 2 X * 

log* (1 + x) = * - y d" ~j - 4 


— . . for 


< 1 . 


x 2 


log* (1 - x) = -x - T - 


X 

4 


. for 


< 1 . 


x 3 -X 5 X 4 

sin x = x - J-, + 51 - yi + • 

X 2 X 6 

cos x = 1 2 l + 4 -, - 6 , + • 


.v in radians. 


When x is small compared with unity it is clear that the following 

approximations hold good. 

log* (1 + x) First approximation x. 

Second approximation x — x 2 /2. 

Third approximation x — x 2 /2 + x 3 / 6 , and so on. 


— x. 


so on. 


sin x 


cos x 


log* (1 — x) First approximation 

Second approximation — x — x 2 /2. 

Third approximation — x — x 2 /2 — x 3 /6, and 

First approximation x. 

Second approximation x — x 3 /3!. 

Third approximation x - x 3 /3! + x & /5 ! and so on. 

First approximation 1. 

Second approximation 1 — x 2 /2! 

Third approximation 1 -x 2 /2 ! + x'/4 ! and so on. 

Note. The approximation taken in any particular example is dependent 
upon the degree of accuracy required in the question. 

From the logarithmic series we have, for | x | 1, 

log.(1 + X) - log .(1 - *) = + V4 °_ ...) 

= 2x + 2 x 3 /3 + 2x b /5 + • • • 
log* (1 d- x)/(l - x) = 2(x + x 3 /3 + x b /5 + ...). 

Theorem. To find a series for log* (/id- 1 )/n in terms of 1 /{2n f 1). 

where n > 0 . _ . 

Now log* (1 + x)/(l - x) = 2(x d- x 3 /3 d- x /5 d- • • •)• 

Using x = 1 /(2n d- 1) in this it follows that 
log* =2' 1 


+ 


W(2n+ 1) 

But the L.H.S. = log* 2n 4- l — 1 




2/i d- 1 ' 3(2/i d- l) a ' 5(2/; 
2 " + 1 + 1 = log. 2 " 2 f 


1) 


6 ^ 


log* 


// d- 1 


n 
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. n + 1 ^ f 1 _ 1 1 

.. oge n -2 j 2w+ J + 3(2 n + !)3 + 5(2* + 1)8 + 

Example. Find log, 2 to four decimal places. 

Now log, = 2 (— 1 — +-!- +--- + ...) 

n (2/1 + 1 3(2* + l) s 5(2* + l) 6 / 

Using n = 1 in this 


-I 


Iog 2 2 = 2/I +~ + 
(3 3 4 

Since the result is required to four 
decimal places it is necessary to take 
the quantity inside the bracket to six 
decimal places owing to the factor 2 
outside the bracket. 

.'. log, 2 = 2 x 0-346573 

= 0 6931 to four decimal 

places. 



\_ 

81 

1 1 1 


5 x 

:3 s 

15 81 

1 

5 

1 

V 4 

7x3 7 

“ 63 

5 x3 5 

1 

7 

1 

9 x9» 

~~ 81 

7x3" 


- 0-333333 
= 0-012346 
= 0-000823 
= 0 000065 
= 0 000006 


0-346573 


Exponential Series. It was proved on p. 293 that 

ex = 1 + A - + * 2 / 2 ! + x 3 /3 ! + . . . 
and if * be replaced by -* in this we obtain 

e~* = l -x + x 2 /2 ! - x 3 /3 

When x is small the following are the approximations obtained, 
ex First approximation 1. 

Second approximation 1 -f x. 

Third approximation 1 + * + x 2 /2 !, etc. 

e - x First approximation 1. 

Second approximation 1 — x. 

Third approximation 1 - * -f- * 72 !, etc. 

Example, (i) If a and b arc positive and (a - b)/(a + b) = a, prove that 
a/b = 1 + 2(a + x- 2 + x 3 + ...). 

Prove further that, if a- be so small that powers of a above the third be 
neglected, then 


e®'* = e (1 + 2 a + 4a 


y* 3 )* 


* / 

(ii) Wiite down the first six terms of each of the expansions for 
log, (1 + a) and log, (1 + a 3 ) in ascending powers of a. Deduce the 
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expansion for log, (1 - x + x a ) in ascending powers of x as far as the 
term in x°. 

(a - b)/(a + b) = x 

.*. (a - b) = x(a + b), 

= ax + bx 
a - ax = b + bx, 
i.e. a( 1 - x) = b{\ + x). 

Hence, a/b = (1 + x)/(l - x) 

= (1 - x + 2x)/(l - x) 

= 1 + 2x/(l - x) 

= 1 + 2x( 1 - x) 1 
= 1 + 2x(l + X + X 3 + . . «>) 

(using the Binomial Theorem) 

Neglecting the powers of x above the third throughout 

e a'b = e l+2x(l+x+z*) = e.eZx+iiz’+Z*'. 

Now ev — 1 4- y + _)’ 2 /2! + _>' 3 /3! + • • •* 

e'lx +&r’+ 2 x’ = 1 -j- ( 2x + 2x 2 + 2x 3 ) +■ y,(2x + 2x* + 2x 3 ) 3 

+ ^(2* + 2x 3 + 2a: 3 ) 3 

= 1 + 2x + 2x 2 + 2x 3 + 2x 2 (l + x + x 2 ) 2 

+ *x 3 (l + X + X 2 ) 3 

= 1 + 2x + 2x 2 + 2x 3 + 2x 2 (l + 2x) + 4x 3 /3 

(neglecting x‘ etc.) 

= 1 + 2x + 2x 2 + 2x 3 + 2x 2 + 4x 3 + y * 3 

22 

= 1 + 2x + 4x a + y-x 3 

/. ea'b =■ + 2x + 4x 2 + y x 3 ) 

(ii) log, (1 + x) - x - XV2 + x 3 /2 - x‘/4 + A-V5 - x®/6 to six 
terms. 

Replacing x by x 3 in the above 

log, (1 + x 3 ) - x 3 - x°/2 + x°/3 - x ,2 /4 
^ v + X «V5 - x l8 /6 to six terms. 

log, (1 + X 3 ) - log,(l + X) = log,(l + x 3 )/(l I X) 

* = log, (I - x + X 2 )(l + X)/(1 4- X) 

= log, (1 - x + x 2 ). 

But log, (1 + x 3 ) - log, (1 + x) 

/ 3 1 a . \ ( x x* X 3 X*_A° \ 


.. e 




, 22 

lx + 4x 2 + y x 




X* x 6 


- A + y T 3X 3 + y - 5 


as far as the term in x®. 
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Hence, as far as the term in a 6 , 

l/i , , x 2 x 3 x* x 5 x • 

log, (1 - x 4- x~) = -x 4- -j + 2— 4- — - — - —. 

Example. Obtain the expansion of cos 2x - 2 sin x - log,. (1 - 2x ) in 
ascending powers of x as far as the term in x 3 . 

cos 0 = 1 - 0 */2! 4- e«/4! - ... 

„ , (2x) 8 (2x) 4 

cos 2x = 1 — ——-h 


• • • 


2! ’ 4! 

= 1 - 2x 2 neglecting x* etc. 
log, (1 - y) = -y - y*/2 - y 3 /3 - . . . 

{lx) 2 (2x) s 


log, (1 - 2x) = -(2a) - 


8 


= - 2a - 2a* - ^ x 3 . 


as far as the term in a 3 . 


sin x = x - — + 


Thus, neglecting a* and higher powers of a 
cos 2a - 2 sin x - log, (1 - 2x) 


= 1 - 2x 2 - 2^a - j - ^-2x-2x 8 -®x 3 ) 

= 1 - 2a 2 - 2a + y 4 2x + 2 a* + ®x 3 
= 1 + 3 a 3 . 


Radical Axis of Two Circles and Coaxal Circles. 

Theorem. If two circles be represented by S t — 0 and S 2 = 0, 

where S, = a 2 4- y 2 + 2g,x + 2f x y + 

and S 2 = x- + y 2 4- 2g a x -f- 2f>y + c s , 

to find what the equation S, — S 2 = 0 represents. 

Using the values of S x and S. it the equation Si — S 2 = 0 can be 
written 

-y 2 + y- 4- 2 g x x + 2j 1 y + 

- (a 2 4- y 2 + 2g 2 x 4- 2f,y 4- c 2 ) = 0 
i.e. 2 a (g x - g 2 ) 4- 2y(f 1 -/*) 4- c x - c 2 = 0.(1), 

which is the equation of a straight line. 

Now a point of intersection of the circles S x = 0 and S 2 = 0 will 
also satisfy the equation S x — S 2 = 0. Hence the equation 
S x —S., = 0 will pass through the points of intersection (real, 
coincident, or imaginary) of the given circles. 

Thus the line (I) is a straight line passing through the points {real, 
coincident, or imaginary) of the given circles. 

This straight line is known as the radical axis of the circles Si = 0 
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and S 2 = 0, and is their common chord when they intersect in real 
points and their common tangent when they touch. 

Using the equation S 1 = S 2 it can be seen that the tangents from 
any point on the radical axis to the two circles S x = 0 and S 2 = 0 are 
equal, since S x represents the square of the tangent from the point 
(x, >■) to the circle S 1 = 0, and S 2 represents the square of the tangent 

from (x, y) to the circle S 2 = 0. . 

Hence the radical axis can be defined in either of the following 

ways: 

(i) The straight line passing through the points of intersection (real, 
coincident, or imaginary) of the two given circles. 

(ii) The locus of points from which the tangents to the two given 

circles are equal. 

Theorem. To prove that the radical axis of the two circles S x = 0 and 
S 2 = 0 given in the previous theorem is perpendicular to their line oj 

centres. 

The radical axis of = 0 and = 0 has for its equation 

2x(gi — g 2 ) 4- 2 y(fi —fi) + <*i — c 2 = 0. 

by the previous theorem, and its slope is —(gi — g»)/(fi — f*)- 
The centres of the circles S } = 0 and S 2 = 0 are (—g 1 * yO 

( — — f 2 ) respectively, and therefore the slope of the line of centres 

is (f — f 2 )/(gi — gi)- The product of the two slopes is —1, and 
hence the radical axis is perpendicular to the line of centres. 

Theorem. To prove that the three radical axes oj the circles S x = 0, 
S 2 = 0, S 3 = 0, where 

S, = (x 2 y 2 + 2 g,x -1- 2 .fa’ -1- ^i) 

5 2 = (x 2 -f y 2 + 2£.>x -j- 2f,y + c 2 ), 

5 3 s (x 2 + y + 2 g 3 x + 2 \) 3 y -f r 3 ). 

are concurrent. 

The radical axis of Sx = 0 and S 2 = 0 is 

^ -S 2 = 0 .(1). 

and the radical axis of S 2 = 0 and S 3 = 0 is 

S 2 — S 3 = 0 . ; (2). 

Taking (1) 4 (2), an equation of a line passing through the point of 
intersection of the lines (1) and (2) is obtained, and this equation is 
— S 3 = 0 which is the equation of the radical axis of the circles 

Thus the three radical axes are concurrent. The point in which 
these three radical axes meet is known as the radical centre. 

Theorem. To find the equation of a system of circles every pair oj 

which has the same radical axis. . . . 

Let the>--axis be chosen as the common radical axis of the system 

of circles, and the x-axis be the common line of centres. 
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Two circles of the system will be 

** + v 2 + 2g x x + = 0.(1), 

and * 2 + y~ + 2 g 2 x +c 2 = 0 ...(2), 

since the centres lie on the x-axis. 

( 1 ) — ( 2 ) gives for the radical axis 2(g x — g.Jx + c x — c z = 0 , 
and since the radical axis is x = 0 , it must follow that c x = c 2 = c 
(say). 

Thus the required equation is 

x 2 +/ + 2^ + c = 0.(3), 

where " is arbitrary and c is constant. 


A system of circles having the same radical axis for any pair is 
known as a coaxal system of circles. 

N.B. From the equation (3), the radical axis will cut the circles in 
real points if c is negative and imaginary points if c is positive 
O* 2 = - c). 

Point circles of the system, which are know'n as limiting points of 
the coaxal system are obtained when g- = c, i.e. g = since (3) 

can be written (x g) 2 + >’ 2 = g 2 — c which has zero radius when 

g~ ~ c = 0 . 

These limiting points will be real if cis positive and imaginary if cis 
negative. 

Definition. Two curves are said to cut orthogonally (or be ortho¬ 
gonal) if the tangents at a point of intersection are at right angles. 

Theorem. To find the condition that the circles 

x- + y 2 + 2g x x + 2/iV + <T = 0, 
and x- + y- -f 2 g 2 x -}- 2fy + c 2 = 0 

shall cut orthogonally. 

By geometry, the radii at a point of intersection of two orthogonal 
circles must be perpendicular, and hence, using Pythagoras’ theorem, 
it follows that the sum of the squares of the radii must be equal to the 
square on the line of centres. 

The centre of the first circle is (—g lf —f) and its radius is 
X (g i 2 + fi~ — c 2 ). Also the centre of the second circle is (— g 2 , —f t ) 
and its radius is \/(g 2 2 + f 2 — c 2 ). 

The square on the line of centres is (£ x — g.f 2 -f- (/i — /o) 2 . 

Thus the required condition is 

Si 2 +/x 2 - c x + gf +/ 2 2 - c 2 = ( gl - g 2 ) 2 + (/i -fj* 

= gi 2 - 2 gigs + g 2 2 

+ / x a ~ 2 / x / 2 +/ 2 2 

i e - 2 gtg.> + 2Jf, = c x + c 2 . 

Example 1. One circle of a coaxal system is a- 2 + y % - 4x — 8y + 10 = 0 
and the radical axis is 2x + 4y - 5 = 0. 
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Show that any equation of any circle of the system may be written in the 

form x 2 + y 2 + k(2x 4- 4y — 5) = 0. 

Find the co-ordinates of the limiting points of the system. 

Verify that the circle x 2 4- y 2 - x - 2y = 0 is orthogonal to each 

circle of the system. 

The circle of equation x 2 + y 2 - 4x - 8y 4- 10 = 0 can be written 
in the form 

x 2 4- y 2 - 2{2x 4- 4y - 5) = 0, 

which is a member of the coaxal system (having 2x t 4y -5=0 as 
the radical axis) x 2 + y 2 + k{2x 4- 4 y - 5) = 0, with k having the 

value -2. 

Hence any circle of the system will have the equation 

x 2 4- y 2 4- k(2x 4-4 y — 5) =0. (•). 

This equation can be written 

(x + k ) 2 4- (y 4- 2k) 2 - (A 2 4- 4k 2 4- 5k) = 0 


which has centre ( - A, - 2k). 

These circles will be limiting points when 

k* 4- 4A 2 4-5 k = 0, 
i.e. 5k 2 4- 5k = 0, 
i.e. 5 A (A 4-0=0, 

i.e. k = 0 or - 1. 

When k = 0 the limiting point is (0, 0) and when k = - 1 the limiting 
point is (1, 2). 

The equation (1) can be written 

x 2 4- y 2 4- 2 kx 4- 4 ky - 5k = 0 . 

Now the circle x 2 4- y 2 - x ~ 2y = 0 ... 

will be orthogonal to this if + 2/,/ a = c x 4- c t , where ,^'i > 

gt = — h, fi = 2A, ft = -l,c,= -5k, c 2 = 0, 

i.e. if 2k( - i) 4- 2 x 2A( - 1) = 5A, 

i.e. if -k - 4k = -5k, 

i.e. if - 5k = - 5k, which is true. 

Hence the circle (3) is orthogonal to all circles of system (2). 


Example 2. Find the general equation of a circle which cuts orthogonally 

each of the two circles ,,. 

*2 + _ 6ax 4- 5« 2 = 0. y h 

x 2 + y2 _ bay 5a 2 = 0. t-). 

Show that all such circles belong to a coaxal system with real common 

points, and find the common points. 

Let the required circle have the equation 

x* 4- y 2 + 2gx 4- 2fy + c - 0... ( 3 >- 

The conditions that circle (3) shall be orthogonal to circles (1) and (2) are 

2( — 3a)g + 2x0 x/ = c + 5a 2 , 

i.e. - 6 ag = c 4- 5a . ' ’ 

2x0x?4-2(- 3a)/ -c + 5a 2 , 

i.e. -6a/ = c 4- .. P ' 


and 
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- 6 ag = — 6 af 

g = f (since a # 0) 

Lei g —f -■= >-, then (4) becomes - 6 ax = c + 5a 2 , and c = - 6aX - 5a 2 . 
Hence the equation of the circle is 

a 2 -t- y 2 + 2Xa + 2Xy — 6aX - 5a 2 = 0, 
i.e. a 2 4- v 2 + 2x(a + j) - (6aX + 5a 2 ) = 0. 


This equation can be written 

x 2 +y 2 - 5a 2 + 2 X(jc +y - 3a) = 0. (6)- 

Hence, the radical axis of the system is 

a + y - 3a = 0, 

i.e. y = 3a — x .(7). 

Using (7) in (6) we have for the common points 

a 2 + (3a - .r) 2 - 5a 2 = 0, 


i.e. a 2 + 9a 2 - 6oa + a 2 - 5a 2 = 0, 
i.e. 2a 2 - 6aA + 4a 2 = 0, 
i.e. a 2 - 3aA + 2a 2 = 0, 
i.e. (a — a)(A - 2d) — 0, 

i.e. a = a or 2a. 

From (7) using a = a, y — 2a, and using a = 2 a, y = a. Hence the 
common points are real (assuming a is real) and are (a, 2a) and (2a, a). 


Determinants. Consider the equations 

a 2 x -b b^y + c 2 = 0.(1), 

a 3 x 4- b 3 y + c 3 = 0.(2). 

In order to solve these we take 

(1) X c 3 giving a 2 c 3 x -f b 2 c 3 y + c 2 c 3 = 0.(3), 

(2) x c 2 giving a 3 c,x + b 3 c. 2 v + c,c 3 = 0.(4). 

(3) — (4) gives (a. 2 c 3 — a 3 c.,)x -f ( b 2 c 3 — b 3 c 3 )y = 0 

.*. (a 2 c 3 — a 3 c.j)x = — (b 2 c 3 - b 3 c 2 )y. 


i.e. 


-y 


b 2 c 3 b 3 Ca a 2 c 3 fljfj 

Similarly from (1) x b 3 — (2) x b., is obtained the result 

a 1 


Hence 


A 


b 2 c 3 b-xCo 


b 3 (-3 b 3 c 2 o 2 b 3 a 3 b 2 

-y __ i 

Oob'i CI<\bi 


'3 l 2 @ 2^3 a 3 C 2 a 2 ft 3 — a 3 b 2 ^ ^ 

The expressions (b 2 c 3 — b 3 c 2 ), ( a 2 c 3 — a 3 c 2 ), ( a 2 b 3 — a 3 b 2 ) are usually 
written in the form 


b 2 c 2 

b 3 c 3 i’ 


^2 ^2 
C 3 


a* ^ respectively 


and are known as second order determinants having two rows and two 
columns in each case. 
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If, in addition, the variables .v, y also satisfy the equation 

a x x + b x y + c x — 0.(6), 

the condition required is obtained by substituting the values of x and 
y from (5) in (6) giving 

0 \{b 2 c 3 — 6 3 c 2 ) — b x (a 2 c 3 — a 3 c 2 ) -r c x (a 2 b 3 — a 3 b 2 ) — 0 .. .(7). 

This condition is known as the eliminant of equations (1), (2) and (6). 
Equation (7) can also be written in the determinant form 


a x 


b-i c 2 
b 3 c 3 


~b x 


a 2 c 2 

a 3 c 3 


+ c x 


a 2 b 
a<, b 


= 0 


( 8 ). 


The left-hand side of either of the equations (7) or (8) can be written 
briefly in the form , b 


^2 ^2 
Cln ^3 


which is known as a third order determinant and is usually denoted by 
A, containing three rows and three columns. 


N.B. A determinant has the same number of columns as rows. 

It can be seen by what has been said previously that the expansion 

of the determinant , _ h r 

U\ o 1 Ci 


a 2 b% ^2 


| g 3 b 3 c 3 | 

is obtained by multiplying by the determinant obtained by omitting 
the row and column containing a lf subtracting from this the result of 
multiplying b x by the determinant obtained by omitting the row and 
column containing b l% and adding to this result the product of c* and 
the determinant obtained by omitting the row and column containing 


1 The quantities a u a 2i a 3 , b lt b 2> b 3 , c„ c 2 , c 3 are known as the 
elements of the determinant and the determinant obtained by 
omitting the row and column containing a particular element is 
known as the minor of that element. 

Thus in the third order determinant 


a x b x c x 


/)„ 

a 2 b 2 c 2 

the determinant 

b'l Co 

o 3 b 3 c 3 




is known as the minor of a x and is denoted by A v 


Similarly 


a x c 

a-> c- 


is the minor of b 2 and is denoted by Z? 2 , 


* w 

is the minor of c x and is denoted by C lt and so on. 


a., b 2 
a 3 b 3 


N B By expanding the left-hand side of equation (7) it can be seen 
that each term of the expansion of the determinant contains one, and 
only one, clement from each row and column of the determinant. 


2B 
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„ f a 15 7 . I 2x + 5 4 — 3x 

Example 1. Evaluate 0) A — 23 19 ’ A = I 3 _ 4 * 2 + 3x 

(i) A = 15 x 19 - 7 x 23 = 285 - 161 = 124. 

(ii) A = (2x + 5)(2 + 3x) - (4 - 3x)(3 - 4x) 

- 6x 2 + 19x + 10 - (12 - 25.v + 12x a ) 

= 6x 2 19x + 10 - 12 + 25x - \2x 2 

= - 6 .v 2 + 44x - 2 = - 2(3.xr 2 - 22x + 1) 


Example 2. Solve the equation 


3x 

5 +x 

x+\ 4 

8 

2x 

11 X 


Expanding the determinants the equation becomes 

6 * a - (5 + x) x 8 = (x + l)x - 44, 
i.e. 6x- - 40 - Sx = a : 2 + x — 44, 
i.e. 5 a: 2 - 9x -f 4 = 0, 
i.e. (5* - 4)(.r - 1) = 0, 

.'. 5.v - 4 = 0, or x - 1 = 0, 
x = 4/5 or 1. 


A = 2 


-5 


2 

5 

7 


15 

11 

8 

5 

9 

11 

, (ii) A b 

8 

15 

11 

4 

3 

8 


11 

8 

15 

1 

8 

+ 7 

5 

4 

9 

3 





= 2(72 - 33) - 5(40 - 44) + 7(15 - 36) 
= 2 x 39 - 5( — 4) + 7( — 21) 

= 78 -1- 20 - 147 = -49. 


(ii) A = 15 


15 

11 

.. 8 

11 

, 0 8 

15 

8 

15 

- 11 11 

15 

+8 11 

8 


= 15(225 - 88 ) - 11(120 - 121) + 8(64 - 165) 
= 15 x 137 - 11( — 1) + 8 ( — 101) 

= 2055 + 11 - 808 = 1258. 


The Rule of Sarrus. This is a rule that can be used for writing down 
the expansion of the determinant 

a x b x c x 

a 2 bo Co 
O3 63 C3 

and is stated as follows: 

Write down the determinant without the lines and repeat the first 
two columns. Draw lines diagonally through each of three elements 
as shown in the diagram. 
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The terms formed by each line will be terms of the expansion, those 
with arrows downwards are positive and those with arrows upwards 

are negative. 


Example. Using the rule of Sarrus evaluate 

5 8 15 

A = ' 


7 

9 


11 

13 


23 

29 


Using the rule of Sarrus 



A _ 5 x 11 x 29 + 8 x 23 X 9 + 5 x 7 x_13-9xll ^ ? ^ g 

= 1595 + 1656 + 1365 - 1485 - 1495 - 1624 
= 4616 - 4604 = 12. 

Note. Many determinants can be simplified previous to evaluation and 
the theorems that follow can be used for the simplification ol third order 
determinants, and the notation is that previously stated. 

Theorem. A determinant is unaltered in value if the rows are 
changed to columns. 

' a x b x c*! 
a 2 b 2 c 2 

U-A b 3 C 3 

A = a x A! — b x B x + C\C\. 


Let the determinant be A = 


Then 


Expanding 


Q\ Q'z 
b i b 2 b$ 
Ci c 2 c 2 


= a x (b 2 c 3 — b 3 c.,) — a 2 (b x c 3 b 3 c x ) 

Gd[b x c 2 b 2 c i ) 

= a x (b 2 c 3 — b 3 c 2 ) — b x (a 2 c 3 — a 3 c 2 ) 

“ 4- c x (a.,h 3 - a 3 b 2 ) (rearranging terms) 

= a x A x — b x B x 4- c x C x = A. 

Thus the theorem is proved. 

From this result A— a x A x — b x B x + c x C x 

= a x A x — a 2 A 2 4- o 3 A 3 , 

and hence the determinant can be expanded by the firs, column instead 
of the first row. 

Theorem. If two rows (or two columns) of a determinant be inter- 
changed , the determinant changes sign. 

aib x c x , n . r' 

a 2 b 2 c. t = a x A x — b x B x 4* c x C x . 
a 3 b 3 c 3 


Let 


A = 
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Interchanging the first and third rows in A we have 

#3 ^3 ^3 

A x = a 2 b 2 c 2 , and expanding this by 
a x b x c x 

the first row A x = a 3 (b 2 c x — b x c ->) — b 3 (a 2 c x — a x c 2 ) -f c 3 {a 2 b x — a x b 2 ) 

— — a x b 2 c 3 “f* a x b 3 c 2 a 3 b x c 2 ~f~ tt 2 b x c 3 

“h ti 3 b 2 c x a 2 b 3 c x 

— [# i(^2 c 3 b x (a 2 c 3 ^ 3 ^ 2 ) 

+ c x (a 2 b 3 — a 3 bo)] 

= ~[aiA x - b x B x + c x C x ] 

= -A. 

A similar result is obtained by interchanging any other two rows or 
any two colums, hence the theorem is proved. 

N.B. When two interchanges are made the determinant will change 
sign twice and hence its value will be unaltered. For three inter¬ 
changes the result will be the original determinant with a negative 
sign. 

Theorem. If two rows (or columns) of a determinant are the same the 
value of the determinant is zero. 

i a i b x a x 

Let the determinant be A = a 2 b., a 2 

Q 3 ^3 ^3 

having the first and third columns the same. 

Interchanging the equal columns we have the determinant 

' a i bi a i 
a 2 b 2 Oo ■ A 

a 3 b 3 a 3 

By the previous theorem the left-hand side of this result is —A, 

/. -A = A, 
i.e. —2A = 0, 

.*. A = 0. 

The same result will be obtained when any two other columns, or 
any two rows are identical. 

From this result it can be seen that each of the determinants 

I 7 7 19 3 8 21 ! 73 13 13 

11 11 27 I, 5 7 29 , 28 25 25 

15 15 48 j 5 7 29 32 38 38 

has zero value since in each case either two rows or two columns are 
equal. 

Theorem. If the elements of any row (or column) of a determinant 
have a common factor , the value of the determinant is the product of 
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that factor and the determinant obtained by cancelling that factor in 
the row or column of the original determinant. 

Thus if p be a factor in the first row, then 


A, = 


Let 


A = 


pa x pb x pc x 

Clo ^2 ^ 2 

a 3 ^3 ^3 

a x b x C X 
Cl •> bo c 2 

d 3 ^3 ^*3 


i Z>! 

= P\ ClO bo C-2 
Cl 3 ^3 ^*3 


with the usual notation for minors. 


Expanding by the first row 

Aj == pa x (b 2 c 3 - b a c 2 ) - pb x (a 2 c 3 - a 3 c 2 ) + pc x (a,b 3 - a 3 b,) 

= p(a x A x — b x B x + CiCj) = /?A. 

The same result can be proved in the case of other rows having a 
common factor, and also for columns having common factors, thus 
proving the theorem. 

Note. The theorem can be extended in the case of two columns or 
two rows having common factors to the elements. 



pa x b x qc x 


a x b x c x 

g 

Thus 

pa 2 b., qc 2 

= PH 

a 2 b 2 c 2 

m 


pa a b 3 qc 3 


Cl 3 b 3 C 3 


Also the extension can be carried further to the case when all three 
rows, or three columns, have common factors to the elements giving 

for the case of the rows 


pa x pb x pc x 


a x b x c x 

f 

qa-i qb 2 qc 2 

= P ( l r 

a 2 b 2 c 2 

ra 3 rb 3 rc 3 


ll'A b% C 3 


Example. Evaluate (i) A = 


(iii) A 


3 
6 

4 

7 

5 
3 


5 

12 

8 

14 

20 

9 


19 
18 
1 1 
21 
10 
6 


(ii) A = 


2 

5 

9 


4 

8 

16 


5 

10 

20 


A = 6 


6[3(22 - 24) - 5(11 - 12) + 19(8 - 8)] 


(i) 6 is a common factor of the second row, 

3 5 19 

1 2 3 

4 8 11 

6[3(-2) - 5(-1)1 = 6(-6 h 5) 

= 6(-l) = -6. 

(ii) 4 is a common factor of the second column and 5 is a common factor 
of the third column, 

2 1 1 

5 2 2 
9 4 4 


4x5 


= 0 , 
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for the determinant has the last two columns the same and must therefore 
be zero. 

(iii) 7, 5, 3 are the common factors of the first, second, and third rows 
respectively of the determinant, 

1 2 3 

A = 7 x 5 x 3 1 4 2 

1 3 2 

= 105[I(8 - 6) ~ 2(2 - 2) + 3(3 - 4)] 

= 105[2 - 0 - 3] 

- 105( — 1) = - 105. 

Theorem. If each element of any row (or column) of a determinant 
consist of the algebraic sum of r terms , the determinant is equal to the 
algebraic sum of r other determinants in each of which the elements 
consist of single terms. 

With the usual notation for minors let 



a x b x c x 

a l +l 1 —m 1 b x c x 

A = 

a 2 b 2 c 2 , and A x = 

J /o TYX o ^2 Cg • 


a 3 b 3 c 3 

1$ TYl 3 b 3 C 3 


Expanding by the first column, 

= (ai + 4 — m x )A x — (a., + 4 — m 2 )A 2 + (a 3 4- 4 — ”h)A 3 

= (a x A x a 2 A o + & 3 A 3 ) + (4/1 1 — LA 2 + 1 3 A 3 ) 

— (m x A x — m 2 A 2 + m 3 A 3 ) 



a x b x c x 


4 b x c x 

m x b x c x 


ci* b* C o 

+ 

/ o b% ^*2 

, b 2 c 2 


a 3 b 3 c 3 


^3 ^3 ^*3 

| rn 3 b 3 c 3 


which proves the theorem for the case r = 3, and similarly it can be 
proved for r = 4, r = 5, etc. 

This theorem can be extended to cover the case when the elements 
or two different columns (or rows) consist of two or more terms, as 
follows: 

With the previous notation for A consider the determinant 
| *1 + 4 b 1 +m 1 c x j 

A 2 = cr a +4 b 2 + m 2 c 2 

* 3+4 b 3 +m 3 c 3 
By the previous result 

l> l -\-m l c x | 4 b x +m x c x 

A, = a 2 b 2 -\-m 2 c 2 \ + 4 b 2 -\-m 2 c 2 

a 3 b 3 + m 3 c 3 j 4^3 + ^3 

b x -\-m x a x c x \ ' b x + m x l x c x 
= — b 2 + m 2 a 2 c 2 — b>-\-m 2 1 2 c 2 
j b 3 -\-m 3 a 3 c 3 b 3 -\-m 3 1 3 c 3 

(interchanging first two columns in each determinant) 
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b x a \ c \ m \ a i c i ^1 c i 

= — b 2 a 2 c 2 — m i a i c 2 b 2 L c 2 

b 3 a 3 c 3 m 3 O3 c 3 h 3 l 3 C3 

(using previous result) 

a x b x c x a x m x c x I x b x c x l x m x c x 

= do b 2 C 2 + fl 2 Mo C 2 + to b 2 Co + h m i C 2 

a 3 b 3 c 3 a 3 m 3 c 3 l 3 b 3 c 3 l 3 m 3 c 3 

(interchanging the first two columns in each determinant). 

Theorem. If the elements of any row (or colwnn ) be increased or 
diMinished by equimultiples of the corresponding elements of any other 
row (or column ), the value of the determinant is unaltered. 

Considering the first column, this means in algebraical language 
that, if X, and X 2 can take any values, then 

a x -\-^- x b x -\~y 2 c x b x c x a x b x c x 

Aj = d 2 -\~ 1 *\b 2 ~\~~)' 2 c 2 b 2 c 2 = a 2 b 2 c 2 . 
a 3 -\-'> x b 3 -\-'> 2 c 3 b 3 c 3 a 3 b 3 c 3 

By the previous theorem 

a x b x c x b x c x *~c y b x c x 

A x = a 2 b 2 Co + b 2 Co 4- c 2 b 2 c 2 

a 3 b 3 c 3 > 1^3 b 3 c 3 a, c 3 b 3 c 3 

a x b x c x b x b x c x c x b x c x 

= a., b 2 Co 4 - ~> \ b 2 b 2 c 2 4- >- c t b 2 c 2 . 

a 3 b 3 c 3 b 3 b 3 c 3 c 3 b 3 c 3 

Since the last two determinants each have two columns identical 

the value of each is zero. 

a x b x c x 

Thus A, = a 2 b 2 c 2 . 

a 3 b 3 C3 

A similar result can be obtained by using rows instead of columns. 

N.B. This theorem can be used to simplify a determinant before 
evaluation, and the simplification can be done quicker in certain 
cases if equimultiples of the elements of one column (or row) be 
added to the corresponding elements of the two remaining columns 

(or rows) simultaneously. 

a x -\-h x c x b x ~\~y^ 2 c x c x 
Thus a 2 +7> x c 2 b.,+^ 2 c 2 c 2 
a 3 -\-"h x c 3 b 3 -\-y- 2 c 3 c 3 

a x b x c x >iC, b x c x >1 c x c x a x X 2 c, c x 

= b 2 c 2 4- >1 c 2 bo c 2 4- >1 c t y 2 c 2 c 2 4- « , c., 

«3 b 3 c 3 I >.,£• 3 b 3 C 3 >lC 3 '3C3 C 3 «3 * 2^3 C 3 

(by the previous theorem) 


m 1 /1 c x 

Mo lo Co 

m 3 l 3 c 3 
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«i b x c x 


c x b x c x 


c x c x c x 


a x c x c x 

d<2 bo ^2 

a 3 ^3 C 3 

+ >1 

Co &2 ^*2 
£*3 ^3 ^3 

+ ^'1^2 

Co C 2 

c 3 c 3 C 3 

+ ^2 

C 2 
^3 ^*3 


(since the last three determinants are zero each having at least two 
columns identical). 

It must be carefully noted that, when using these results, one 
column must be kept in its original form, or it will be found that an 
impossible result will be obtained. 

In what follows R x , R 2i R 3> C lt C 2 , C 3 will be used for the first, 
second, third rows and columns respectively, (i.e. R 2 is the second 
row, C 3 is the third column, etc.). 


1 

1 

1 

15 

23 

17 

Example 1. Evaluate (i) A = 21 

17 

29 , (ii) A = 

2x 

4a: 

6x 

15 

23 

36 

19 

27 

33 


1 0 0 

(i) A = 21 -4 8 (C a - C,) and (C 3 - CO 

15 8 21 

= 1 {( — 4) x 21 - 8 x 8 } = ( 84 — 64) = - 148. 

(ii) Taking out the common factor 2x in the second row, 

15 23 17 1 

A = 2.v 1 2 3 = 2 j 

19 27 33 | 

1 0 0 

= - 2.x 15 - 7 - 28 (Interchanging the first and second rows) 

19 -11 -24 


15 

-7 

-28 

1 

0 

0 

19 

- 11 

-24 


(C t - 2C\) and 

(C, - 3CO 


= 14*{l(-4) - 4(- 11)} = 14 at(-4 4- 44) 
= 14a: x 40 = 560jc. 



Example 2 . Indicating clearly your method in each case, 

1 2 3 

(i) evaluate the determinant 6 5 4, 

7 8 9 

! a: 1 1 

(ii) solve the equation 2 x + 1 2 = 0 , 

3 3 x + 2 

111 

(iii) factorise completely the determinant a b c 

a 3 b 3 c 3 

11231 1 0 0 

(>) 6 5 4 = 6 —7 —14 , (C, - 2C\) and (C, - 3C\), 

7 8 9j 7-6 -12 

= l{(-7)(-12) - ( — 6)( — 14)} 

= (84 - 84) = 0. 
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(ii) The determinant = 


x + 5 x + 5 x - 5 

2 x + 1 2 

3 3 x + 2 


, /?, + (Rz + R>)> 


1 

1 

1 

= (X + 5) 2 

x + 1 

2 

3 

3 

x + 2 

1 

0 

0 

= (x + 5) 2 

x — 1 

0 

3 

0 

x - 1 

= (x + 5)(x - 

l) 2 . 



(C a - C,) and 

(C s - C\) 


Hence the equation reduces to 
(x + 5)(x - l ) 2 = 0, 
from which x = - 5 or 


(iii) 


1 

1 

1 

a 

b 

c = 

a 3 

b 3 

c 3 


x = - 5 or 1 (twice). 

1 0 0 
= a b — a c - ( 

a 3 b 3 - a 3 c 3 - < 

_ b - a c - a 

~ b 3 - a 3 c 3 - a 3 

b - a 

(b - a)(b 2 + ab+a 2 ) 


(C 2 - C,) and 

(C, - C,) 


c - a 


= \ (b - a)(b 3 + ab + a 2 ) (c - a)(c 3 + ca + a 2 ) | 

1 1 

= (6 - fl)(c - a) b2 + a[) + c 2 + 

= (6 - fl)(c - «){(c 2 + ca + a 2 ) - 0> 2 + ab + a 2 )} 

= (b - a)(c - a)(c* + ca - b 2 - ab) 

= (b - a)(c - a){(c 2 - b 2 ) + (ca - «*)} 

= (b - a)(c - a){(c - £)(c + b) f a(c - o)} 

= (b - a)(c - a)(c - b)(a \ b + c) 

= \b - c)(c - a)(a - b)(a + b + c). 

Example 3. (i) Show that for ail values of 0 the determinant 

1 sin 0 1 

- sin 0 1 sin 0 

— 1 — sin 0 1 

,ieS s“v^ueoVo foTwhich the determinant has the value 2 , and one 

for which it has the value 4. 

(ii) Expand the determinant f 3 

X X x 
y = a b c 

1 .™ - 

find the two values of x for which the determinant 


x x* jr- 

1 2 3 

1 -2 3 


has stationary values. 
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(i) 


1 

sin 0 

1 


0 

0 

2 

-sin 0 

1 

sin 0 

= 

— sin 0 

1 

sin 0 

- 1 

— sin 0 

1 


-1 

-sin 0 

1 


»C^i + 7?*), 


= 2 (sin *0 + 1 ) 

The least value of this is when sin 0 = 0, and is therefore 2, and the 
greatest value when sin 0 = ±1 and is therefore 4. Hence the determinant 
lies between 2 and 4 inclusive. 

When the determinant has the value 2 one value of 0 is 0°, and when it 
has the value 4 one value of 0 is 90°. 

(ii) Expanding by the first row 

y = x(br - cq) - x*(ar - cp) + x\aq - bp), 
dy/dx = {br - cq) - 2x(ar - cp) + 3 x\aq - bp). 

1 2x 3x 2 
a b 

P <1 


dy 

In determinant form —~ = 

dx 


c 

r 


When a = 

1, b = 

; 2, 

c = 3, p = 

= 

1, q 

= - 

-2, 

r = 3, 

» 



X 

x 2 

■X 3 



dv 


1 

2x 

3x 2 


y - 

1 

2 

3 

and 

uy 

j 

= 

1 

2 

3 



1 

-2 

3 



dx 


1 

-2 

3 


dy 


1 

X 

* 2 



i 


X 

A 

:* 

• ' — 7 

* * dx 

x 3 

1 

1 

1 

- 

- 

= 6 

0 

1 

— X 

1 - 

X* 



1 

- 1 

1 



0 

- 1 

— x 

1 - 

X s 


= 6{(i - x)(i - x 2 ) + (i + *)(i - x*n 

= 6(1 - x 2 ){l - x + 1 + x\ 

= 12(1 - x 2 ). 

y has stationary values when dy/dx = 0 , 
i.e. when 12(1 - x 2 ) = 0 , 

i.e. when (1 - *>(1 + x) = 0, 

i.e. when = ± 1 . 


(/?, - RO and (/?, - Rd 


EXAMPLES XII 

1. (a) Make rough sketches of the loci given by the following Cartesian 
equations: (l) y 2 = x and y = - vX - x), 

(ii) y = x - I and y = | x - 1 J . 

(6) Sketch the locus given by the polar equation r = 0/2 tv between the 
values 0 = 0, 0 = 2 tt. 

*i ~\ rclat j ons x ~ r cos °» y = r sin 0 to find Cartesian equations for 

the oc. (.) r(3 cos 0 + 4 sin 0) = 1, (ii) r = 3 cos 0 + 4 sin 0. 

Show that one of these loci is a circle and the other a straight line. Find the 

points where the loci cut the Cartesian axes, determine the radius and the co- 

or mates of the centre of the circle and sketch both loci on the same diagram. 

3 ’ P, °-> t n t 5 e po r tion of the curve whose equation in polar co-ordinates is 
r sin _0, for values of 0 which lie between 0 and 

• • the Pc>mt on the curve whose perpendicular distance from the 

initial line (0 - 0) is greatest, lies at an extremity of the chord through the 
origin which makes the angle cos-* Vi with the initial line. 
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4. Plot, using values of 9 at 30° intervals from 0* to 360°, the curve whose 

equation in polar co-ordinates is r = 5 + 4 cos 0. 

Show that all chords PQ drawn through the pole O are of length 10 units. 
Calculate the values of 0 for which O trisects the chord PQ. 

5 Plot the curve whose equation in polar co-ordinates is r = 1 + cos 0, and 
on the same diagram draw the straight line r = sec 0 Find by calculation the 
values of r and 0 for the points where the curve and the line intersect. 

6 Construct, correct to one place of decimals, a table of values for r, where 
r _ 1 + 2 cos 0, taking values of 0 at intervals of 30 from 0 to 360 . Hence 
give a sketch of the curve whose polar equation is r = 1 + 2 cos 0, showing it to 

be a closed curve with an interior loop. _ 

A straight line OPQ is drawn through the pole O making a positive acute 
angle a with the initial line so as to meet the curve again at two points P and Q 
on the same side of O. Calculate the length of PQ. 

7. Obtain the polar equation of the conic ax 2 + by* f 2gx + 2fy + c = 0, 
taking the pole as origin, and the axis of x for initial line. 

Hence, or otherwise, prove that the locus of the mid-points of the chords of a 
conic drawn through a fixed point is another conic, with Us axes parallel to 
those of the original conic, and passing through the points of contact of the 
tangents from the fixed point to the original conic. 

8. Sketch the curve r = a( 1+2 cos 0) showing how the curve is described as 

° 'A finethrough°the pole O meets the curve again at P and Q, Q lying between 

° Show*al«> h that t , h if OPQ is inclined at 30 to the initial line the tangents at 
P and Q intersect the initial line at the same point R, where OR = 4a. 

9. Write down the first three terms or the expansion of sin 0 and cos 0 in 

P °NegIecting 0* and higher powers of 0, find the positive root of the equation 
2 cos 30 4- 3 sin 20 — 2 + 50, giving your answer to one place of decimals. 

10. By expanding the integrand of 

. rh * 

as a scries of powers of x and integrating term by term find the series for 
lou (\ - 4 - jr) assuming your method to be valid providing that \ x\ " I • 
Write down the^erfe-s for log. (1 - x). obtain the series for log. (. +x)/(l -x) 

and deduce a scries for log, m/n in terms of (/« - «)/("» r n). 

Hence calculate log, 8 correct to five places of decimals, given that 

log, 7 = 1-945910. 

11 (a) A chord of length 2x divides a circle of radius a into two segments; 

prove that the heights of the segments are » ± («* - *>)■'*■ Deduce that tf 
powers of x/a above the sixth can be neglected the height h of the smaller 

segment is given by /» = x*/2a + x'/Xa + x^/KhP. 

(b) If x be so small that x 5 and higher powers of x arc negligible, find the 
values of the constants a, b, c, d in the approximation 

(c* _ \)/(e x + 1) = ax + bx z + cx 3 + dx . 

12. (a) Determine the range, or ranges, of values ofx for winch 
| 3x - 5 | >7. If x has a value satisfying this condition, prove that the sum o! 

the infinite scries 


j 


1 4 2 


"L 7 - .)■*«(*-■.) 


+ 


IS 


1 /3x 
9 V . 


fa 5 )* 7 
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(■ b ) w rite down the first four terms of the expansion of log, (1 4 - x) and e x in 
ascending powers of a, assuming that the expansions are valid. 

If a" be so small that at 4 may be neglected, prove the approximate formula 

e~ x {\ + a) 1- ** =1 - a- 2 + ***. 

13. If a = 6 (I 4-6) where h is small and o>6>0, expand [2 (a- b)]/[a+b] as a 
series in ascending powers of 6 . 

Show that when a is nearly equal to 6 , log, a/b differs from [2(a - b)]/[a 4- 61 
by approximately 

1 ( a ~ b y 
12 V 6 / * 

14. («) If y — 2a - 3.v 2 and log, (z - 2) = y, express z in ascending powers 
of x as far as the term in a 4 . 

( 6 ) Write down the roots of the quadratic equation ax* + bx 4- c = 0, and 
use the binomial expansion to prove that, if 4 ac/b* is so small compared with 
unity that its cube and higher powers can be neglected, then the approximate 
values ol the roots are 

I - -(A + A 2 ) and - \ \ - k -A 2 ), 

G a 

where k = ac/b*. 

Show that one root is then small compared with the other. 

15. Two circles, 5, 5' are respectively concentric with and enclosed by two 

intersecting circles T, T' and have the same radical axis as T, 7”. The circles 

S, T lie on opposite sides of the radical axis from the circles S' T' Draw 

figures showing each of the cases (i) 5 and not intersecting, (ii) S and 5' 
intersecting. 

Prove that the length of the tangent from any point on T to S is equal to the 
length of the tangent from any point on T' to S'. 

16. Show that the a- ax is is the radical axis of the system of circles given by 
the equation a- -f- y* - 4a - 2ky 4-3=0, where A varies. Find the co¬ 
ordinates of the two common points of the system. 

f ind the equations of: (i) the circle of the system which passes through the 
point (4. 3); <ii) the two circles of the system which touch the v-axis: (iii) the 
two circles ol the system which touch the line x 4 - y = 5 . 

17. A fixed circle 5 has centre O and radius r. A fixed line l is drawn not 
intersecting S. The perpendicular from O to / meets / at N. A variable point P 

is taken on /, and a circle with centre Fcuts S orthogonally and meets ON at A. 
Prove that ON* - AN 2 = r*. 

Deduce that the point A is independent of the position of P. Hence show 
that the circles which cut the circle 5 orthogonally and whose centres lie on / 
form a coaxal system. 

P c fi nc l ^ c radical axis of two circles, and show that the v-axis is the 
radical axis of the circles a 3 -f y* - 4a - 9 = 0, a 2 4- v 2 4- 6 a — 9 = 0. 
hind the equation of the smallest circle through the common points A and B 

of these two circles, f ind also the equations of the circles through A and B 
which have radius 5. 

Show that any circle which cuts orthogonally all circles through A and B has 
us centre on the y- axis. If such a circle cuts orthogonally the circle 
v 7 ->’ 3 - 2a - 4 y - 25 = 0, find its equation. 

19. Define the radical axis of two circles. 

A arde S cuts a circle in two points /»„ Q u and cuts a circle S, in two 
poin s 2t ^ 3 , prove that the lines P X Q X> P 2 Q 2 intersect on the radical axis of 

Oj, 
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Deduce a geometrical construction for drawing the radical axis of two given 

non-intersecting circles. , . . , 

Show how to construct the limiting points of the coaxal system to which the 

two given circles belong. .... , .. . 

If the radii of the two circles are 7 in. and 1 in. and the distance between their 
centres is 10 in., show that the distance between the limiting points is 4-8 in. 

20 Show that any circle through the limiting points of a non-intersecting 
system of coaxal circles cuts all members of the system orthogonally. 

Show that the polars of a given point P for the system pass through another 


point P • . « , • • /ij 

Given P and the limiting points L, L\ how would you fix the position of P . 


21. L, At are fixed points and a point P moves in a plane through LA/ so that 
PL/PM has a constant value k. Show that the locus ol P is a circle. 

Prove that, as k varies, the circles so obtained form a coaxal system with 


L f M as limiting points. . 

Show how to construct the circles of the system which touch a given line. 


22. (a) Evaluate the following determinants: 


(ii) 


2x + 5 
3x + 2 


x - 1 
4x - 2 


..... 2 sin 0 3 cos 0 

(,,l) — 2 cos 0 4- 1 3 sin 0 4 2 


(6) Solve the equations: 

... 2.x - 1 3 0 

3x - 2 2 - 


(ii) 


1 4 


2 x 

3 - 2x 


2 - x 
5 - 2x 


23. (a) By expanding by the first row evaluate: 


4 5 

(ii) -8 11 

17 -6 


-3 
2 
3 

( b ) By expanding by the first column evaluate: 

4 5-3 13 4-9 

(i) 3 -2 6 , (ii) 117 2 . 

7 8 1 1 -8 3 12 

(c) Using the rule of Sarrus determine the value of: 

3 9 11 

-7 13 -21 

5 23 15 

24. (a) Find the co-ordinates of the point of intersection of the lines 
a.x 4- b,y + c, = 0, a 2 x 4- b t y 4- c t = 0, given that a t b, - is not zero. 
Express in a form which involves a determinant the condition that this point 

should also lie on the line a 3 x I b 3 y 4 c 3 = 0. 

(b) The rows of a third order determinant each contain, in different orders, 
the elements a, b, c. Show that 4- b + c is a factor of the determinant. 

Indicating clearly the method used for each step in your calculation, evaluate 

7 9 4 

8 14 18 . 

36 16 28 

25. (a) The points A , B , C lie on the curve y = *(* f D and their ^-co¬ 

ordinates are (k - 1), k, (k 4- 0 respectively. By evaluating a determinant 
show that the area of the triangle ABC is independent of the value of k. 


(b) Prove that cos (x 4 - y) - sin (x 4 y) cos 2 y 

-sinx cosx s,n y 

- cos x sin x cos y 

is equal to o 4 6 cos 2 y. where a and b arc independent ot x and y. 
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26. (a) Show that there is only one real value of x which satisfies the equation 

x 2 3 


and find this value. 

( b ) Factorise completely 


1 


,2 


be 


3x2 
2 3 x 

1 

b 9 
ca 


= 0 , 


1 


27. ( a ) Solve the equation 


= 0 . 


ab 

x 2 -2 

2 x -2 
-2 2 x 

(6) Write down the first and second derivatives with respect to x of the 
product vy, where v and y are functions of x. 

By eliminating y and dy/dx , deduce that, if u = vy, then 

it du/dx d z u/dx- 

v dv/dx drv/dx 2 

0 v 2 dv/dx 

1 0 
1 2 cos 0 1 

0 1 2 cos 0 


28. (a) Prove that 


„3 iCL 

dx* 

2 cos 0 


sin 40 

IhT 0 "» 


when 0 is not a multiple of -. Also find the value of the determinant when 
0 = 0 and when 0 = tc. 

(6) If 0 is the radian measure of a small angle, show that cos 0=1— JO 2 
approximately. 

If 3 - 2 cos A = 104 and 0 < A <90°, show, without using tables, that 
A = 11-5° approximately. 

29. Prove that the value of a third-order determinant is unaltered by adding 
to the elements of any row the same multiples of the corresponding elements of 
the remaining rows. 


1 


x - c 

Prove that a 2 b 2 c 2 i — 


x - c 2 X _— b 2 

ab 


1 


ae 


x — a 


2 


ab 

x - b 2 x - a 2 


ca 


be 


be 

1 


= 4(x - a*)(x - b 2 )(x - c 3 ). 


where 2x = a 2 4- b 2 + c 2 . 

30. (i) Factorise (b - c)(b' J -f c 3 ) + (c - a)(c 3 + a 3 ) + (a - b)(a 2 + b 2 ). 
(ii) Find the factors of the determinant 


a 2 

a 2 

» b 2 

— 

c 2 + 

2 be 

be 

b 2 

b 2 

- c 3 

— 

a 2 + 

2 ca 

ca 

o 

C" 

c 2 

- a 2 

— 

b 2 + 

2 ab 

ab 

ninant 

a 

b 

c ’ 





a 2 

b 2 

c 2 





be 

ca 

ab 




31. Express the determinant j 


as the product of four factors. 

If a and b are given unequal numbers, show that there are three values of c 
for which the equations 

ax + by + cz = 0, a 2 x + b 2 y + c 2 z = 0, bex + cay -f abz = 0 
arc consistent, and find the ratios of x:y:z for each of these values of c. 



CHAPTER XIII 


Curvature, Differentiation of Inverse Trigonometric 
Functions, Integration by Partial Fractions, 
and Substitution, Mean Values 


Curvature. Let P and Q be two adjacent points on a given curve, 
with the arc PQ of length 8s, such that the tangents at P and Q make 
angles <]/ and with OX. Then the angle between the tangents at 

The ^curvature at a certain point of a curve is defined as being the 
rate of change of the angle between the tangents with respect to the 
arc 5 . Thus the curvature at P in the present case is 

S*]/ _ dty 

8s ~ 


Lt 

8«-*o 


ds * 


Consider now a circle, centre A, radius r, having the same adjacent 
points P and Q on it and the tangents at P and Q making * and ++8+ 

with OX. 



From the properties of a circle the angle PA Q equals the angle 

between the tangents at P and Q = 84'. 

Now arc PQ = rS]/ and arc PQ = 85 , — r 5 V- 

Hence 8^/8s = l/r, and it follows that the curvature at P 


Lt = _L 

s*-^o _ S s ~~ ds r ’ 
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From this it can be seen that the curvature at all points of a circle is 
the same and is equal to the inverse of the radius. 

Let P = (x, y) be any point on a portion 
AB of a given curve with PT the tangent 
at P. C is the centre of the circle on the 
same side of the tangent as the curve AB, 
and having the same curvature as the curve 
at P. This circle is known as the circle of 
curvature of the curve AB for the point P, its 
centre C is the centre of curvature for the 
curve at P, and its radius CP (normal to the 
curve and usually denoted by p) is the radius 
of curvature of the curve at P. This circle of 
curvature can also be defined as the circle cutting arc AB in three 
coincident points at P. 

Using the first definition, and the previous result, it can be seen 
that the radius of curvature 

_ 1 d L 

^ curvature ~ d'p/ds d<p ’ 



Theorem. To find the formula for the radius of curvature p at the 
point (.x, _> ) of the curve y = f(x). 

Using standard notation tan ^ = dy/dx. Differentiating this with 
respect to s, 

d d / dy 


■*<*■"«-id). 


dx 

~ds y 


i.e. sec 


2 , 1 , 


0 ) 


(function of a function theorem) 

d<p d -y dx 

' 1> ‘ ds dx 2 ' ds 

Now sec 2 ^ = 1 + tan 2 ^ = 1 + ( dy/dx ) 2 , and d<p/ds = 1/p. 

Also from the diagram shown, using Pythagoras’ theorem, 

(S*) 2 -* (S*) 2 + (8>) 2 , as S* -> 0, 
i.e. ( 85 / 8 .x ) 2 —► 1 + (8j/8.x) 2 , as 8.x -> 0, 


i.e. ( 
8 x —>0 \ 


«£V- Lt 

Sx ) S.T—>0 


1 + 


mi 


i.e. ( ds/dx) 2 = 1 + (dy/dx) 2 

ds/dx = y/[\ -f (dy/dx) 2 ], 

dx 1 1 


and —j- = 


ds ds/dx + (dy/dx) 2 ]' 
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Using these in (1) 

I + 


Hence 


f dy\ 2 \\ _ _ d 2 y/dx 2 

\ dx ) j p y/W + (dy/dx) 2 } 

1 d 2 y/dx 2 

•*' 7 “ [1 + (dy/dx) 2 } 2 ' 2 ' 
[1 + (dy/dx) 2 ] 2 ' 2 
9 — d 2 y/dx 2 



N.B. The usual convention adopted is that the positive root shall 
be taken in the numerator of the fraction giving the value of p, and 
the radius of curvature will be positive when d 2 y/dx 2 is positive i.e. 
when the curve is concave upwards , and negative when d*y/dx is 
negative, i.e. when the curve is convex upwards. 

Example 1. Find (he radius of curvature at the point (1,4) of the parabola 
v = 4x*. 

/ y = 4x* .*. dy/dx = 8x, and d*y/dx * = 8. 

When x — 1, dy/dx = 8. 

{1 + (dy/dx)*}*'* 

Now - d^Jdx^ ■ 

{1 + 8*} 3/ * 65 3/a _ 65 \/65 

.*. when x = 1, P =- g -g g 


Example 2. Find the radius of curvature at the point (x, y) of the curve 
xy = 4 in terms of x, and deduce the radius of curvature when x = 2. 

xy = 4 y = 4/x. 

^ and = 8 

dx x* dx* 


3 * 


If P be the radius of curvature at the point (x, y) then 

{1 + (dy/dx)*}*'* 
p d*y/dx* 

{1 4- 1 6/x*}*'* x* (x* +_16| * /a 
~ 8 Jx* 8 l x 4 j 


2 C 
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= + 16} 3 ' 2 - ^ + 16 > 3/# * 

When x = 2, P = g-i-g{16 + 16}*/* = ^{16 x 2}*/* 

= J-{16 3 /* x 2 3/ *} = ^ x 4 s x 2V2 
64 64 

= 1/64 x 64 x 2 V2 = 2^2. 


Example 3. Given the curve y = \/2 log* x, find the radius of curvature 
when x = 1 . 

dy 1 . d z y -1 

= — .and ^ = 


dx 


y = 1/2 log* x /. dx ^ 

Radius of curvature p at (x, y) is given by 

{1 + (dy/dxYY'* 1 + l/4x*} 3/ * 
P ” d*y/dx* - l/ 2 x* 

4x* + 11 3/i 2x* 


— 2x 


4x* 
{4x 2 + 1 } 3/8 
4x 


= + 1 > S/t 


Whenx 


1 (5) a/a 

1 the value of pis — -{4 + 1} 3/ * = — • 


5 VS 


4 4 

Example 4. Find the radius of curvature at the point (x, y) of the curve 
y = e- 2 *. * 

y = e-z* dy/dx = - 2e~z* t and d*y/dx * = 4e~2*. 

Now the radius of curvature p at (x, y) is given by 

_ {1 + (dy/dxYY’' _ {1 + _ _£* . 4^4zx»/.. 

d s y/dx 2 4e- 2 - r 4 

Theorem. To find the radius of curvature p when the curve is given in 
the parametric form x = fft\ y = 

In this case x, y are used for dx/dt and dy/dt respectively, and x, 
y for d 2 x/dt 2 and d 2 y/dt 2 respectively. 

dy 


Now -f- = 


dx 


^ x 4- (function of a function theorem) 


dt 

dy 


dx 


1 


= -T- X 


Also 


dt " dx/dt 
d 2 y d / dy \ d 

dx 2 dx \ dx J dx 


y_ 

X 


0 ). 


a)-(4(i))5 

(function of a function theorem) 


[dt \ x ) I dx/dt 


dt 


<y) 


dt 


(*) 


1 

X — 
x 


(X)* 

(differential of a quotient) 
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• •• • 

*y - *y . (2). 

“ <*)* . 

Now at the point (x, y) the radius of curvature p 

[1 + idy/dx)*\** 

~ d°-y/dx 2 

[14- (y/x) 2 ] 3 ' 2 

Using (1) and (2) in this p — _ y-y)/(jc) 3 

f ( x ) 2 + ( y ) 2 \ 3/2 ^ (*) 3 

~ \ (x) 2 ) xy-xy 

[( x ) 2 4 - ( y ) 2 ] 3 ' 2 w (*)>_ 

~ (x) 3 xy - xy 

_ [(x) 2 + lr)T /2 

•• • • 
xy - xy 

N.B. It is sometimes easier to find dy/dx in terms of t and differen¬ 
tiate the result with respect to x, using the function of a function 
theorem to obtain d*y/dx 2 , and then use these values in the formula 

[1 + (</y/</x) 2 ] 3 ' 2 
p “ d 2 y/dx 2 


Example 1 . A curve is given by the equations x — sin 2t, y 2 cos t. 
the radius of curvature p when / = r./3. 
x = sin 2 1 x = 2 cos 2/, and x = - 4 sin It. 

y = 2 cos / y = - 2 sin /, and y = - 2 cos /. 

When / = «/3, x = 2(- *) = - 1, x = " 4 </ 3 / 2) = " 2V3 ’ 

y = (- 2)( V3/2) = - V3,y = (-2)(J) = -1. 

{(x) 2 + (y) a } 3/2 


Find 


Now 


when / = 


P = - 


7T 


3’ 


p = 


xy - xy 

{(-!)* + (- V3)*} 3/a 


(-l)C-l) - (-2V3K-V3) 
(1 3 ) 3/2 _ 4 3/2 _ 8 

I —”6 T " 5* 


Example 2. Find the radius of curvature p at the point (2a/, «' a ) of the 
curve x 2 = 4ay, and find its value at the point where t = 2. 

x = 2at x = 2a. y = «' a y = 2 "'- 



2 / 2 / 

2a 


, </ a y 
- '• and 


dt 

dx 


1 

dx/dt 


11 

* 2a' 


Now 

When / = 2, 


{1 + _ <J_+ < ■}’" _ 2(i(| 

d*y/dx * 1 /2a 

2a(l + 4) 3/ * = 2a x 5 3/a = 10aV5. 


+ / a ) 3/a . 
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Differentiation of Inverse Trigonometric Functions. As stated pre¬ 
viously, sin -1 x/a is the angle between —tt /2 and 7c/2 whose sine has 
the value x/a; cos -1 x/a is the angle between 0 and u whose cosine 
has the value x/a ; and tan -1 x/a is the angle between —7t/2 and tc/2 
whose tangent has the value x/a. ( a is a constant.) 

N.B. Any ambiguity in sign in the derivative is decided by using 
the graph. 

Theorem. To find (sin- 1 x/a'), and to deduce the value of 
(sin -1 x). 



Let 


/ = sin -1 (x/a) 
sin y = x/a , 
and x = a sin y .. 



Differentiating (1) with respect to /, 
dx 

~df Nacosy 

• d y 1 1 

dx dx/dy a cos y 

1 dr 1 _ rhl 

— rba\/(l — sin 2 /) — y/(a z — a 2 sin 2 /) V( a * ~ * % ) 

From the graph it can be seen that the slope of the tangent at all 
points of the curve is positive, and therefore dy/dx is always positive. 


Hence 




Using a = 1 in the result. 




1 

V(1 -* 2 )' 
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Theorem. To find ~ (cos" 1 x/a), and to deduce the value of 

■25T (cos ' 1 x) - 

Let y = cos -1 i x /°) 

cos y = x/a, 

and x = a cos y . 



Differentiating (1) with respect to 

1 C ° S ^ 

d dy 

-dy (a 


/fiinrtinn r»f a function theorem) 


= — a s\n y (dy/dx) 

dy — 1 __ Zil _ 

*’• ~dx _ a sin y ~ aVO ~ cos ‘ 2 y) 
d ± 1 _ ±1 _ 

• e - Jx (COS_ ‘ x/a) = V(a* - a ! cosV") _ VO - x 2 ) 

From the graph, since the slope of the tangent is negative at all 
points of the curve, it follows that dy/dx is always negative. 

Thus f (cos- x/a) = v(a2 a. 

Using a — 1, (d/dx)( cos—*) = l/V(“ 2 - 

Theorem. To /mi/ </ie va/ue of -f (tan" 1 x/a), and to deduce the 


value of (tan 1 x). 

In this case no graph is required as there is no ambiguity in sign in 
the result. 
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= (a tan ,)j 


Let y = tan -1 x/a 

tan y = x/a , 

and x = a tan y .( 1 ) 

Differentiating (1) with respect to x, 

= {| <« ‘an jo) % 

( function of a function theorem) 

=saSeC * y 'lx =fl(1 +tan2 - > ' ) "^' 

1 , 2 . 2 . 2 x dy a 2 + x 2 dy 

= -(a 2 + a 2 tan 2 v) -j- = - .-f- 

a s’ dx a dx 

. d Y _ a • d /* x a 

* * </x a 2 -+■ x v '‘ e ‘ dx (tan x,d) ~ a 2 + x 2 

Using a = 1 in this result, 

(,an "'- Y > = nh? 

Note. The derivatives of sec -1 x/a , cosec -1 x/a, cot -1 x/a will not 
be dealt with. 

Example 1. Find the derivatives with respect to x of 

(i) sin - 1 2x, (ii) cos " 1 x/3, (iii) tan " 1 (2x + 1). 

(i) —- (sin - 1 2 x) = ~ /"sin -1 — \ = - - - 

dx dx \ i J VIM* - x*] 

(using the first theorem) 

1 2 
VU - x*j V (1 - 4x a )‘ 


(ii) -/(cos-^/3)-— t -^ xt) 

_ - 1 

v{9 — x *y 

(iii) Let r = 2x + 1 dy/dx = 2. 

-Z {tan ‘ (2 a: + 1)} = (tan- z) ~ * (to 


(using the second theorem) 


d f f . dz 
^.(tan-,).— 


(function of a function theorem) 

- 1 x 2 _ 2 _ 2 

1 + z* 1 + (2x + l) a 4x* + 4x + 2 


2x- + 2x + r 
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Example 2. Find the following 
( i) {sin -1 VO - a)}. 


(ii) -^{cos-Ml - 2 a*)} 


(iii) 


dx 


tan 




- 1 


(0 Let 

d 


dy 

y = VO - *)> -fa - 2 V(1 - x) 


dx 


[sin " 1 VO - x)] = 


dx 


(sin ~ l y) = (sin l y)\ — 


1 


d 

\dy J dx 

(function of a function theorem) 

- 1 


v(l - y 2 r 2 V (1 - x) 

1 -1 


(ii) Let 
d 


~ VO - 0 - x)]'2V0 - x) 

1 -1 _ - 1 
“ Va -2 v(l - x) 2Vix - x*y 

z = 1 - 2a», dz/dx = -4x. 


dx 


{cos- (1 - 2x‘)} = ~ (COS ' 1 z) - (cos 1 2 ) ^ 


(function of a function theorem) 
- 1 4x 

Vtl - ~^ r ) <_4 ' vtl - 0 - 


4a 


4a 


(iii) Let 


\7(4x 2 - 4a 4 ) 2a VO - x 2 ) 
2 

VO - x*Y 

I - A 


dt 

dx 


/ f 1 - x \ _ VO - 

V 0 + a] _ VO + *)* 

VO + a)^[V(1 -a)]- VO -^^-Cv'O +x)) 

1 4- A 

(differential of a quotient) 

-1 J 


VO 4- a) x 


2 VO - x) 


- VO - X) X 


2 VO +a) 


-2 


1 4- a 

-{(1 4- a) 4- O - a)}_ 

'2(1 + x)VO - **) 2(1 4- a) VO - x 2 ) 

- 1 

(1 4- a) VO - A*) 
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f tan - 


■ 7 G 


— X 


+ X 


(function of a function theorem) 

1 dt 
1 + t* ■ dx 

1 -1 
” 1 + (1 - x)/d + JC) * (1 + x) VO - X*) 

1 -1 _ -1 
l + x + 1 - x ' VU - X*) 2 VO - X >) 

Example 3. Given y = (2 + 3f)sin -1 /, find the values of dy/dt and 

d 2 y/dt i . 

Using the differential of a product, 

^ - (2 + 3t) -L (sin - 1 /) + (sin -1 /) -L (2 + 3/) 


= (2 + 3/) . 


VO - i*> + (sin_1 r) x 3 = VO ~ >) + 3sin ~ l/ - 


2 + 3r 


ci‘y ci / 2 + 3/ \ 

■Sr = "5T l7(rr^) + "5“ (3 sin_10 

VO -/‘).^-(2+3/)-(2+3/)^-[V(l ~' 8 )] 


1 - t 


V(1 - /•) 


3 VO - n - (2 + 3/) 

- l —J2~ 


( VO - /*)) 


vo - /’) 


3(1 - / 2 ) + 1(2 + 3/) 3 

(1 - /■ jv * + (1 - / 2 ) 1/2 

3 - 3/ 2 + 2t + 3 1* -H 3 - 3; 2 _ 6 + 2t - 3/* 
(1 - r 2 ) 3 ' 2 ' (1 - f a ) 3/a • 


Logarithmic Differentiation of a Product. Consider 


y = UVW .(1), 

where u, v, ir, etc., are all functions of x. 

Taking logarithms to the base e in (1), 

log, y = log, u 4- log, v -\- log, w -f.(2). 

Differentiating (2) with respect to x, 

-j x (log, y) = (log, u) + ~ (log, v) + (log, w) + ... 





LOGARITHMIC DIFFERENTIATION 

Using the function of a function theorem this becomes 
d dv d du d dv 

Ty (1 ° g ' y) - dx = di (l ° 8 ' “ y dx 1 dv (l0&r V) ' dx 

d dw 

+ ^(l°g, H')- aS - + 

1 du 
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1 dy 
i.e. - 

y 


u dx 
1 du 


dx 

dy _ _ 

~dx ~ y i u dx 


1 dv 1 dw_ 

v ~dx w dx 


1 dv 1 dw 


^ v dx 
1 du 


= \u ~d^ + v~di^w dx 


w dx 
1 dv 1 


+ • • • 


dw 


+ • • • 


This is known as logarithmic differentiation and is extremely useful 
for the derivative of a product, especially when one of the functions 

is of the form e^ x) . 

Example. Using logarithmic differentiation, to find the derivatives with 
respect to x of (1) x 3 tan (2 + 3x).sin 3x, (n) (3x - 2) + 3 cos (2 x). 

(i) Let y = x 3 tan (2 + 3x) sin 3x, 

log,y = 3 log, x + log, {tan (2 t 3x)} + log,, (sin 3x)- (1). 

Differentiating (1) with respect to x, 

I *y_ = ? +_!_- 4- < 2 + 3x) > + TuTTy -J7 (sin 3x) 

y dx x + tan (2 + 3x) dx s,n 3x dx 

3 ,_1_ x _ 3 - + — ——r— . 3 cos 3x 

X + tan (2 -F 3x) cos* (2 + 3x) sin 3x 

3 3 


x sin (2 + 3x) cos (2 + 3x) 

3 + 6 _ - 
x sin (4 + 6x) 


- + 3 cot 3x 


+ 3 cot 3x 


dy = f 3 6 

dx y I x sin (4 4- 6x) 


+ 3 cot 3x 


x 3 tan (2 + 3x) sin 3xj- + 


-4- 3 cot 3x) . 


x sin (4 + 6x) 

(ii) Let y = (3x - 2)*<?2*+3cos (2 - x), 

log^y = 2Iog,(3x - 2) + 2x + 3 + log, {cos (2 - x)} ... (1). 

Differentiating (I) with respect to x, 

1 dy 2 x _ 3 _ + 2H-^-c ( cos (2 “ 

~y~dx Z 3x-2 + cos (2 - x) dx 

6 4- 2 H -tJ -; x sin (2 - x) 


3x - 2 
6 

3x - 2 


cos (2 — x) 
-F 2 T tan (2 - x) 
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*L=y 

dx 1 3x — 2 


+ 2 + tan (2 


H 


= ( 3x - 2) 2 *>2*+3cos(2 - x) 


3x — 2 


4 2 4 tan (2 




N.B. Logarithmic differentiation can also be used for differentiating a 
single function of the variable where the derivative cannot be obtained by 
previous methods, as shown in the following example. 

Example. Find the values of dy/dx , where (i) y = (ax 4 b) ex + d , 
(ii ) y = {log,, (ax 4 £)}«+<*, a, b, c, and d being constants. 

(i) y = (ax + log,y = (cx 4- d) log, (ax 4 b) .(1) 

Differentiating (1) with respect to x, 

l - ^ = (cx + d) {log, (ax 4 b)} 4 log, (ax 4 b) . JL (cx 4 d) 

(differential of a product) 

= (cat 4 d) x — r 4 c log, (ax 4 b ) 


ax 4 b 

dy (a(cx 4 d) \ 

~ y I -ax— b + ° '° g ' + 6) J 


dx 


a(cx + d) 

= (ax 4 I))™ 4 d - 

ax 4 b 


4 c log, (ax 4 6)J 


(ii) Let q = log, z, where z = log, (ax 4 b). 


dq d dz 

- Cog. *> • - dx 


dx 


dz 

1 


(function of a function theorem) 


a 


a 


z ' ax 4 b (ax 4 b ) log, (ax 4 b) 
y = {log, (ax 4 &)}«•+<* = zez+rf. 
log, v = (cx 4 d) log, z = (cx 4 d)q . 

Differentiating (1) with respect to x, 

- -j- = (ca: 4 d) + qA- ( cx 4 d) 
y dx dx ^dx 

= (CX + d) &x-+b)lZg e (ax + b) + C 1 

a(cx + d) + c lo g^ ( ax + 


( 1 ). 


dy 


(ax 4 b ) log, (aat 4 b ) 

( a(cx 4 d) 

1 ---- 


dx ' \(ox + b) log* (ax + b) 
= {log, (ax 4 6)}«-r+ft | 


4 c log, (ax 4 b) 
a(cx 4 d) 


) 

4 c log, (ax 4 6) j 


(ax 4 b) log, (ax 4 b) 

Integration by Partial Fractions. If the integrand is in the form of 
an algebraical fraction and the integral cannot be evaluated by previous 
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methods, the fraction should be expressed in partial fractions before 
integration takes place. 

where x 2 < a 2 , and a is a constant. 


Theorem. To find 

1 

Let 


a 2 - a: 2 


+ 


B 


a 2 - x 2 ~ a + x ‘ a - x' 

Then 1 = A(a - x) + B(a + x). 

Using x = —a in this identity, 

1 = 2 aA A = \a. 

Also when x = a, 1 = 2aB B = la. 

. r dx _ fl 1 


a 


2 — y2 


+ x) + 2*(a 


w.) 


dx 


2a) \a 4 


+ i + a 


h) 


dx 


= ^[log, (fl -h x) — log, (a — x)] + C 
= 1 log, + C 

2a ** a - x 


In a similar manner it can be shown that 


I: 


i/x 


X 2 - a 2 
Example 1. Evaluate (i) 


= -- log* * + c 9 where x 2 > a 2 


2# 
-2 

- 0 


X + 


dx (* dx 


c* dx r 1 3 + x “| 2 

(i) Using the theorem, J^y— = ^3 - xj 0 


3 + x“| 8 

6 ** r^J 0 

= i{log,5 - log, 1} = JIog,5 
= i x 1 60944 = 0-2682 to 4 s. f. 


-G 


(ii) Using the previous theorem. 


r,^ - hi- hu:- st 


2T 4 i r 2 

log, - - log, 5 


a 


“jj°gr l - - lo g* 5 j = 4 I- ,0 §^ 3 1 

= i[- 1 09861 + 1 60944] = 1(0-51083) 
= 0 1277 to 4 significant figures. 


Example 2. Find / 


f 3</jc 

J 9 _ 4x >r 
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Let 


+ 


9 — 4x 2 3 - 2x 3 + 2x 

.'. 3 = A(3 + 2x) + B {3 - 2x). 
In this identity using. 


x = 3/2, 
x = 3/2, 

Thus 


Hence 


3=6 A 
3 = 6B 


A = h 
B = i. 


9 - 4x* 
I 


-i(r? 


2x + 3 + 


y- 


2x + 3 + 


2x + 3 


y- 

y 


dx 


= Kilog,(3 + 2x) - £ log* (3 - 2x)} + C 
= (3 + 2x) — log* (3 - 2x)} + C 

1 , 3 -f- 2jc „ 

4 0gtf 3 - 2x + C * 

Note. In all other cases the integrand will be expressed in partial frac¬ 
tions (as in example 2) before integration takes place. 


Example 1. Evaluate the following 


(i) 


(i) Let 


0 x* + 5x 4- 6 
x 


dx 


■ (u) I 


dx 


+ 


x(2x - 1)*’ 
B 


(in) l 


dx 


x 2 + 5x + 6 a: + 2 x + 3’ 


x(x - l)(2x + 1) 
x =A(x + 3) + B(x + 2). 


In this identity, using, 

x — - 2, - 2 = >4 

x = -3, 

x 


A = -2, 
- 3 = - £ = 3, 

3 2 


Hence 




+ 5x + 6 


*/x 


x + 3 x + 2- 
3 2 


x 2 + 5x 4- 6 


-/( 


x + 3 x + 2 


) 


dx 


(ii) Let 


1 


x(2x - l) a 


A 

x 


= |^3 log* (x + 3) - 2 log* (x + 2)J 

= [(3 log* 4 - 3 log* 3) - (2 log* 3 - 2 log* 2)] 
= 3 log* 4—5 log* 3+2 log* 2 
= 3 x 1-38629 - 5 x 1-09861 + 2 x 0-69315 
= 4-15887 - 5-49305 + 1-38630 
= 5-54517 - 5-49305 
= 0-0521 to 4 decimal places. 

B C 


+ ; 


+ 


2x - 1 (2x - 1) 


• • 


1 = A(2x - l) 1 + Bx(2x - 1) + Cx. 
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In this identity, using, 

x = 0, 1 = A A = I, 

x =* i, 1 = C = 2, 

x - 1, l=/4 + B + C= I+ B + 2. 

i? = - 2. 

1 _ 1 1— 

*(2* - l) 2 x 2* - 1 (2* - l) 2 

dx fl 1 2 2_I 


Hence 


Thus 


• i 


-m- 


+ 


x(2x - l) 2 J U 2x - 1 (2x - 1) 2 1 

1 


dx 


= log,* - log,(2* - 1) - 2 x _ 1 + c 

= l°g* 2F^T " 2x -1 


+ C. 


(iii) Let 


1 


+ 


B 


+ 


2x + r 


x(x - 1)(2* + 1) * * - 1 

• 1 = /*(x - 1 )(2x + 1) + Bx(2x + 1) 

+ Cx(x - 1) 

In this identity, using, 

v- = 0 1 = - A A = - 1, 

* , 1 = 3B :.B- 1/3, 

S--*. 1-** /. C = 4/3, 

1 -11 4 


• * x(x - 1)(2* +D x 4 3(x - 0 2(2x + 1) 

1 4 


Hence 


1 


Jx 


x(x - l)(2x + 1) 


-j(-i 


+ - 


3(x - 1) + 3(2x + 1)1 


dx 


= - log, x + i log, (x - 1) 

+ 5 l°g* (2* + 1) + C 

= 1{ - 3 log, x + log, (x - 1) 

' ^ + 2 log, (2x + 1)} + C 

= i{- log,x 3 + log, (x - 1) 

^ + log,(2* + l) 2 } + C 

1 ( X - l)(2x + l) 2 c 

- 3 log ^-3?- 


2 - x + x 2 


Example 2. Express x)( , _ x) 

»/* 2 - x 4- x 2 


__ in partial fractions, and evaluate 


i 


(1 + x)(l - x) 2 


dx. 


2 - x + x 2 _ 


B , C 
+ + (i - x) 2> 


(1 + x)(l - X ) 2 1 + X 

. 2 _ * + x 2 — A( 1 - x) 2 + B(l + x)(l - x) + C(1 + x). 


Let 
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In this identity, using, 

x — — l, 4 =*= 4A A = 1, 

a = 1, 2 = 2C C = I, 

a = 0, 2 = /i + £ + C 

= 1 + #+1=2 + 5 
B = 0. 


Hence 


2 - x + x 2 
(1 + a)(I - a) 2 


1 

1 + x 



1 



Using the partial fractions obtained. 


- 1/2 2 - a + a 2 

0 (1 + A')(l - A) 2 ^ 



(-L- 

(l + A 



[ 1 “l 1 / 1 

1 ° g , (1 + x) +_] o 

= (log, 1 -5 + 2) - (log, 1 +1) 

= log, 1-5 + (2 - 1) = log, 1*5 + 1 
= 0-40547 + l = 1-4055 to 4 decimal places. 


Theorem. To find (i) / = (ii) / = 

(i) Now it has been shown that 

~dx (sin_1 x/a) = V(a* 1 - x*y and ^ (cos_1 x/a) 

= VCa 2 - x 2 ) < ° 2) - 

Hence h(J- **) " sin_l T + c = - cos “ 1 T + a 




Using a = 1 in this, j ~ = sin' 1 a + C = -cos" 1 x + C. 


(ii) It was shown earlier that 

~dfi (tan " X/a) = 5°+^ 


a 


Ja = tan -1 A/a, (indefinite integral) 


* * ) a 2 + a 2 
f dx 

i e - °J = tan- 1 A/a, 


(indefinite integral) 


It follows that 


ii 


i.e. 
dx 


dx 1 x ^ 

= - tan” 1 — -f C. 


J* 2 + x 


a 


a 


+ A 


-2 


= tan” 1 * + C. 
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Example. Find 
dx 

(i) 


vB^ar <"> J . 


dx 


(i) 


f 


dx 


4 + x 2 
x 


r dx 

' (iii) I 


(iv) 


dx 


9 4- 25 a 2 


V(4 - a 2 ) 


r _ * -v 

- 0 t]„ 


(using result (i) of the theorem) 


(ii) 


i: 


dx 


4 -f A 


2 


[sin 1 £ - 0] = -/6. 

= tan" 1 (using result (ii) of the theorem) 


(iii) 


= 4 tan -1 1 - 4 tan' 1 0 5 = Mian" 1 1 - tan >0 5) 
= 4(0-78540 - 0 46368) = 4 x 0-32172 
= 0 1609 to 4 decimal places. 

r dx |*_ dx _ = 1 dx __ 

J V(4 - 9a 2 ) _ J 3V(4/9 - a 2 ) 3 . V{(§) a “ * 2 } 


1 • -i * , 

* 3 Sm 2/3 + ° 


1 

= - sin 


(iv) 


r ^ 

r r/A 

1 

1 9 4- 25a 2 . 

1 25(9/25 4- a 2 ) 

= 25. 


+ c. 

dx 


“ Ts * 375 375 + c 

“ 15 tan “‘ -X + C - 


Note. The result 


J 


dx 


1 x 

= — tan 1 -1 C 

a 2 4- a 2 a a 


can sometimes be used when dealing with integrands involving the theory of 
nartinl fractions as shown in the following examples. 

P N B When a fraction contains a denominator of the form px 4 qx 4- r, 
which'cannot be factorised further, the corresponding partial fraction is 

Ax A B 
px 2 + qx + r* 

Example. Evaluate the following integrals, 

. • . j • c 


(i) Let 


a 2 + a 4- 4 <‘4a 2 + 4a 4 25 


r x 2 4- a 4- 4 
(i) --— dx, (n) 

U J(a4-1)(a 2 + 3) J 


dx, (iii) 


4- A 4- 4 


a(4a 2 4- 25) 

A Bx 4- C 


C 2 a 2 4- 6 a + 15 
(2a - 1)(A 2 4- 9) 


</a. 


(a 4- 1)(a* 4- 3) A 4 1 A 2 4- 3 
... x s 4- a 4- 4 = /1(a 2 t 3) 4- (a 4- 1)(#a 4- C). 

In this identity, using, 

„ = _ i 4 = 4 A A = 1, 

* _ 0 4 - 3^ 4- C-3 4-C C - 1. 

* _ , 6 =■ 4/1 4- 2# 4- 2C’ = 4 4- 2B 4- 2 

’ = 6 4- 2B B = 0. 
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Thus 


x a 4 x 4 4 


1 


and 


J 


(x 4 l)(x a 4 3) * 4 1 

x* 4 x 4 4 


4 


1 


(x + l)(x a + 3) 


dx 


x 2 4 3’ 
4 


” I (JTT + FTl) 


*/x 


1 


= log, (x 4 1) 4 — tan- 1 — + C. 


(ii) Let 


4x a 4- 4x 4 25 _ A l Bx + C 
x(4x* 4 25) “ x + 4x* 4 25’ 


4x a 4 4x 4 25 = A(4x s 4 25) 4 x(£x 4 C). 

In this identity, using, 

x = 0, 25 = 25 A ^ = 1, 

x = 1, 33 = 29,4 4 5 4 C = 29 + B + C 

B + C = 4. 

x - - 1, 25 = 29/4 + 5- C = 29 + 5- C 

B - C = - 4 . 

(1) 4 (2) gives 22? = 0 .*. £ = 0, 

and using this in (1) C = 4. 

4x a 4 4x 4 25 1 4 


Thus 


x(4x a 4 25) 


x + 4x* 4 25 

= 1 +_!_ 

x x* + 25/4- 


Hence 


4x 2 4 4x 4 25 


j~ 4x 4 

J x(4x* 


4 25) 


* - 17 - + —!—) 

J v X x a 4 25/4/ 


dx 


= log, X 4 


5/2 


tan 


—i 


5/2 


4 C 


2 2x 

= log, x 4 - tan -1 —-f- C. 


(iii) Let 


2x a 4 6x 4- 15 


4 


5 5 

Bx4C 


(2x - l)(x a 4 9) 2x - 1 x* 4 9 * 

2x a 4 6x 4 15 = A(x* 4 9) 4 (2x - l)(Bx 4 C). 
In this identity, using, 

x = J, 


( 1 ), 

( 2 ), 


37 


x = 0, 
x = 1, 


Thus 


1 4 3 415 = -A, 

4 

■ 37 37 , . „ 

i.e. — = f A A = 2, 

15 = 9A — C = 18 — C /. C = 3, 

23 = 10 A 4B4C = 204B43 = 23 4B 
B = 0. 


2x a 4 6x 4 15 


r 2x s 

J(2x~ 


l)(x a 4 9) 


- dx 




dx 4 




4 9 




= 2x} log, (2x - 1) 

4 3 x J tan _l x/3 4 C 
= log,(2x - 1) 4 tan -1 x/3 4 C. 
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Integration by Substitution. Certain integrals cannot be dealt with by 
the standard methods already employed, and these require the 
method of substitution, i.e. the introduction of a new variable. 


Theorem. If y =/(*)> and x = <p(z) to prove that 

j f{x) dx = | F(z).cp'iz) dz , 

where F(z) is the result of replacing x by ? (z) in fix), and ? \z) is 
d 


dz 


[<p(z>]. 


dr 


Let I = J/(*) dx, d - =/(*) = FU). 

Using the function of a function theorem this becomes 

dI . d f- = «*) 


dz ' dx 
dl 


F{Z) = Fiz) ^ = FizWiz). 


Hence 


* ’ dz dz/dx * v ~' dz 

I = jV(z)<p'(z) dz, 

mr 

i.e. jfix) dx = j FizWiz) dz. 

Note When making the substitution * - <?(*) it is customary to write 
dx = <*/(z) dz, which really means that, in the integral, dx is replaced by 

<^iz) dz. 

Example 1 . Using the substitution sin 0 = z, find the values of 

(i) I - j"sin* 0 cos 0 do, (ii) I = Jcos» 0 do, (iii) I ~ | sin * 0 cos’ 0 do. 

(i) sin 0 = z :. cos 0 do = dz 
Using these in the integral, 

I = J z r dz « iz 3 + C = J sin 3 0 + C. 
cos 0 do = dz. 


(ii) sin 0 = z 


I = j cos* O.cosO do = J (1 - sin 2 0)*Jz 
= J(1 - z 2 ) 2 dz = | (1 - 2z 2 + z l )dz 


« - 3** + + C 


sinO - 2/3 sin 3 0 + 1/5 sin 6 0 \ C. 


2D 
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(iii) sin 0 = z cos 0 do = dz. 


1 = Jsin 2 0 cos 3 0.cos 0 do = Jsin 2 0 % (1 - sin 2 Q)\dz 


“J 


z*(l - z 2 ) dz = 


= Jo 2 - z 4 


)dz 


= ^z 3 - iz 5 + C = i sin 3 0 - I sin 6 0 + C. 


Example 2. Using the substitution VO +x 2 ) = z, find the value of 

_ C dx _ 

“ JxVO + x 2 )' 

V(1 + x 2 ) = z 

x . . (differential of L.H.S. x dx 


VO + X 2 ) 
dx 


T dx = dz. 


= differential of R.H.S. x dz) 


i.e. 


dz 

V(1 +x 2 ) ~ ~x 


Hence 


[• 1 dx r 1 dz I * dz 

~ J x V(1 + x*) ~ J x ' x ~ J x a 

0 + * 2 = z 9 x 2 = z«- 1) 


“J: 


“ 1 jtt + c + 

Note. When dealing with definite integrals it is advisable to change the 
limits at the same time as making the substitution, the new limits being 
found by using the original limits in the substitution that is being used. 

Example 1. By using the substitution sinT 1 x/2 = 0 find the value of 

I = j 1 v(4 - x 2 )dx. 

0 = sin -1 x/2 .*. when x = 0, 0 = sin -1 0 = 0, 

and when x = 1, 0 = sin -1 J = ~/6. 

Hence 0 will be the lowest limit and ~/6 the upper limit in the new 
integral in terms of 0. 

Also x = 2 sin 0 dx = 2 cos 0 do. 

* 1 •Tt/ 6 

Hence / = | V(4 - x 2 ) dx = I V(4 - 4 sin 2 0). 2 cos 0 do 

o.cos 0 do 

o 

rn/6 r n/C 

= 2 J 2 cos 2 0 do = 2 | (1 + cos 20) do 


• O 
-ff/ c 


^ o 


= 2\/(l - sin 2 0).2 cos 0 do = 4 | cos 

* 0 - 0 


• o 


- 2 [° 


+ 4 sin 20 


] 


- O 


n/6 


= 2[tt/ 6 + ft sin tt/3] 
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= i + si "y= 3 +J r- 

Example 2. Using the substitution i/x = z, evaluate 

- 1 

I = I (2 - x) \ s /x dx 

• 0 

to four decimal places. 

y x = z when x = 0, z = 0, and when -v = 1, z = 1. 

Also x = z 3 dx = 3z~dz. 

I = I (2 - x) \ J x dx = I (2 - z 3 )z. 3z 2 dz 

J 0 0 

= 3 | z 3 (2 - z 3 ) dz = 3 | (2z 3 - z 6 ) </z 

-•Df-4-1-E-3-“s 

= 15/14 = 1 0714 to 4 decimal places. 

Example 3. Using the substitution (1 + x 2 ) 1/s = z evaluate 

r 1 x dx 

1 = J 0 (1 + * 2 ) 3/4 ' 

(1 -f x 2 ) I/2 = Z . 

.*. when X = 0, z = 1, and when x = 1 , z = s/2. 


( 1 ), 


From (1) 


Now 


(1 + x 2 ) 


2W/Z 


dx = dz. 


(1 + x 


- j: nb- 

-r-ar--v 


- dx = f % 

2 ) ,/2 J , 


/• 1 


dz 


1 


+ I = — (v/2 
/2 V2 

Theorem. Using the substitution u = a - x, prove that 

I “ /(x) dx = f(a - x) dx. 

Jo J o 

u = a — x (x = a - u) :. du = -</*, or dx = -</m. 

Also when x = 0, u = a, and when x = a, u 0. 

Thus, with this substitution. 


- 1) 


rfix) dx = I °f(a -u).(-du) 

Jo Jo 

= - f f(a - u) du 

J a 0 

= J°f(a — u) du ^ since f dx = — / a ) F M dx 
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= f f(a — x) dx. 
J n 


(replacing u by x ) 


Example. By means of this theorem find the values of 

(i) f*x(3 - xy dx , (ii) C xsin'xdx. 

' 0 o 

(i) Using the theorem, 

f x(3 - x) 3 dx = p(3 - x){3 - (3 - x)} 3 dx 

J 0 ^ 0 

= J (3 — x)x 3 dx = J (3x3 _ X 4) dx 


Ur - Sr-T 


3 243 

- x 81- 

4 5 


= 243(1/4 - 1/5) = 243/20 = 12-15. 


(ii) Using the theorem. 


I 


x sin* x dx 


= f (k — x) sin* (tt — 


x)</x 


J 


= I (tt — x)sin*xdx 


f • 

| TT SI 


sin*jc<£x 


-j; 


xsin*x</x. 


2 x sin* x dx = tz 


J o 


f sin *xdx =>—I (1 — cos2x)</* 

J n 2 J n 


f[- 


i sin 2x 


] 


- - 0 , - V. 


Hence 


r** 


sin*x</x = — 

4‘ 


Note. Generally, when the integrand contains V(a+x) the substitution 
to be made (if not given) is V(a+x) = z, and when a — 0 this reduces to 

Vx = z. 


Example. Evaluate (i) J 


f; 


dx 


, (ii)/ 


/ 


Vix + 3) 


dx. 


(x 4- 4)Vx J x 4- 5 

(i) Let y/x = z .*. x = z*, and dx = 2zdz. Also x 4- 4 = z* 4- 4. 

Hence / = f-**- _ 2 [_*_ 

J (r* + 4)z J z* 4- 4 

= 2 x i tan -1 z/2 4- C = tan -1 Vx/2 4- C. 

(ii) Let V(x 4- 3) = z x 4- 3 = z*, from which dx = 2z dz, and 
x 4- 5 = z* 4- 2. 
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Thus 


—— .2zdz = 2\-^— dz 

z* + 2 Jz 2 + 2 




— 5 -J ) 

z 2 + 2/ 


= 2 z - 2 x -tan 

V2 


z 

i_ 

V2_ 


+ C 


= 2 V(x + 3) - \/2 tan 


Theorem. To find I = \ ^ (c + ** — ax *y where a is P ositive and 
(6 2 4- 4ac) is positive. 

, dx _ r _ — _ 

= j i 7RF^ r j]' J Vv/e + - *•) 

(completing the square of the x-portion) 


lx + 31 

v—] 


+ c. 


/ = 




= _Lf_ d JL _where* - 

VaJ V[k 2 - (x - */2a) 2 ] 

Let sin -1 ( »-<* /»*). 8, 


where k = 


\/(4ac + /> 2 ) 


* ; - ’ * * * 

x - (b/2a) = k sin 0, 

dx = k cos 0 <70 

1 /* k cos 0</0 _ 1 f & cos 6 

Hence / = — s j n * 0) _ \/«J “ sin * 


^ JO 




1 rcos 0 


= 


v/tf J cos 0 


= ^ 0 + c= ^ sin '‘( 


x — ( b/2a) 


- 

1 • X 

= —sin -1 


~ Va V 

/ x - (fr/2a) 

\ \/(4ac + b 2 )/2a 


) + c 


) +c 


^ sin '‘ ( 


+c 

V( 4flC 4- 6 a )/ 
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Example. Evaluate the following: 

(o 7 - f vp tS - 4,.) > ® 7 - r 


dx 


(i) 


-/ 


V [4(9/4 


*- - f 

+ 2/ - /*)] J 


0 V(2* - x*) 
dt 


2 V(9/4 + 2/ - /*) 


J/ 


if 


Let sin 


— L'^JLl = e. 


V[(9/4 + 1) - (/ - 1)*] 

(completing the square of the /-portion) 

_J/_ 

V [13/4 - (/ - !)•]* 

/ - 1 


WO 3/4)1 


ivn 


= sin 0, 


t - 1 = sin 0, dt = cos 0. J0. 


Hence, 


-ii 

-51 


2 ’ ” 2 
VI3/2 cos 0 JO 


V(13/4 - 13/4 sin* 0) 
\/13/2 cos 0 J0 


VI3/2 V(1 - sin* 0) 
1 rcos 0 


2 J cos 


0 1 f 

-JO = - I JO = i0 + c 


(ii) / 




l sin -1 UV-) + C - » sin- 1 + C. 

IV13/2/ l V13 / 


dx 


(Completing the square of the x-portion.) 


0 V[1 - (x - 1)*] 

Let sin -1 (x - 1) = 0 . 

When *=1,0 = sin -1 0 = 0, and when * = 0 , 0 = sin" 1 ( - 1) = - tc/2. 

Also * - 1 = sin 0, i.e. x = \ + sin 0, 
dx = cos 0 Jo. 


Hence I = 


-f 

J —n/t 


COS 0 


Vd - sin* 0) 

o I-10 


JO = 


"J- 


COS 0 
n/ 2 COS 0 


.JO 


=-- I JO = r°l = 0 - (- tt/ 2 ) = tt/2. 


Theorem. 7o J / = J - 


dx 


J ax 2 + 

ond a.v 2 bx -f- c //as /;o real factors. 


, where 4ac — b 2 is positive 



/ = 
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-sf' 


a { x * + b a X + 2) 

(completing the square of x-portion) 

/\~4 ac — b 2 ~] 
where k = J |_ 4a 2 “J 


dx 


(.x + b/ 2 a ) 2 + k* 


4 a 2 

V(4 ac — b 2 ) 
2 a 


Let(i±^) - »■ -»"»■ 

. « n n 


and 


1 f k sec 2 0 </0 
Thus / = - 


x + b/ 2 a = & tan 0, <*x = fc sec 2 0 i/0 

1 c k sec 2 0 


aj k 2 tan 2 0 + ^ oJ Ar 2 (l + tan 2 0) 

_ J_ f sec2 ° d o = _L f«/ 0 = -Le + c 

a A: J sec 2 0 ak J ak 


d 0 


1 


= — r tan 
ak 


-( 


x + b/2a^ + c 


Example. Evaluate the following: 


.-1 


(i) 


4y 2 + 8^ + 5 

dy 


, (H)/ = 


dt 


J 0 


/* + It + 2 


= 1 

= 11 


1 


dy 


Let tan 


-m-- *. 

i.e. y + 1 = £ tan 0, and /. dy = £sec 2 0</0 

If £ sec 2 0 i/o _ If. sec"°_ rf n 
Using these, 7 _ 4] * tan 2 0 + \ 4 ) tan* 0 + 1 

= 2 rsec»0 ^ = iU = £0 + C 

4 1 sec* 0 2J 


4 (y* + 2y + 5/4) 4.1 (>- + l) a + (5/4 - 1) 

_ <ty _ 

(y + D* + *' 

• ? = tan 0, 


®* - r 

^ o 


= J tan -i + C = £ tan- 1 {20’ + D) + c - 

’_ (completing the square of the / portion). 

* 4- 1 


Let tan-” U + l)-\ ■■■' + >“ ta " and - sec * 0 d °- 
When / = 0, tan 1 1 =0, i.e. 0 - n /40 

and when / = - 1, tan 1 0 = 0,.e. • 
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Mean or Average Value. Consider a set of n quantities y lt y 2 , y a , .. 
y n . The average or mean value of these n quantities is 

(Vi + }>2 4- y 3 + •.. + y n )/n. 


Theorem. To find the mean value of y between x = a and x = b t 
where y — fix). 

The area under the curve y = fix) is divided up into small areas by 
means of the ordinates y lt y 2 , y 3 , . . y n each consecutive pair being 
at a small distance Sx apart, where y x is the ordinate at x — a, etc. 



The mean value is given by 

Lt )[x + Ta + + ... + y» 

M —► co H 


Lt Mji -1- y s -1- y 3 + - ♦ . + y») 

n—►oo nSx 


= Lt 


X=>b 

«r*= a 


8*—o \(b — a) + Sx) 

x=*b 

Lt 2 jSx 

_ Sx ~* 0 8x~a 


[since (b — a) = (n — l)8x] 


Lt (b — a -f Sx) 

Sr—>0 
*b 

y dx 

a area under the curve 


(Lt of quotient = quotient of limits) 


b — a 


base 


Example. Find the mean values of the following functions for the limits 
stated: 

(i) a: 3 from x — 2 to x = 4 (ii) sin 2x from x — 0 to x = n/2 

(iii) lo &- x from a* = 1 to a = 4 (iv) x e* % from a = 0 to a = 3 
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The previous theorem is used in each case 

^ - m 


(i) Mean value = 


4-2 2 

= i(4 3 - 2 3 ) = i x 56 = 28/3. 

.-n/2 

\ smlxdx 

(ii) Mean value = ———-r = I “ i(cos lx) 

7 z /2 — u J 

2 

= —[- icos + i cosO] 

7T 

2 2 

= —[4- J + 4] — • 

n 77 


rr/2 


(iii) Mean value 


f Io e ‘Xdx 

= —- = - I log,. X. 

4-1 3) i 

-![M 


1 dx 


1 dx - 



(log, x) 


1 dx] dx 


i: 


(See Chapter XIV : Integration by parts) 


-ir-w-KT-')"]! 


it 


x log, x - dx 


I 


= i{(4 log, 4 - 4) - (0 - 1)} 

= i(4 log, 4 - 3). 

r 3 

(iv) Let / = and z = x % . 

:.dz- 2x dx, Ye. xdx - i dz, and z - 0 when x - 0, z - 9 when x - 3. 

fr idz 4H. 

- \[e' - 1] 

Now the mean value required = 3 _ q c J x 

= i(e» - 1). 

Note. The mom of the area under a certain portion of ainje Is the 

point given by the average values of a: and y for that portion of curve. 


Hence / 
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Example. Find the mean centre of the area under the curves = (2 - x)* 
from x = 0 to x = 2 . 


Y 



When x = 0, y = 4 and when x = 2,y = 0, also dy = - 2(2 - x).dx. 

i ydx ir* 

Average value ofy = —- = - I (2 - x) z dx 

2 — 0 2J 0 

- ~ *)’] = i[0 + |xl] = 4/3. 


.-*=0 /*0 

Average value of x = * x dy — i x{ - 2(2 - x)}d!x 

= J (2x 8 - 4x) dx = - 2x 8 J 

= H- 16/3 + 8 ] = * x 8/3 = 4/3. 
Hence the mean centre is the point (4/3, 4/3). 


EXAMPLES XIII 

1. Show that the radius of curvature p at a point P(a cos 9 , b sin 9 ) on an 
ellipse of eccentricity e is given by 

= Q (1 ~ e*) 

(1 - e 8 cos 8 «!»)«*’ 

where <\> is the inclination of the tangent at P to the x-axis. 

A meridian section of the earth, whose polar axis is 7,900 miles and whose 
equatorial diameter d is 7,925 miles may be taken as an ellipse. Prove that. If 
powers of e* be neglected, the length of the meridian from the equator to 
latitude 0 is given by 

■S = ^ (1,2660 - 3 sin 20) miles. 

2,536 

2. Assuming the formula for the radius of curvature p of a plane curve in 
Cartesian co-ordinates, show that, if the co-ordinates of a point on a curve are 
given as function of a parameter f, then 

= + y*)*'* 

~ *y - *y ’ 

where the dots denote differentiations with respect to t . 
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If the normal at the point P{at\ 2at) on the parabola y* - 4ox meets the 
directrix in Q, and PQ is produced to R so that PR - 2PQ, show that P 
equal to the length of the radius of curvature at P. 

Show also that the locus of R is the curve ay — 4x ( 2a )■ 

3 = V(1 ~ a: 2 ) -sin -1 x, find dy/dx. Express (1 - dy/dx)il/x - x) 

in terms of y. , « > „ 

(b) Find the radius of curvature at the point P(at\ 2 at) on the curve* =4ax 
Tf A b are the points (0 2a), (0, - 2a) respectively, express the radius of curva¬ 
ture al ; in termtof the length AB. Hence show that the centre of curvature 
for the point A has the same y-co-ordinate as B. 

4 (a) Differentiate the functions (i) 2x tan 1 x - log* (1 + *2’. ^ 
sin" 1 V(x - 1). State the restrictions on the values of x for the second of these 

functions. , ._„ op1 j 

(b) Show that there is just one turning point on the curve * - * log, x, an 

determine the nature of this point. Sketch the curve. 

Find the curvature at a general point on this curve, and show that at the 
turning pointThc radtus of curvature has the same tnagn.tude as the ,-co- 

ordinate. 

5. (a) Differentiate the functions 

2 tan -1 Vx and cos -1 ^-^) 

ib) Find the curvature at the point / on the ellipse x - « cos t y = b sin r. 
Determine the ratio of the curvatures at the points A (a, 0) and B (0, b). 

6. Show, by graphical considerations or by using the substitution u - 

that 


a - x 


J a fix) dx = j“ /(a - X) dx. 
Hence, or otherwise, evaluate j xi2 - x) 4 dx. 


(b) Evaluate 


j: 


dx. 


X a ~|- 9 

7. id) Find the derivatives with respect to x of the functions 

(i) 6(x 3 + 1) log*(x + 1) - 2x 3 + 3x 6x, 


(ii) (x* + 2) VO " *’> + 3x3 sin 


“I 


X. 


ib) The abscissa of a pojnt ^moving 'show th'aVthe'r'atioof 

the^xtreme < distanccs l of /> from the origin is £ *and that the accelerations 
towards the origin in these extreme positions arc in the ratio e ■ • 

8. (i) Differentiate with respect to x x + 2 

_ «. i —2 . /l+\ - 

ia) log* (1 


+ x 


*) + 2 x 3 tan -1 x - x 2 ; ib) 


V(x a + 4x) 

expressing the results in a simplified form. riirve v — x l e~ x 

(ii, Show that when * is Positive there ^ 

tSAoZZ™ thfcToXa.es of P. Q, « respectively, show that 

X, + x, = 2x,; 256y,y, = 81*1 • 

9. ia) Differentiate with respect to x 

(» 'an ' ({fpi)- {ii) 7^2 


,-z 
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(£>) If xy = h - 9 c 2 x + x 3 + k log,, x where h, k, c are constants, determine 
the values of x for which 


£y + 3x + y 
x dx 2 + dx + y 


0 . 


10. (a) Find the derivatives with respect to x of the functions 

(i) (2x* + 2x + 3) (ii) tan - 1 (g-^i) • 

(b) A curve is given by the parametric equations 

x = a(t — sin /), y = o(l — cos /). 

The normal at a variable point P meets the x-axis in Q, and the line through 
Q parallel to the >-axis meets the tangent at P in R. Show that QR is of con¬ 
stant length. 

11. (i) Differentiate x* 4- (log* x)* with respect to x. 

(ii) If y = sin (m sin - 1 x) prove that 

0 “ - x % + m ' y -°- 

(iii) If x = a{t - sin t) and y = a{ 1 - cos t), prove that 


r^ + a^o. 


12. ( a ) Evaluate 


dx 


J i VQx - 1) 

( b ) By means of the substitution x = sin 6, or otherwise, evaluate 


rl x _L J rn/t 

(») ~7T\ - dx ' W 0010 de - 

J 0 VO - x s ) J „/t 

13. (a) Evaluate the integrals (i) f -—-. (ii) f 

J , x{x - 1)* J 


fx/4 


sin 3x sin x dx. 


X(X — jo 

( b) Find by integration the volume traced out by the complete revolution 
about the x-axis of the finite area enclosed between the parabola y 2 =* x and the 
line y = x. 

14. (a) Use partial fractions to integrate 

x 


(x + l)(x+ 2)' 

(b) Use the substitution cos 0 = x to find the value of 

fn/ 2 


/ rr/t 


cos 7 0 sin 8 0 JO. 


15. (a) Evaluate 


sin x 


dx . 


Jo 3• + 5 cos x 

(6) If tan x/2 = t prove that cos x=(l -**)/(l+f a ) and dx/dt = 2/(1+/*). 

V! dx 

Hence evaluate 


r 


.o 3 + 5 cos x' 

16. By means of the substitution t = 1 + x a , or otherwise, evaluate 

x 


\ 


Express in partial fractions 


o 1 + x* 

1 + 5x 


dx. 


I 


(5 - x)(l + x 2 ) 
* 1 + 5x 


and evaluate 


o (5 - x)(l + x 2 ) 


dx. 
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17. Evaluate (i) 




x 2 4- 4x - 14 


(x + 2)(x 4- 5 )(x + 8) 

n/4 

sin 2x ax 


dx, (ii) 


a : 2 


_L_L_ dx, 
I , x(x + 2) 


frt /4 

(iii) sin 2 x si 

I8 . Find and show that |* ^ d * = 0 858 <appr0 ’ C) ' 


19. Find 


ind j 


(x + \)Vx 


*5. _ and fsin 3 x dx, and show that 


x% + x -ldx = 
x x(x 2 + 3) 18 


20. (a) Express in partial fractions l/(x 2 - I) and hence evaluate 

r * 1 


(6) Evaluate 


r 


i 


dx. 


sin 2 x dx. 


21. (i) By means of the substitution x*r + 1 = 0, or otherwise, show that 

' 3 dx 


(ii) Evaluate (a) 


f 


1 . 208 
I , ifjt* - 1) 3 l ° & ’ 189- 


I 


CO 


dx 


( b ) 


x 2 + 2x + 5’ 

22. (i) If y = tan [wKtan- 1 *)], prove that 




dx 


(3 4- 2x - x 2 ) 


( 1 +sr* ) g = 2(my-a: ) ^- 

(ii) Given that x - 46 cos 0 - b cos 40. y - 4b sin 0 - b sin 40. And dy/dx 

in terms of 0, and prove that 

,/2 v 5 , 50 30 

“ / = t 4 t sec 3 — cosec —. 


dx % 166 2 j 

23. (i) Differentiate with respect to x (a) sin 1 (J*), (b) x sin x. 

f* dx ... dx 

I. rr^ 1 { ) J. i 


(ii) Evaluate (a) 


, (c) J cos 3 X t/x. 


+ 2 cos x 

24. (i) By using the substitution X = o cos* 0 + b sin* 0. or otherwise, show 
that, when a < b, 

'b dx 


I: 


a V(x - a)(b - x) 
and find the indefinite integral 

dx 


TT, 


J 


V(* - «)(* - *>' 

(ii) By the substitution x = 3 sin 2 0 4- cos 2 0, or otherwise, prove that 


25. (a) Find f - ^ X — v 

J 0 4 - x 


U (&)'■" 


(6) Prove that | x 

0 


W(rH)*- 


(1 - n/4)a 2 . 


(c) Find a n if /« is a positive integer and 

y_/o rn/a 


a„ | cos* nx dx = I 
0 J 


J 


cos x cos 2x dx 
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26. A particle describes simple harmonic motion in which the displacement x 
is given in terms of the time t by the equation x = a sin t. 

Find for the interval / = 0 to / = tt/2, 

(i) the mean value of the velocity with respect to time, 

(ii) the mean value of the velocity with respect to distance. 

27. By means of Simpson’s rule and taking unit intervals of x from x = 8 to 
* = 12 , find approximately the area enclosed by the curve y = log 10 x, the lines 
x = 8 and x = 12, and the x-axis. Deduce the average value of log , 0 x between 
x = 8 and x = 12 . 


28. (a) 


Show that 



sin ox cos w(/ - x) dx — it sin ot. 


(b) Find the co-ordinates of the mean centre of the area above the x-axis 
that is bounded by the part of the curve a*y = x\a - x) for which 0 < x < a. 


29. Find the mean values of the following functions for the limits stated, 
(i) x(2 - x) 8 for x = 0 to x = 2 ; (ii) tan x for x = 0 to x = rr/4; (iii) x log„ x 
from x = 1 to x = 3 (use integration by parts). 



CHAPTER XIV 


Integration by Parts and Differential Equations 


Integration by Parts. This is a method of integrating the product of 
two functions, and also of integrating a single function whose integral 
cannot be determined by previous methods. 

Consider u and w to be two functions of x. 

d dw du 

Then ^(mv) = "<,- + 



(u»v) — w 


du 
dx' 


Integrating this with respect to x, 

dw 


\ U ^ dx = uw ~) 


■ du 
dx 


. w dx 


( 1 ). 


Let 


dw 

dx 


= v w = jv dx, where the indefinite integral is used. 


The result (1) now becomes 

juv dx = u J v dx — J | | v dx | dx, 

and this is the formula for integration by parts. 

Stated in words the formula becomes. 

The integral of the product of two functions is equal to the product 
of the first and the integral of the second diminished by the Integra of 
the product of the differential coefficient of the first and the integral of 

the second. 


Note 1. 




The second function (x) must be one whose integral can be ob¬ 
tained by previous methods, and in cases when one of the two 
functions cannot be integrated by normal means, this function is 


:hosen as the u function. 

When limits are involved it is safest to insert the limits when the 
complete integration has been made in the separate parts. 
Integration by parts can be used in finding integrals of single 
functions that cannot be determined by other means. In these 
:ases the integrand is chosen as the first function (u), and unity as 

the second function (x>). 
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Example 1. Evaluate 

(0 1 = jx log,, x dx, (ii) / = jx sin x dx, (iii) / = j . 


xian 1 x dx. 


(i) In this case 


J lQ &e 


xdx 


cannot be obtained by normal methods and hence log* x is chosen as the 
it function. 


Integrating by parts. 


I = 




xdxj dx 


= J(10&. x).x dx = (log* x)jxdx - Jj-^- Oog* x) J. 

= T lo&x - /(t x ?)* 

x* rx , x 2 x 2 

= Y log* x - I — dx = — log* X - - 4- C. 

(ii) Choosing x as the u function and integrating by parts, 

/ = xj sin x dx - |" (*) . J" sin x dx j dx 

= “ x cos x - 11 ( - cos x) dx = -x cos x + J cos x dx 
= - X cos x + sin x + C. 

(iii) j tan -1 x dx cannot be obtained by ordinary means, and hence tan -1 x 

will be chosen as the u function. 

Integrating by parts, 

/ = f (tan -1 x)x dx 

i A 

d 


= £(tan“ l jr) | 


x dx - 


dx 


(tan 1 x) jx dx J dx J 


/(rb-iM 

fx 2 1 f X 3 "l 1 

L 2 2)l+x 2 X 

-i 1 fO + x 2 ) - 1 “I 1 

L 2 2J \ +x 2 J 0 

-rbn: 

= [y tan -1 -v - i(x - tan -1 *)J 

= [itan -1 1 — i(l — tan -1 1)] - (0) 

=- i X tr/4 - i(l - tt/4) = n/8 - i + 7t/S = tt/4 - 4 
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Example 2. Evaluate 

(i) / = | tan" 1 x dx, (ii) I = J ^ log, * dx, (iii) / = | sin~ l xdx. 


(0 


I = f(tan -1 x). 1 dx 


(1 is chosen as the v function) 


= tan 


1 x Jl dx - j J-^- (tan 1 x) . J 1 dx J dx 

(integration by parts) 

* dx 


- x tan- x - J ■ *) dx = xtan-x - 


1 + x 


Let 


/»- 7 


- dx, and 1 4- x s = y. 


1 + x 

2xdx = dy and xdx = \ dy. 


Hence h = = ij— = * 


- C 


= i log, (1 + x*) - C, 

/. / = x tan- 1 x - 4 log, (1 + x*) + C. 


(ii) / 


= J (log,x). 1 </x 
= [(log, X) J 1 dx - 


(1 chosen as the v function) 


dx 


(log, x) | 


i: 


1 dx) dx 

(integration by parts) 


=[x.°e* x-j(t •*)"*]!■ - -]! 

= (2 log, 2 - 2) - (0 - 1 ) = 2 log, 2 — 1. 


(iii) 


— 1 x). 1 dx 


= J(sin 1 
= (sin -1 x)j 1 dx 


(1 is chosen as the v function) 



dx 


(sin -1 x) 


1 dx dx 


x sin 1 x 


x sin 1 x 


-|(^rbD- x ) 

-f * 


dx 


Let 


/1 


1 


J V(1 - **) 

dx. 


VO - * B ) 

Using 1 - x* = z, -2xdx = dz and x dx = -4 dz. 

r -dz 

Hence A- j— « 

/ = xsin -1 x - /, = xsin X x + VO - x*) + C. 


- Vz - C * - VO - x*) - C. 


Thus 

2E 
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Note 4. In cases when both the u and v functions can be integrated by 
ordinary methods and one of the functions is (ax+b) n , where n 
is a positive integer, then this function is chosen as the u function. 


Example. Find (i) 




xcos x dx 


, («)/ = j 


= (2x + 3) s sin x dx. 


(i) / = \x cos x dx , where x is the u function and cos x the v function 


:i)/ =j 
-«/ 


cos x dx 


- J (x)[cos x dx\ dx (integration by parts) 


— x sin x - J(1 .si 


sin x) dx -= x sin x + cos x + C. 


(ii) Taking (2x + 3) 2 as the u function, sin x as the v function and 
integrating by parts 

I = (2x + 3) 2 J sin xdx - J |-~ (2* + 3)* J* sin x dx) dx 
(2x + 3) 2 ( - cos x) - 14(2x + 3)( - cos x) dx 


"J 

= -(2x + 3) 2 cos x + 41 (2x + 3) cos xdx 
= ~(2x + 3) 2 cos x + 4^(2x + 3)J cos xdx 


_jj^ (2jc + 3) j 

cos x */xj d!x J 


(integration by parts with (2x + 3) as u function and cos x as v function) 
= - (2x + 3) 2 cos x + 4 £(2x + 3) sin x - J 2 sin x </xJ 

= — (2x + 3) 2 cosx 4- 4[(2x + 3)sinx + 2cosx] + C. 

N.B. In the case of part (ii) it is to be noted that integration by parts has 

to be applied twice. 

Note 5. When the integrand has a factor which involves powers of cos x 
or sin x it is necessary to first convert these into linear expressions 
in terms of the sines or cosines of the multiple angles as the case 
may be. 

Example. Find the indefinite integrals (i) I = Jxsin 3 xdx, 

(ii) I = j*xcos 3 xdlx. 

(i) sin* x = i(l - cos2x), 

/ = £ | x(l - cos 2x) dx = ijx dx - J j xcos 2xd!x 

= - ijx cos lx dx 
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= i * 2 - *[x [ 


cos 2x dx - 


(x)f 


cos 2 x dx \ dx 


= *x* - i£x. i sin 2x - | (1 X J sin 2x ) dx J 

= ix 2 - £[(x/2) sin 2x 4- i cos 2x] 

= l[2x* - 2x sin 2x - cos 2x]. 

(ii) Now cos 3x = 4 cos 3 x - 3 cos x, 

4 cos* x = cos 3x 4- 3 cos x, i.e. cos 3 x = i(cos 3x + 3 cos x). 


Hence 


= jJx(cos 


3x 4- 3 cos x) dx 


= i x cos 3x dx 4- s x cos x dx 


-* 1 - 

-*[ 


x cos 3x dx - 


4- 3 


[-/ 


dx 


(x) cos 3x dx dx 


cos x dx - 


(x) cos x dx ) dx 


= ij^ix sin 3x - J(1 x £ si 


sin 3x) dx 


4- 3 x sin x 


- J*(l x sin x) dx J 


= i[ix sin 3x 4- l cos 3x] 4- i[x sin x + cosx] 

= .gL[3x.sin 3x 4- cos 3x 4- 27x sin x + 27 cos xj. 

Note 6. When using the integration by parts theorem, the original 
integral sometimes occurs in the result, and can thus be found by 
algebraic methods as shown in the following theorem. 

Theorem. Find the indefinite integrals I x = (e* sin bt dt and 

I 2 = Jea* cos bt dt, where a and b are constants. 

Integrating by parts with sin bt as the u function. 


/i = sin bt je<*t dt — J | -^-(sin bt)j e<* dt 
= sin bt X ^ e* — cos bt X - e^^j dt 


1 b c ( 

= - sin bt — - cos bt .e at dt . 

a a) 

= \ e- sin 6/ - *[(cos 6/)jc* * - J { j, «=os *} <*] 

= - e<* sin bt — -["cos bt x - e** — I ( — ^ s * n &0 A a ((U 

a a L a J 
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= - eat sin bt — eat cos 


1 

a 


a\_a 


bt + “ s * n bt dt J 


= - eat sin bt — 


a 


a 


eat cos bt — 


b 2 


,2 ' 1 » 


r b 2 n i 

A 1 + ~q£l — ^1° s ^ n bt — b cos bt\, 

i.e. A(a 2 + b 2 ) = e*[a sin bt — b cos bt] 

&x[a sin bt — b cos bt] 


a 2 + b 2 


A = 

Equation (1) can be written, 

I =- e<*t sin bt — -L, 
a a 2 

b 1 e<*Hasm bt — b cos bt) 

.. using (2), -I 2 = - e* sin bt - 


a 


a 

all 


A = r {- eat sin bt — 


a 2 4 - b 2 
eot(a sin bt — b cos bt) 


2 b\a . a* + b 2 

a e* ((a 2 + 6 2 ) sin 6/ — a 2 sin bt -f ab cos bt 


gat 


a(a 2 + b 2 ) 

b( a * + b 2 i b * Sin bt + ab cos 

_ e<*t(b sin bt + a cos bt) 
a 2 + b 2 • 

Example. Find the indefinite integrals (i) /= je~ l cos 2/ dt. 


) 



(cos It) 


(ii) / = I e& sin 3/ dt. 

(i) Choosing cos It as the u function, 

I = (cos 2t)e~t dt = cos It ( e~‘ dt - 

J J J (dt 

= (cos 2t)( - e~t) - | ( - 2 sin 2t)( - e~*) dt 
— -e~t cos 2t - 2 | (sin 2t)e~‘ dt 
= — e~t cos 


h di 


dt 


2/ - 2 | (sin 2t ) J e~t <//J - | (sin 2/)| e~* <//J 
e~t cos 2t - 2 J sin 2t ( - e~t) - J (2 cos 2 1 )( - e~t) dt j 


= - e~t cos 2t + 2e~t sin 2 1 


-4j 


e~t cos 2 1 dt 
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= e ~*(2 sin 2t - cosJ2/> - 4/ 

51 = e~*(2 sin 2 1 - cos 2/) and I = }e~H.2 sin 2t - cos 2/). 

(ii) Choosing sin 3 1 as the u function in integration by parts, 

J(sin 3/)<?2* dt = (sin 3 t)je* dt - J | (sin 3/) | e 2 * dt j dr 


= (sin 30 x \eu - J(3 cos 3/)(*e*<) dt 
= sin 3/ - |J(cos 3/)e» dt 


= ie 2 * sin 3/ 


-•[ 


(cos 30 je 2 * dt - 


dt 


(cos 30 


j e 2 < J/j Jf J 


= \e* sin 3/ - f £(cos 304* 2 * - | ( - 3 sin 3/)(4**) J'j 


= \eu sin 3/ - Je 2 * cos 3/ - sin3/J/ 

= i<?2*(2 sin 3/ - 3 cos 30 - i A 
JJL / = ie2*(2 sin 3/ - 3 cos 3/) 


/ 


e 2 * 

13 


(2 sin 3f - 3 cos 30- 


Note 7. When finding 


= j x tan a 


xdx 


it will be necessary to use the fact tan 2 x = sec 2 x - 1 before 
using integration by parts 


Thus / = Jx(sec 2 x - 1 )dx = Jx see*xdx - jxdx 


xdx - x 2 /2 


Jxsec 2 

[x J sec 2 xdx - j j-^“ (x)Jsec 2 x dx | Jx J - 
x tan x - J(1 .tan x) Jx - x 2 /2 


x 2 /2 


x tan x + 
sin x 


I" 


sin x 


dx - x*/2. 


cos x 


cos x 
dx y and w =* cos x. 

du 


Let | - 

Then Jw = — sin x Jx, and /i = ■= M + ^ 

= log, (cos x) + c. 

Hence I - x tan x + log, (cos x) - x 2 /2 + C. 
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Differential Equations. The types of differential equations pre¬ 
viously considered were of the form dy/dx — fix) and d 2 y/d: t 2 = 9 (a - ), 
the solutions of which could be obtained by straightforward integra¬ 
tion. 

Further types of differential equations will now be considered, and 
these will be of the first order andfirst degree , i.e. they will only con¬ 
tain first differential coefficients of y with respect to x and functions 
of x and y, and will be of the form 

+ Q = 0 . (»> 

where P and Q are functions of x and y. 

The variables in the equation (1) are said to be separable if the 
fraction P/Q can be expressed in the form F{y)/fix) where F(y) does 
not contain x and 9 (.x) does not contain y. 

Only two types of these equations of the first order and first degree 
will be dealt with. 


1. Variables Separable, (a) y absent in P and Q. 

P and Q must be functions of .x only and the original equation 


dy 


dy 


-Q 


* dx +Q = 0 beCOmeS ^ = — p— =/(*)• 

Hence y = Jf (x) dx + C. 

(< b) x also absent in P and Q. 

Here Q/P is a constant and the differential equation becomes 

dy -Q 

-j— = —p— = constant = k (say), 

and the solution is y — kx + C. 

(c) x absent in P and Q. 

The differential equation (1) in this case can be written 

P dy _ 

Q dx~ 

i e - f(y) where =f(y), 

r, x —1 dx 

1 dy/dx - dy , 

dx/dy = -/(>•)» 

and integrating with respect to y 

x = -\f(y)dy + c. 
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(c) Both x and y present in P and Q , but the variables separable. 

Let , and the equation (1) becomes 

Q ?(*) 

+ o, i,^| + >=o, 

0 dx ?(*) 

F(y) + ?(x) = 0. 

Integrating this with respect to x, 

JV(y) ^ dx + J<P(*) dx = C 

From integration by substitution it can be seen that the first 
integral in this equation is equal to 

J FO) dy, 

and hence the equation can be written 


| F(j ) dy+) ?(*) dx = C. 


Example 1. (y absent in P and Q). 

Solve the equation (1 - x*)dy/dx = 1 + 2x. 
The equation can be written 

dy _ 1 4- 2x 
■ — ■ • • 

dx 1 - x* 


Let 


1 4- 2x 


- 1 - x 2 - 1 4- x 1 - X 

1 4- 2x = A(l - x) + B(1 4- X). 

In this identity using, 

x = 1, 3=2 B /. B = | 

x = - 1 , -1 = 2A A = - 

Thus equation (1) can be written 

dy _ 1 . 3 

~dx 2(1 4- x) 2(1 - x) 

r l 1 3 


a* 

- 4 . 


y | { 2(1 4- x) + 2(1 - x)J dX 

= C - i log. (1 + x) - 1 log, (1 - x) 

= C - *{log, (1 4 - x) 4- 3 log, (1 - x)}, 


Example 2. (x absent in P and Q ). 

Solve the equation (2 4- y)dy/dx 
The equation can be written 

2 4 - y dy 
4 4 - y* dx 


= 4 4-/. 


( 1 ). 
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l.e. 


2 + y 


1 


4 + y* dy/dx 
Integrating with respect to y. 


dx 

dy 


where 

Let 4 + y a = z. 
Hence 


- fLtz*_ f/.J_ + 

J4+y y J (4 +y 

= *h 2y 


4 + y 


4 


dy 


= 2 x i tan' 1 - + i 

2 


\dy — tan- 1 1 -f U, 


-dy. 


4 +y 

2y dy = 

/ = = Uo&z + C = i log, (4 + y*) + C. 

Thus the solution is x = tan _1 y/2 + i log* (4 + y*) + C. 

Example 3. (Both x and y present in P and Q.) 

Solve the equations: 

(i) x*(l - y) dy/dx = (1 + x)y, 

(ii) 2 tan x dy/dx + y a - 1 = 0, given y = 2 when x = n/2, 

(iii) 2x dy/dx = 1 - y 2 . 

(i) Dividing through the equation by x x y it becomes 

1 - y dy _ 1 + x 
y dx x* ’ 

i.e. (1/y - 1) = — + —. 

dx x* x 

Integrating this with respect to x, 

Le. lo &y - y = log*'* - l/x + c, 
i.e. log*_y - log* x - y + l/x = C, 
i.e. log e y/x - y + l/x = C. 

(ii) Dividing through the equation by (y* - 1) tan x it becomes 


dx 


1 


y> - 1 
1 


dy + cos x 
dx sin x 


0, 


i.e. 


dy cos x 

+ -— = o, 


[y - l y + 1 j dx sm x 
Integrating with respect to x, using log* C for the constant, 

•cos x 

log* C, 


-,-^-— -w* 

1 1 \ rc( 

~i " jT+i) dy + js 


dx 


y- 1 y + 1/ * J sin X 

i.e. log* (y - 1) - log*(y + 1) + log* (sin x) = log* C, 

ie - log< (yyj sin *) = lo & c » 
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v- 1 


sin x 


C. 


" y + i 

Now y = 2 when x = */2, i = C. 


Hence the solution is 
(iii) The equation can be written 


y-' 

v + l 


sin x 


i. 


i.e. 

\i + >> 1 -yJ 


dy _ 1 
1 - x 

dy 1 

y / dx x 


Integrating with respect to x and using log* C for the constant of 
integration, 

i.e. {log* (1 +>0 - log* (1 - y)} = log*x + log*C, 

i.e. log* = log* Cx, 


7 
1 +7 
1 -7 


Cx. 


2. Linear Equations. If the dependent variable y and dy/dx both 
occur in a differential equation in the first degree, the equation is 
known as a linear differential equation of the first order , and a typica 
equation of this type is 

dy/dx + Py=Q . (1) ’ 

where P and Q are functions of x only or constants. 

When P and Q are both constants the equation degenerates to 

Type 1 and can be readily solved. 

If P and Q are not both constants the method for solving is the 

following: 

Multiply the equation (1) by v, where is an arbitrary function of x 
whose value will be determined later, known as the integrating Jac or 
of equation (1) and which contains no arbitrary constant. 

The equation now becomes 


v^+ p vy = vQ 


( 2 ). 


d dy , dv 

= V Hx +y dx 


i.e. v 


dy 


= -iz(vy) -y 


dx dx 


dv 

fix' 


But 
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When this is used in equation (2) it becomes 

-y^ + Pvy - vQ. 

i. e . +,(*,-■*) =V Q . 

Now choose v so that the coefficient of y in (3) is zero. Then 


( 3 ). 


dv 


dv 


Pv -~te =0 ' ie ‘ ~dx = Pv ’ 

1 dv 

i.e. - -7 - = P. 
v dx 

Integrating this with respect to x , with no constant of integration, 

\\dv=\ p d X , 

log,, v = jpdx, 
i.e. v = e iPd*. 

When this value of v is used in equation (3) it becomes 

d 

~ (y e Jr**) = Q e \Pdx y 
and integrating with respect to x. 

y e iPdx = j(Qe iPdx) dx + C, 

i.e. y = (e- iPdx) j(Q e fPdx) dx + C. 

Example 1. Solve the equations: 

(i) x dy/dx + 2y = 3* -f 2, 

(ii) dy/dx -h 2y = x, 

(iii) dy/dx + y cot x = 2 cos 2x, where y = 0 when x = tc/2. 

(i) The equation can be written 

£ + i,-3 + A . 

dx x' x 

The integrating factor is el 2 / *<£r = e 2 log^x = = x % . 

Multiplying through equation (1) by x 2 

x'-j- +2xy = 3x‘ + 2x, 

4- (x'y) = 3x* + 2x. 


( 1 ). 


i.e. 
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Integrating this with respect to x 2 

x 2 y = j(3x* + lx) dx = x 3 + x 2 + C. 

Hence the solution is y = x + 1 + Cx~ 2 . 

(ii) The integrating factor is e I ^dx = e ix 
Multiplying through the equation by e we have 

e** dy/dx + 2 e**y = xe^, 

d (y «**) = x 


i.e. 


dx 


••• y e2x= \ 


xe^ dx 


= x \e‘Z* dx 4- 



dx 


(x) e‘^ dx dx 


(integration by parts ) 


= x x te2* + (1 x i e**)dx 


x e 2 * 

T** + — + C 


y = x/2 + i 4- Crto. 
(iii) The integrating factor is e I cot x dz 


Now 


J 


cot x dx 


- - 
J SI 


cos X 


dx 


sin x 


Let sin x = z, cos x dx = dz. 

Hence J cot x dx = j— — log,z = log,, (sin x). 

Thus the integrating factor is e (I °«« 8,n ‘ )= sin x. 

Multiplying through the equation by sin x it becomes 

sin x —r~ 4- y cos x = 2 cos 2x sin x, 
dx 

i.e. -j- (v sin x) = sin 3x - sin x. 
dx 

Integrating this with respect to x 

y sin x = J (sin 3x - sin x) dx 

= - J cos 3x 4- cos x 4- C 

But y = 0 when x = n/2 y .'. 0 = C - 0, i.e. C = 0. 

Hence required solution is y sin x = cos x - J cos 3x. 

Example 2. Solve the equations 

(i) dy/dx 4- 2 xy = 2x, 

(ii) dy/dx + y = 3 e x , 

(iii) x dy/dx - y = 2x*sin 2x. 
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(i) The integrating factor is e I ^ zdx = e xi . 

Multiplying through the equation by e** it becomes 
e x2 dy/dx + 2 xe**y = 2xe**, 
d 


i.e. (y e 2 *) = 2x 


Integrating with respect to x , 


ye* 2 = J2xe x2 dx = I. (say) 


Let e* : = z, 2x e* 2 dx = dz, and I = 




z + C = e* 2 + C. 


The solution therefore is y e* % = e** + C, 

i.e. y = 1 + Ce - **. 

(ii) The integrating factor is ^ = e*. 

Multiplying through the equation by e x it becomes 

e* dy/dx + ye* = 3, 
d 


I e - 0' «*) = 3. 


From this 


ye 1 = J 3 dx 


= 3 x + C, 

i.e. y = ( 3x + C). 

(iii) The equation can be written 

dy 1 

-4- - —y — 2x sin 2x ... 

dx x J 


The integrating factor of equation (1) is 

e\~xdx = e ~log e x = c log* x = \/ x . 

Multiplying through equation (1) by 1/x, we have 

1 dy 1 


— - —i y = 2 sin 2x, 

x dx x* y 

d 


i.e. 


dx (’!') = 2sin2x - 
Integrating with respect to x 

y/x = j 2 sin 2x dx = C - cos 2x, 
i.e. y = x(C - cos 2x). 
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EXAMPLES XIV 


1. Evaluate (i ) ^x e~ x dx, (ii) J 'x lo g,xdx, (iii) \ si 


x dx. 


x sin x sec 2 x dx. 


5. If P 


c 

3. Evaluate (i) J”xsin x dx, (ii) |"sin x.log* (sin x) dx, (iii) Jx 2 sinx</x. 

3. Find (i) fxtan ~ l x dx, (ii) J x sin x sec 2 x dx. 

c C 

4. Find (a) f e~ x sin x dx, (b) I x sec 2 x dx, (c) j * x tan 2 x dx. 

5. If P = Je^siabxdxand Q = Je" cos bx dx. show by integrating by 

gfl* cos bx o - , _ g* 1 * sin bx Op 

parts, that P = - C ° — + \Q \and Q = - ~ b - - -/• 

Hence obtain the integrals denoted by P and Q. ... 

6. A particle moves in a straight line and its velocity t> at time t ^is given by 
dv/dt = g-kv, where g and k are constants. Find the velocity at any time 
and show that it tends to the value g/k whatever the initial velocity. 

If the particle starts from rest at the origin, find how far it moves in time T. 

7 (i) If e~* dv/dx = (1 - y ) 2 . and y = 0 when x = 0, express y in terms of x. 
(ii) When a mixture of two liquids is being reduced by boiling it is found that 
the ratio of the rates at which the liquids are separately decreasing at any 
instant is proportional to the ratio of the amounts x and >■ remaining at that 

‘“Express .his fact in the form of a differential equation, and solve the equation 

to obtain the relation between x and y. 

8. (i) If (x 2 - 1) dy/dx + 2y = 0, find the value of y in terms of x given that 

y (ii) Solve the differential equation dy/dx - x cosec 2 y = 3 cosec 2 y. 

9. (i) If e-* 2 dy/dx = xC V + 2) 2 , find the value of y in terms of x, given 

that y = 0 when x = 0. , 3 v ff : ven .hat 

(ii) Solve the differential equation x dy/dx + 3y — VO + 3x ), g 

y — 1 when x= 1. 

10. Solve the equation dy/dx + y — x e z . . lo _ e 

If y = -3/2 when x = 0, show that y has its minimum value, equal to 

11. (i) Solve the differential equation x dy/dx + 2 y = (2 sin x)/(x cos ). 
(ii) Find the general solution of the differential equation 

tan x-dy/dx + y = sin x. _ 

12. (i) Solve the differential equation dy/dx-V 2y == e f reduce 

(ii) By means of the substitution _zx where z i a f dijTcrcntial equation 

the differential equation x dy/dx - y — * x y __ , 2 

involving z and x only. Hence solve it, given y — . 

13. Find the function y = IM which satisfies the^ different,al equat.on 
x dy/dx = y + kx* cos x and the condition y - 2n when x . 

For what values of k do x and y always have the same^ign. 

Find a first order differential equation which is satisfied by this function 

docs not involve k. 




CHAPTER XV 


Second Order Differential Equations, Hyperbolic 
Functions, Reduction Formulae, Probability 


Second Order Differential Equations. The only types of second 
order differential equation to be considered are those of the form 



dy 

+ a £ + by==0 



where a and 6 are rational constants, and it will be assumed that the 
equation p 2 -f- ap + b = 0 has real roots. 

Assume that y = Ae ** is a solution of (1). 


dv d 2 v 

Then -r- = Ake kx and -~ 
dx dx 1 


= Ak 2 e kx , where A is some arbitrary 


constant. 

Using these in (1) 

Ak 2 e kx -f- Aake + bAe kx = 0 
i.e. Ae kx (k 2 + ak + b) = 0 

k 2 + ak -f b = 0.(2) 

since Ae kx = 0 would give y = 0 which is not considered as a 
solution. 

Let k l and k 2 be the solutions of (2) which is known as the auxi¬ 
liary equation of (1) then y = Ae k i x and y = Be k * x will both be 
solutions of equation (1), where A and B are arbitrary constants. 
Now the complete solution of any second order differential equation 
must contain two arbitrary constants, and hence it seems reasonable 
to suppose that the complete solution is 

y = Ae k * x + Be k *•*. 

This is readily checked as follows: 

Since k x and k 2 satisfy equation (2) 


A-j 2 4- ak x + 6 = 0 
k o 2 + ak 2 + 6 = 0 


dy 

dx 


Ak x e k \ x + Bk 2 e k 2 * 


(3) , 

(4) . 


d 2 y 

— = Ak\e k 1 * + Bk\e k v*. 
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Using the values of y, dy/dx and d 2 y/dx 2 in the L.S.H. of (1), 

L.H.S. = {Ak\ekxx + Bk%e k **) + a{Ak x e 4- Bk,e^) 

b(Ae k 

= Ae k i x Uc\ -f- ak x 4- b) 4- Be ktx {k\ 4- ok 2 4* b) = 0 

(using (3) and (4) ). 

Hence, since it contains two arbitrary constants and k x , k., are the 
solutions of the auxiliary equation it follows that 

y = Ae k x 4* Be k 2 x . (5) 

is a complete solution of equation (1). 

A special case occurs when k x = Ar 2 as the solution (5) would then 

give 

y = (A 4- B)e k i x , 

which contains only one arbitrary constant ( A 4 - B) and would not 
therefore be a complete solution. 

Consider the special differential equation 


d~y - dy . 2 n 

a? - = ° 


( 6 ). 


Assuming y = Ve ax to be a solution of (6) where V is some Junc¬ 
tion of x (the auxiliary equation gives k = a (twice)), we have 

dv dV 

Tx = V(ae ° X) + e ° X ~dx 


( dV\ 
= e ax ( a V 4-■ 


d 2 y 
dx 2 


dx r 

dV\ 


( dV\ ( dV d 2 V\ 
= ae “'( aK + -dx) + “"'{“dx + dx * j 

= e ‘ x {&* + 2a & + a * y )- 


Using these values of y, dy/dx and d i y/dx i in (6) 

~(£r + + £) + 

(S + 2 4 <+- >"' r ■ ,J Z 1 "'*)- 11 

d 2 V 


i.e. 


i.e. 




dx 2 

d 2 V 


dx 


= 0 


= 0, since e° x 4= 0 


and 


. dV _ 

• dx A . 

y = si x q b (A and Z? arbitrary constants). 
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Hence the complete solution of equation (6) is 

y = Ve°* = (Ax + B)e°x. 

Example. Solve the differential equations 

3 y = 0, given y = 2 when x = 0 

dy 

= 1 when x = 0, 


(i) 

d 2 y 

dx 2 

-2% 

(ii) 

3 d y, 

+ 5 d -f 

dx 2 

dx 

(iii) 

4 

dx 2 

+ 4 


and 


dx 


N.B. In each case it will be assumed that a solution of the equation is 
y = Aek* and A and B are arbitrary constants. 

(i) The auxiliary equation is 

k 2 - 2k - 3 = 0 
i.e. (k - 3) (k + 1) = 0 
k = 3 or - 1. 

i.e. complete solution is y — Ae 3x + Be~ x 


% = 3Ae Sx - Be~ x . 
dx 


Now y = 2 when x = 0 


dy 

Also -j- = 1 when x = 0 
dx 


2 = A + B . 

.*.1=3 A - B . 

(0 + (2) gives 3 = 4^1 A = 3/4. 

Using this in (I) 2 = 3/4 + B B = 5/4. 

Thus the required solution is 

y = i (3e 3x + 5e~ x ). 

(ii) The auxiliary equation is 

3k 2 + 5k - 2 = 0 
i.e. (3* - 1) (A: + 2) = 0 
k = 1/3 or - 2. 

Thus the complete solution is 

y = Ae xls + Be - 2x . 

(iii) The auxiliary equation is 

4k 2 + 2k — 3 = 0 

• = ~ 1 ± v"l + 12 - 1 ± V13 

= 4 4 

Thus the complete solution is 

y = Ae(~ 1+ f Be(~ 1 ~ vra > x/i 

— e~ x/4 (Ae x X 


( 1 ). 

( 2 ). 
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Example. Solve the following differential equations: 
(0 - \2 d £ +9y-0. 


dx 


GO 


9i^ - 6^3 + = 0 , given y = 1 and ^ 


= 3 when x = 0. 


dx 2 dx 

(i) The auxiliary equation is 

4k 2 - 12* + 9 = 0 
i.e. (2* - 3 ) 2 = 0 
A: = 3/2 twice. 

Thus the complete solution is 

y = (Ax + B) eS*'z. 

(ii) The auxiliary equation is 

9* 2 — 6k + 1 = 0 
i.e. (3 k - l ) 2 = 0 
k = 1/3 twice. 

The complete solution is 

y = (Ax + B) e x ' 3 


Q = L (Ax + B) e x ' 3 + /It'*' 3 . 
dx 3 


1 


Now ^ = 1 when x 


0 


Also = 3 when x = 0 
dx 


.*. 1 = tf. 

3 = 1/3Z? + A = 1/3 + A 
i.e. A = 8/3. 

Thus the required solution is 

y = J( 8 x + 3) e* /3 . 


Hyperbolic Functions. There are six hyperbolic functions corres¬ 
ponding to the six trigonometric functions, and these are connected 
with the hyperbola in a similar manner to that in which the trigono¬ 
metric functions (sometimes known as the circular functions) are 
connected with the circle. 

The following is a table of the hyperbolic functions of the quantity 
x with their abbreviations, pronunciations and definitions. 


Name Abbreviation Pronunciation Definition 


Hyperbolic sine of x. sinh x 

Hyperbolic cosine of x. cosh x 
Hyperbolic tangent of x. tanh x 
Hyperbolic secant of x. sech x 

Hyperbolic cosecant of x. coshec 


Hyperbolic cotangent of x. coth x 


shin 4 (e* - * *)• 

cosh 4 (c x 4- e~ x ). 

than (th soft) (e x - e x )/(e x + e x ). 

shec 2/(e x + e~ x ). 

coshec 2/(e x - e x ). 

coth (th soft) (e x + e~ x )/(e x - e x ). 


Note. In forming the abbreviation, h for hyperbolic follows the usual 
sin, cos, tan, sec, cosec and cot for trigonometric functions. Also in the 
case of hyperbolic functions x is a number and corresponds to radians in 
angular measure. 


2F 
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From the above definitions the following identities are readily obtained: 

cosech x = 1 /sinh x , sech x = 1 /cosh x , 

tanh x = sinh x/cosh x, coth x = 1 /tanh x = cosh x/sinh x. 


Also cosh x + sinh x = e x .(1) 

cosh x - sinh x = e~ x .( 2 ). 

( 1 ) x (2) gives cosh* x - sinh 2 x = 1 .(3). 


The result (3) is extremely important and is known as the fundamental 
identity for hyperbolic functions. 

(3) + cosh 2 x gives 1 — tanh 2 x = sech 2 x, 

(3) + sinh 2 x gives coth 2 x — 1 = cosech 2 x. 

These two results are also important, but do not rate as high in importance 
as the fundamental identity. 

Theorem. To solve the equation a cosh x + b sinh x = c, where 
a, b, c are constants. 

Using the definitions for cosh x and sinh x it follows that 

a b 

^e* + e-*) + j(e« - e~ x ) = c 

i.c. = 

Multiplying through this equation by 2e x 

(a + £)<?»* + (a — b) = 2 ce x 
i.e. (<a 4 - b)e* x — 2ce x + (a — b) = 0 .(I). 

The equation (1) is a quadratic in e x and will give two values for 
e x . Any negative value for e x , however, must be discarded as it is 
assumed that x is real and therefore e x is positive. By taking Naper- 
ian logarithms for the two values of e x the real value or values of x 
will be obtained. 


Example. Solve the equation 5 cosh x + 2 sinh x = 11. 

Using the definitions of cosh x and sinh x the equation becomes 

*(e x + e~ x ) + f(e* - e~ x ) = 11 

i.e. 4- %e~ x = 11.(1). 


(1) x 2e x gives le %x + 3 = 22e x 
i.e. - 22e x +3=0 

i.e. (7e x - 1) (e x - 3) = 0. 

Hence e x = 3 or 1/7 

.*. x = logt 3 or logt 1/7 
= log.? 3 or - log* 7. 

Rough Graphs of sinh *, cosh x and tanh x. 

N.B. Sinh x can take all values from — oo to + oo, cosh x can 
only take values from + 1 to oo and its graph is symmetrical about 
the y -axis, whilst tanh x lies between — 1 and + 1. 
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Theorem. To find the hyperbolic sine, cosine, and tangent of 
( -6). 

By definition 

sinh ( - 6 ) = \(e~° - <?-<"*>) = \(e~» - e*) 

= — — e~ 6 ) = — sinh 0 , 

cosh (- 0 ) = i(e-° + e-l-°)) = \{e~° + e*) 

— He 0 e ~ 0 ) — cosh 0 . 

From these results 

sinh ( — 0 ) — sinh 0 

tanh ( ) — cQs k ( _ o) — cosh 0 

= — tanh 0 . 

Theorem. To find the hyperbolic sine, cosine and tangent of 

(* ± y)- 

N.B. = cosh u + sinh u , 
e-u = cosh u — sinh u. 

By definition 

sinh (x + y) = \{e*+y — e-<* + y)} 

= \(e*ey — e~ x e~y) 

_ , | (cosh x + sinh x) (cosh y -f- sinh y) 

~ * \ — (cosh x — sinh x) (cosh y — sinh y) 

= |(2 sinh x cosh y + 2 cosh \ sinh y) 

= sinh x cosh y + cosh x sinh y.( 1 ). 

Also by definition 

cosh (x + y) = t{e* + y + <?-<*+>•)} 

= \(e*ey -f e-*e-y) 

_ i f (cosh x + sinh x) (cosh y -f sinh y j 
4 \+(cosh x — sinh x) (cosh — sinh yj 
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= i(2 cosh x cosh y + 2 sinh x sinh y) 

= cosh x cosh j + sinh x sinh y .(2). 

From these results 

^ sinh (x -b y) sinh x cosh y 4- cosh x sinhy 

' y — cosh (x -b y) ~ cosh x cosh y 4- sinh x sinh y 

_ (sinh x coshy)/(cosh x cosh y) + (cosh x sinh j)/(cosh x coshj>) 
~ (cosh x cosh 7 )/(cosh x cosh y) 4- (sinh x sinh j>)/(cosh x cosh y) 

_ tanh x 4- tanh y 

1 4- tanh x tanh y .* 

Replacing y by — y in (1), (2) and (3) 

sinh (.r — y) = sinh x cosh ( — y) 4- cosh x sinh ( — y) 

= sinh x cosh y — cosh x sinh y , 

cosh (x — y) = cosh a: cosh ( — y) 4- sinh x sinh ( — y) 

= cosh x cosh y — sinh x sinh y> 

tanh (X - = tanh a: + tanh ( - y) _ tanh * - tanh y 

y 1 4- tanh x tanh ( — y) 1 — tanh x tanh y 

Using x = y = G in (1), (2) and (3), and cosh 2 0 — sinh 2 0=1, 

sinh 20 = 2 sinh 0 cosh 0.(4). 

cosh 26 = cosh 2 0 4- sinh 2 0.(5). 

= 2 cosh 2 0—11 

= 14-2 sinh 2 0 J. 

, 2 tanh 0 

tanh 20 = -——— 

1 4- tanh- 0 

From (4) 

2 sinh 0 cosh 0 2 sinh 0 cosh 0 

sinh 20 =-j- = cosh 2 0 — sinh 2 6 

2 sinh 0 cosh 0/cosh 2 0 
(cosh 2 0/cosh 2 0) — (sinh 2 0/cosh 2 0) 

2 tanh 0 

1 — tanh 2 O' 

From (5) 

cosh 2 0 + sinh 2 0 cosh 2 0 4-sinh 2 0 
cosh 20 =-j-= — 0 _ sinh , 9 

__ (cosh 2 0/cosh 2 0) 4- (sinh 2 0/cosh 2 0) 

(cosh 2 0/cosh 2 0) — (sinh' 2 0/cosh 2 0) 

_ 1 4- tanh 2 0 
= 1 - tanh 2 !)' 
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From (6) the following results are obtained 

cosh 2 0 = £(cosh 2 0 —f- 1) 
si nil 2 0 = i (cosh 2 0 — 1). 


Theorem. To find sinh 3a in terms of sinh a; cosh 3a in terms of 
cosh x; and tanh 3a in terms of tanh x. 

sinh 3x = sinh ( 2x + x) = sinh 2x cosh * + cosh 2x sinh a 
= (2 sinh x cosh x) cosh a 4 - (1 4-2 sinh 2 x) sinh a: 

= 2 sinh x(l + sinh 2 x) + (1 +2 sinh 2 a) sinh a: 

= 4 sinh 3 x 4- 3 sinh x. 

cosh 3x = cosh (2a 4- at) = cosh 2x cosh a 4- sinh 2a- sinh a 
= (2 cosh 2 a — 1) cosh a + (2 sinh a cosh a) sinh a 
= (2 cosh 2 a — 1) cosh a 4- 2 cosh a (cosh a — 1) 

= 4 cosh 3 a — 3 cosh a. 

tanh 2a 4 - tanh a 
tanh 3a = tanh (2a 4- a) = [ _j_ ta nh 2a tanh a 


2 tanh a 
1 -f tanh 2 a 


} tanh a 


1 4- 


2 tanh a 


tanh a 


1 -f tanh 2 a 

2 tanh a 4- tanh a (1 4- tanh 2 a) 

(1 4- tanh 2 a) + 2 tanh 2 a 

3 tanh a 4- tanh 3 a 
1~4- 3 tanh 2 a 


Addition and Subtraction Theorems. 

From previous work, 

sinh (a 4- y) = sinh a cosh y H- cosh x sinh y.(1), 

sinh (a - y) = sinh a cosh y - cosh a sinh y .(2), 

cosh (a 4- y) = cosh a cosh y 4- sinh a sinh y .(3), 

cosh (a — y) = cosh a cosh y — sinh a sinh y .(4). 

(1) 4- (2) gives 

sinh (a 4 - y) + sinh (a - y) = 2 sinh'A cosh y .(5). 

(1) — (2) gives 

sinh (a 4- y) - sinh (a - y) = 2 cosh a sinh y .(6). 

(3) 4- (4) gives _ 

cosh (a 4- y) 4- cosh (a - y) = 2 cosh a cosh y .(7). 

(3) — (4) gives 

cosh (a 4- y) - cosh (a - y) = 2 sin a sinh y .(8). 

N.B. The results (5), (6), (7) and (8) should be memorised in the 

reverse form i.e. the R.H.S. = L.H.S. 

In (5), (6), (7), (8) if a 4- y = A and a - y =-- B then a = \(A + B) 

and y = \ (A — B). 
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Hence, 

sinh A + sinh B = 2 sinh i(A + B) cosh %(A — B ) 

sinh A — sinh B = 2 cosh l(A -f- B ) sinh %(A — B) 

cosh A + cosh B = 2 cosh $(A + B) cosh \(A — B) 

cosh A — cosh B = 2 sinh \(A -f- B) sinh i(A — B). 


Theorem. To find series in ascending powers of x for cosh x and 
sinh x, and to deduce one for tanh x as far as the term in x 6 . 

Using the definitions for sinh x and cosh x, 

sinh x = \{e* — e-») 


= h 


-•( 


( y 2 y 3 X 4 X 6 \ 

1 + x + 2i + ri + 4i' f 5i + •••): 

/ , X 2 X 3 X 4 X 5 \ 

_ ( 1_A: + 2! _ 3! + 4! _ 5l + ‘**J 


2x 3 2x 6 

2 * + TT + TT + 


•••) 


= x + fi + 5"! + • * • 

cosh x = \{e* + e-*) 


= i 


( y2 X 2 X 4 X 5 \ 

1+x + 2l + 3l + 4! + 5l + *--) 

/ X 2 X 3 X 4 X 5 \ 

+ ( 1 _ ' X + 2! _ 3l + 4!~5l + •• V 


/ 2x 2 2x 4 , \ 

= *( 2 + 2 T + ^t+ •••) 


x 2 x 4 

= 1 + 2! + 4! _f ' 


Note. The series for both sinh x and cosh x are valid for all values of x, 

and from the series for cosh x it can be seen that the curve for y = cosh x 

is symmetrical about OY and has a minimum value at (0, 1). 

u _ sinh x x 4- x 3 /3! 4- x 5 /5! 4- ... 

tan X cosh x — 1 4- x a /2! 4- x*/4! 4- — 

= (x + x 3 /3! 4- x 6 /5! + ...) (1 4- x a /2 (1 4- x*/12 

+ 

= (x + x 3 /3! + x 8 /5! 4- ...) {1 - x*/2 (1 4- x*/12 
4- ...) + x*/4 (1 4- x*/12 

= (x + x 8 /6 + x 5 /120 4- ...) (1 - x*/2 - x 4 /24 

4- x 4 /4 + ...) 

= <X 4- x 3 /6 + x s /120 4- ...) (1 - x*/2 4- 5x 4 /24 

4- .. •) 
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= x - x 2 /2 4- 5x 4 /24 + ... 4- x 3 /6 - x*/\2 + ... 

4- x s /120 + ... 

= x - x 3 /3 4- 2x 5 /5 as far as the term in x 5 . 

Example. Expand e x cosech x in ascending powers of x as far as the term 
in x 1 . 


e x cosech x = -r —r — 

sinh x 


2ex 

e* — e - * 


2 2 
“ i _ e - 2 * 1 - {l - 2x 4- (2x) 2 /2! - (2x) 3 /3! 4-... } 

2 

~ 2x - 2x 2 4- 4x 3 /3 - 2x 4 /3 4- ... 

_1_ 

= x (1 - x 4- §x 2 - ix 3 4- ...) 

_ _1_ 

x{l - x (1 - fx 4- fx 2 - ...)} 

= 1{1 - x(l - fx + fx 2 - 
X 

rri + x(i - ix + ix 2 -...) + x 2 (i - §x + ix 2 
- - ...) 2 4- x 8 (1 - fx 4- ix* - ...) 3 + ... 

= _1_|1 + (x - |X 2 + ix 3 4- ...) + (X 2 - $x 3 4- ...) 

X { + (x 3 +...). 

= -L{1 4- x 4- fx 2 4- terms in x 4 etc.} 

= — + 1 4- ix as far as the term in x 2 . 

x 

Example. Express the following functions as products 

(i) sinh (2x 4- y) 4- sinh (x - 2 y), (ii) sinh (0 - 9 ) - sinh (0 4- 2<?), 
(iii)cosh (A 4- 3 B) 4- cosh (3A - B), (iv) cosh (5m 4- v) - cosh (m - 3v) 

Note. The previous addition and subtraction theorems will be used. 

(i) sinh (2x 4- y) 4- sinh (x - 2 y) 


(2x 4- y) — (x — 2 y) 


- 2 sinh (2 * + y> + <* - *y> cosh (2x4-7)- (* 

=■ 2 sinh 3 ^ 2 cosh x + 3 ^ . 

(ii) It is to be noted in this case that the larger angle is in the second 
function. 

sinh (0 — <p) — sinh (6 4- 2 9 ) 

= - {sinh (0 4- 2<?) - sinh (0 - 9)} 

„ L (0 4- 29) + (0 - 9) . . (0 + 29) - (0 - 9) 

<= - 2 cosh -2- sinh-2- 

— - 2 cosh 20 2 9 sinh 3<p / 2 ' 
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(iii) cosh (A 4- 3 B) 4- cosh (3/1 - B) 

. (A + 3B) + (3 A - B) U (A + 3 B) - (3 A - B ) 
= 2 cosh---cosh--- 

= 2 cosh (2 A + B ) cosh (2i? - A). 

(iv) cosh (5// + v) - cosh (u - 3v) 

= 2 sinh (5m + v ) + (m - 3v) . , (5m -f v) - (m - 3v) 

-2- Slnh -2- 

= 2 sinh (3m - v ) sinh (2m 4- 2v ). 


Inverse Hyperbolic Functions. There are six hyperbolic functions 
corresponding to the six inverse trigonometric functions, and these 
are defined as follows:— 

sinh -1 x is the number whose hyperbolic sine has the value*, 
cosh -1 x is the number whose hyperbolic cosine has the value x. 
tanh -1 x is the number whose hyperbolic tangent has the value x. 
cosech -1 x is the number whose hyperbolic cosecant has the value x. 
sech -1 x is the number whose hyperbolic secant has the value x. 
coth -1 x is the number whose hyperbolic cotangent has the value x. 


Theorem. To find the logarithmic forms of sinh 1 x, cosh 1 x, 
tanh -1 x, and to deduce the results for cosech -1 x, sech -1 x, coth -1 x, 
where x is real. 


Let y = sinh -1 x (y must be real) 

.’. sinh y = x 

i.e. i(e> - e-y) = x .( 1 ) 

(1) X 2e> gives e*y — 1 = 2xey 

i.e. e*y — 2 xe>’ — 1 = 0 . 


Now e> must be positive therefore, from this equation, 

e>' = x 4- V(x 2 -f 1) 

.'. y = log, {* + yX * 2 + 1 )} 
i.e. sinh -1 x = log, {* + V(x 2 +1)}. 

Let v = cosh -1 x 

✓ 

/. x = cosh y = \( e y 4 - e-y) .( 2 ) 

(2) x 2 e>‘ 2xev = e*^ 4 - 1 

.’. e*y — 2xev 4 - 1 = 0 . 


Hence ey — x ± \'(* 2 — 1) (both values are permissible). 
Now v - v(.x- - I) = ^ - »> - •»> 


X 


X + V(X* - 1) 
2 - (x 2 - 1 ) 1 


X 4- V(x 2 - 1) X 4- - 1) 

{x 4- V(x 2 ~ l)} -1 . 
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Thus 


Let 


er = {x + V(x 2 - l )}* 1 
cosh " 1 x = y = ± log, {.v + \/(x 2 — 1 )}. 

y = tanh -1 x 

ey — e~y 


i.e. 


ey + e-y 
e*y — 1 


= x 


= X 


Hence 


e*y + 1 

e*y — 1 = xe*y + x 
.*. (1 — x)e*v = 1 + x 

1 + x 

1 - x‘ 

1 + X 


i.e. 


e*y = 


2y = log. 


1 - x 


1 -J- x 

and tanh -1 x = y = £ log, y—— 


Now sinh 0 = 1/cosech 0 . 

If cosech 0 = x then cosech -1 x = 0, and (3) becomes sinh 0 
0 = sinh -1 1 /x, i.e. cosech -1 x = sinh -1 1 /x. 

Similarly sech -1 x = cosh -1 1/x 
and coth -1 x = tanh -1 1 /x. 

Using these results, and those previously obtained, 


(3). 

1 /x 


sech - 


coth - 


. V* (LtvfiiiSJ. 

= ± i°g. { 

1 X = i log. (\~TTf x ) 

- (r=i)- 


l + V(1 - * 2 ) 


)■ 


Example. Using the previous logarithmic formulae and tables, find the 
values of the following, each to four decimal places: 

(i) sinh -1 8/15, (ii) cosh -1 13/5, (iii) tanh- 1 (- 1/3), (iv) sech- 1 0-8, 
(v) cosech -1 3/4, (vi) coth -1 2-5. 

(i) sinh -1 x = log, {x + VC** + 1)} 




442 


INTERMEDIATE MATHEMATICS 


sinh -1 8/15 = 


ITS + J ( 

= 1o ^(b + Ji 

- «- (b + b) 


64 

225 


+ 1 


)] 


(ii) 


(iii) 


(iv) 


25 

= Io g* y~ 5 = l°g* 5 / 3 

= log* 5 - log* 3 
= 1-60944 - 1-09861 
= 0-5108 to 4 d.p. 

cosh -1 X = ± log* {x + V(x* - 1)} 

••• -sh-.3/5 - ± I og.{V 3 + V(^ 9 - ,)} 

= ± loge (13/5 + V{ 144/25}) 

- ± log* 03/5 + 12/5) 

= ± log* 5 
= ± 1-6094 to 4 d.p. 

tanh -1 x = i log* j + X 

tanh -1 (- 1/3) = * log* 

= i log* 1/2 
= - i log* 2 
= - i x 0-69315 
= — 0-3466 to 4 d.p. 

sech- x - ± tog . 1 ± V(1 - 


sech -1 0-8 = ± log* 

= ± log* 

= ± log* 


1 + V(1 - 0-64) 
0-8 

1 + V 0-36 


0-8 


1-6 


co sech -1 x = log* 
cosech -1 3/4 = log* 

= log* 


0-8 
± log* 2 

± 0-69315 to 5 d.p. 

1 + V(x* + 1) 


1 + VC9/16 + 1) 
3/4 

1 + V 25/16 
3/4 


(v) 
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(Vi) 


coth -1 2-5 


= log. 


1 4- 5/4 
3/4 


coth -1 x = £ log. 


9/4 

= loge Jj4 = l ° ge 
= 1 0986 to 4 d.p. 
x 4- 1 


x - 1 


, , 35 

= * l0 g* F5 

= £ (log, 3-5 - log, 1*5) 
= £ (1-25276 - 0-40547) 
= £ (0-84729) 

= 0-4236 to 4 d.p. 


Example. When a heavy cable hangs under gravity, the length of the cable 
is given by the formula 2c sinh L/2c, where L is the span and c is the hori¬ 
zontal tension divided by the weight per unit length. Determine the length 
of the cable that weighs 5/8 lb. per ft. strained with a horizontal tension of 
40 lb., the span being 48 ft. 

the length of the cable =128 sinh 48/128 = 128 sinh 3/8 

sinh 3/8 = £ (c 0 375 - e -0875 ) 

= £(1-4550 - 0-6873) (from tables) 

= £ (0-7677) 

the length of the cable = 64 x 0-7677 

= 49-13 ft. to 4 s.f. 


Example. If a = c cosh x and b = c sinh x, prove that 
( a 4 - b ) e- 2 * = a - b. 

a = c cosh x .w* 

b = c sinh x .(^)* 

• a cosh * £ («* + «"*) 

( ) • ( ) gives ^ s j n h x £ (e* - e-*) 

1 + c-2* 

“ 1 - c - ** 

a — a c- 2 * = b 4- be- 2 * 

a - b = (a + b) e~^. 

Hence 

(a + b ) e~* x = a - b. 


Example. Prove that cosh 3x cosh 8 x + sinh 3x sinh 8 x = cosh 8 2x. 

L.H.S. = (cosh 3x cosh x) cosh* x + (sinh 3x sinh x) sinh 8 x 
- {£ (cosh 4x 4- cosh 2x)} {£ (cosh 2x + 1)} 

4- {£ (cosh 4x - cosh 2x)} {£ (cosh 2x - 1)} 
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= J {(2 cosh 2 2x - 1) 4 cosh 2xj (cosh 2x 4 1) 

4 i {(2 cosh 2 2x - 1) - cosh 2x} (cosh 2x - 1) 
= i {2 cosh 3 2.x 4 3 cosh 2 2 jx - 1} 

4- i {2 cosh 3 2x - 3 cosh 2 x 4 1} 

= i (4 cosh 3 2x) 

= cosh 3 2x. 


Example. If sec 0 4- tan 0 = e u , prove that sec 0 = cosh u and 
tan 0 = sinh u. 

sec 0 4 tan 0 = e u .(1). 

Now 1 4 tan 2 0 = sec 2 0 

sec 2 0 - tan 2 0 = I .(2) 

(2) 4- (I) gives sec 0 - tan 0 = (3) 

(1) + (3) gives 2 sec 0 = e u 4- e~ u 

sec 0 = i (e u 4- e-*0 
= cosh u 

(1) - (3) gives 2 tan 0 = e u — e~ u 

tan 0 = i (e u - <?-“) 

= sinh u. 


Example. The expression ^-1- + Vflj cosh -1 ^ j ~ 


occurs in the investigation of the increase in the resistance of a conductor 
due to a change of section. Prove that this can be transformed into the 
form 

c 2 4- b- 
cb 


log ' + 2 log ' ( 


c 2 - b-\ . b 2 

where a = — 


4 cb 


■ 


Using a = b 2 /c 2 in the given expression its value is 

/ c b\ (c 2 -f b 2 \ 16 b*c 

{b + c) cosh 


2 


c 2 -i b 2 
cb 

c 2 _+ b 2 
cb 

c 2 + b 2 
cb 

c 2 +b 2 
cb 

c 2 + b 2 


•og.- 

10 §' f 

log. 


log,. 


c 2 +_b* 
c* - b* 


- 4 - 




c 2 4 b 2 4 V[(c 2 4 b 2 ) 2 - (c 2 - 6 2 ) 2 ] 


c 2 - b 2 
2 4 b 2 4 \/(4c 2 b 2 ) 


c 3 - b 2 
(c 4 b) 2 


4 2 
c 2 — b 


c 2 - b 2 


cb 




. c 4 b 

log ' c~— b + 2 


Derivatives of hyperbolic and inverse hyperbolic functions. 

Hyperbolic functions. 

(sinli x) = {\(e* - <?-*)} = \{ e * + e~*) = cosh 
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~ (cosh .y) = ^ {\(e* 4- e~*)} = \(e* - e~ x ) = sinh .y. 

<7X rtX 


d , . \ </ /sinh .y\ _ 

dx tan * _ dx \cosh a:/ 


cosh .y ^ (sinh .y) — sinh x (cosh .v) 

cosh 2 .Y 

(cosh x x cosh .y) — (sinh .y x sinh x) 

cosh 2 a: 

cosh 2 x — sinh 2 x 1 


cosh 2 X 


cosh 2 X 
= sech 2 .y. 

(cosech x) = ~ {(sinh x)" 1 } = ( - 1) (sinh x)- 2 ^ (sinh x) 

1 1 cosh x 

. cosh -V = — 


sinh 2 x 
= — cosech x coth x. 


sinh .y ' sinh .y 


^ (sech x) = ~ {(cosh x)" 1 } = ( - 1) (cosh x )~ 2 ^ (cosh x) 


1 . 1 sinh x 

~~ ~ cosh 2 x ' S ' n ^ Y cosh .y ' cosh x 
= — sech x tanh x. 

^ (coth x) = ^ {(tanh x)" 1 } = ( - 1) (tanh x)" 2 ~ (tanh x) 

- 1 ' 1 

=-i-=— . sech - x = — . . .. 

tanh 2 a* sinh - .y 

— — cosech 2 a-. 

The general results are as follows: 

^ {sinh (ax 4 - 6 )} = a cosh (ax -f- b). 


dx 


{cosh (ax 4- b)} = a sinh (ax -f- b ), 


{tanh (ax 4- /?)} = a sech 2 (ax 4 b), 

~ {coth (ax 4- b)} = - a cosech 2 (ax f b ), 


dx 


{cosech (ax + b)}= - a cosech (ax 4- b) coth (ox 4- b). 


-j- {sech (ax 4 - b)} = — a sech (ax 4- b) tanh (ax + b). 
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Inverse Hyperbolic Functions. 

Using the logarithmic forms: 

k (sinh_1 x/a) = k [ lo & \~a + + 0 )] 


* V(X* - 

a a 


1 -f 1 

jc 2 + a 2 ) [a 


ay/ (x 2 + 


a 2 )} 


V(x 2 + a 2 ) + ^ 

{x 4- V(* 2 + a 2 )) V(* 2 + ° 2 ) 
1 

V(* 2 + a 2 )* 




^V(S-')]] 

■ 4 K* r ~ i 


= ± -3- [log«{x 4- V(* 2 - fl2 » - lo g^] 


^ X 4" V(* 2 - fl2 ) ( 


+ V(X 2 _ **)} 

V(* 2 - a 2 ) 4- x 
VX* # - « 2 ) 


A 

_ ^ x -h V(x 2 - a 2 ) X 


= ± 


V(x 


2 - a 2 ) 


(x 2 > a 2 ). 


s (tanh " * /fl> - s {* l0& (r^£)) “ a(* log *(^) 1 


= £ -j-{log, (a 4- x) - log, (a - x)} 


= » + 5 -r^) 

= * U#*) 




d , , , , , </ f, 1 + \/(l + x*/a 2 )l 

S (cosech-1 */«) = (log,-^-) 

- £ K {- 


a 4- V(a 2 4- x 2 ) 


)] 


x 
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= j x [log e {a + Via 2 + **)} ~ log* *] 


1 


- X 2 ) { 


a + Via 2 + x 2 ) {Via 2 + x 2 ) 
x 2 — {a Via 2 + x 2 ) + ( a 2 + x 2 )} 
x{a+ V ^ 2 + x 2 )} Via 2 + x 2 ) 

— {a Via 2 4- x 2 ) 4- a 2 } 


1 

x 


x{a 4- Via 2 4- x 2 )} Via 2 + x 2 ) 

— a 


& (sech 


X Via 2 4- x 2 )- 

a 4- Via 2 ~ x 2 ) 


- X [± log- 


)] 


= 4= ^[log*{a 4- Via 2 - y 2 )} - log* x] 
1 (- x) _ l 

n\ 

X 


^ {fl 4- Via 2 — x 2 ) ' Via 2 — x 2 ) 

- x 2 - {( aVia 2 - x 2 ) 4 - a 2 - x 2 } 


-*[■ 

-*[ 


x{a 4- Via 2 - x 2 )} Via 2 
— a Via 2 — -Y 2 ) — n2 


2 - y 2 H 

- X 2 ) _ 


= ± 


X {a 4- Via 2 - y 2 )} Via 
° (y 2 < a 2 ). 


a 2 

2 - x 2 )_ 


d , u 
dx (c ° th 


-1 


x Via 2 - x 2 ) 

= £ ^ {loge (y 4- a) - log* (y - a)} 


= i t 


1 


1 


y4-« 

— a 


2 - a 2 


x — a 
(y 2 > a 2 ). 


= i 


(- 2a) 


2 _ 




Using a 
obtained : 

d. . . 

-r (sinh 
dx 


= 1 in each of these formulae the following results are 


->y) = 


1 


-^(cosh -1 y) = —7 


(**> 1), 


d, . 

rfx (lanh 

^(cosech 


- , Y) = 


" 1 Y) = 


V(a 2 4-1)’ </* v .' V(**-U 

I~3T 2 ( * 2 < 1)j SY (coth ~ 1 = (A '“ > !) ’ 


- l 


yV(x 2 4- 1)’ dx 


(sech -1 Y) = 


± 1 


yV(1 -x 2 ) 


(Y 2 < 1). 
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Since integration is the reverse process to differentiation, the 
following standard integrals (omitting the constant of integration) 
are obtained. 


Particular function 

1 / V (* 2 + 1 ) 
i/VC* 2 - 1) (* a > i) 

1/(1 - x 2 ) (* 2 < 1 ) 

UxVO + * 2 ) 

l/x\/(l - X 2 ) (. X 2 < 1) 
l/(x 2 - 1) (x 2 > 1) 


General function 


i/V(* 2 

+ a 2 ) 




i/V(* 2 

~ a 2 ) 

(x 2 

> 

a 2 ) 

l/(a 2 - 

X 2 ) 

(X 2 

< 

a 2 ) 

1 /xV(a 2 

+ X 2 ) 




1/a V(fl 2 

- X 2 ) 

(x 2 

< 

a 2 ) 

l/(x 2 - 

a 2 ) 

(X 2 

> 

a 2 ) 


Integral 

sinh -1 x 
db cosh -1 x 
tanh -1 x 

— cosech -1 x 
db sech -1 x 

— coth -1 x 

Integral 

sinh -1 x/a 
± cosh -1 x/a 
(1/a) tanh -1 x/a 
(— 1 /a) cosech -1 x/a 
(± 1 /a) sech -1 x/a 
(— 1/a) coth -1 xja 


Example. Find the derivatives of the following functions w. r. t. x simpli¬ 
fying all results as far as possible: 

(i) sinh 5 3x, (ii) cosh 3 2x -I- sinh 8 2x, 

(iii) cosh lx tanh 2 x, (iv) (1 4- cosh x)/(l - cosh x). 

d d 

0) (sinh 5 3x) = 5 sinh 4 3* (sinh 3x) 


= 5 sinh 4 3x (3 cosh 3x) 

= 15 sinh 4 3x cosh 3x. 
cj 

(ii) ^ (cosh 8 2x + sinh 3 lx) 

= 3 cosh 2 lx ~ (cosh lx) + 3 sinh 2 lx ~ (sinh lx) 

ax dx 

= 3 cosh 2 lx (2 sinh lx) -I- 3 sinh* lx (2 cosh lx) 

= 6 sinh lx cosh lx (cosh 2x + sinh lx) 

= 3 sinh 4x (cosh lx + sinh lx). 

(iii) ~ (cosh lx tanh* x) 
dx 

= cosh lx ~ (tanh 2 x) + tanh 2 x (cosh lx) 

= cosh lx (2 tanh x sech 8 x) + tanh* x (2 sinh x) 

= 2 tanh x (cosh lx sech 2 x -I- tanh x sinh lx) 

= 2 tanh x (cosh lx sech* x + [sinh x/cosh x] 2 sinh x coshx) 
= 2 tanh x (cosh 2x sech* x + 2 sinh* x) 

= 2 tanh x {(2 cosh 2 x - 1) sech* x + 2 sinh* x) 

= 2 tanh x {2 - sech*x + 2 sinh* x} 

= 2 tanh x ( 2 cosh 2 x - sech* x). 
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. d /1 + cosh x\ 

(,V) E ( l - cosh . ) 

_ (1 - cosh x) sinh x - (1 + cosh x) (- sinh x) 

(1 - cosh x) 2 

_ 2 sinh x 

(1 — cosh x) 2 ' 

Example. Find dy/dx and d z y/dx 2 if x = a cosh t, y = b sinh r. 
x = a sinh /, y = b cosh t 
dyjdx = y/x = ( b cosh t)ja sinh t = ( b/a ) coth t. 
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dry 

dx 2 


d (b \ bd 

= — ( - coth / ) = - -j- (coth t) 
dx\a J a dt 




cosech 2 t 


\l b 

J - = - - cose 
/ x a 


cosech 2 r x ——— 

a sinh t 


= - — cosech 3 t. 
a 2 


Example. Find the derivatives of the following functions w. r. t. the vari¬ 
able contained in each: 

(i) sinh _, { m/\/(w 2 + 1)}, (ii) cosh-'{ 2//\/(/ 2 - 1)}, (iii) tanh -1 (3x/2), 
(iv) tanh- 1 (v) sech -‘{Vplip + 1)}. 

(0 Let „ !! . = * 


V(« 2 + 1) 

dx 
” du 


i [ sinh “{ WVd}] 


\/(w a + 1) - u.uivtu* + 1) 

u % + 1 

c U 2 + 1) - u 2 1 

( M « + 1 ) 3/2 ( W * + 1 ) 3 / 2 - 

■^(sinh -1 x) = (sinh 1 x)~ 
du dx du 

1 1 

V(x* + 1) * (« 2 T f) 3 ' a 
1 1 
V{u*/{u* + 1} +0 ' («* + l) 1/a 

1 

(« a TT) V( 2 u 2 +T) 


(ii) Let 



2/ 


X 

V(/ 2 - 

T) 


VO 3 

- i) - 

rfx 

0 



•• </, 

= 2 

/ 2 


2{(/ 2 - 

i) - / 2 } 


(/* - 

i )8 /» 


/ 

' i) 

I 

- 2 

(/ 2—1)3/2 


20 
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d 

~dt 


cosh -1 


21 


(hi) 


V(/ 


=~T) = dt (cosh_1 = (cosh -1 x) . $ 


dx 


dt 


_ r ±1 i -2 

V(x 2 - [(/* - l) 3 ' 


± 2 




± 2 


(/ a - 1) V(3/* + 1) 
.. (imi.-* = 


2/3 


(2/3)* - a:* 


(iv) Let 


4 - 9x- 

u = L = 2 ~ o + v) 

1 + 1 + J 

du - 2 


1 


- 1 


r/ 


tanh~ 


" dy (l+/) 2 * 

1 (rri)} " iy (tanh "‘ u) = d ’ (,anh '‘ n) * 


du 


dy 


1 


- 2 

1 - «* {(1 +y) 


2 


I 


j_ 

1 - y\ * 


- 2 


- 03 


(1 + y) 


i 


- 2 


(1 + y) 2 - (1 - y) 2 

- 1 


- 2 
TJ’ 


2 y’ 


(v)Le. x-Jl-JL.) 


:■ x * = —= l - 
P + 1 


P + l 


l 


2 x dx 

dp (p -f l) 2 

dx 1 

i.e. — = 


dp 2x (p + I) 2 

dx 1 

i.e. -r- = 

(i P _ 

P + 1 
1 


IV( 


{P + l ) 2 


|{ scch - , V(4-i)}“ 


2{p + l)V(/>* +p) 

d d 

(sech -1 x) = — (sech -1 x ) . 
dp dx 
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± 1 


dx 


X V(1 - x 2 ) * dp 

± 1 


■J {jh) J - Fh) 


± 1 


I 


- 1 


2(p + 1 )V(p 2 +p) 


(2 Vp)V(p 2 + p) 

± 1 

2p V(p + D* 


Integration resulting in Inverse Hyperbolic Functions. Omitting 
the constant of integration, the following are the standard integrals 
as obtained from the reverse process to differentiation. 

Particular function Integral 


\/V(x 2 + 1 ) 


sinh -1 x 

1 /\/(a 2 - 1 ) 

(A 2 > 1 ) 

± cosh -1 x 




tanh -1 x or 

1/(1 - A' 2 ) 

(A 2 < 1 ) 


, , 1 + A 

i log. j-— 

1 /xVd + A 2 ) 


cosech -1 x 

I/XV (1 - A 2 ) 

(A 2 < 1 ) 

± sech -1 x 




— coth -1 x or 

1 /(a 2 - 1 ) 

(A 2 > 1 ) 


ii A + 1 

4 log. ^ , 


General function 

\/V(x 2 + a 2 ) 

l/V(x 2 - a 2 ) (x 2 > a 2 ) 

l /(a 2 - x 2 ) (x 2 < a 2 ) 

\/xV(a 2 + x 2 ) 

1 /x\/(a 2 - x 2 ) (x 2 < a 2 ) 

l/(x 2 - a 2 ) (x 2 > a 2 ) 


Integral 

sinh -1 x/a 
± cosh -1 x/a 
(l/a) tanh -1 x/a 
1 . a -h x 

= 2 a l0 ^a-- X 
(1 /a) coscch -1 x/a 
± (!/«) sech -1 x/a 
— (I /a) coth -1 x/a 
1 , x + a 

= 2a to * ^a 


Example. Find the following integrals excluding the constant of integra¬ 
tion : 


(i) I 


I 


dx 


V(4x 2 + 9)’ 


(ii) I 


h 


dt 


/(16/» - 225)’ 


(iii) I 
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(i) I = 


dx 


/ V (4a: 2 +9) *jv{x* + (f) 2 } 

= iSinh_1 (^)“ 


1 sinh" 1 ~. 


00 I 


-I 


dt 


(iii) I = 


V{r 2 - (- 1 /) 2 } 
a f du 1 

_2_5 _ „2 “ * X 2 X 


= ± i cosh -1 


W4 =±i C ° Sh_1 


. / 5/2 + f/\ 

5/2 l0g %5/2 - u) 


3 , 5 + 2u 

20 ° g<? 5 - 2u 


Example. Find the following integrals excluding the constant of integra 
tion: 

(i) I = fCsinhj^x^ = f3(c_osh-M_2)_ 2 

J V(* 2 + 1) ’ W J V(/ a -4) 

..... _ f2 tanh -1 m /3 
On) I = I- 


dt. 


(i) Let 


(ii) Let 


sinh -1 x = u 


9 - m 2 

1 


du. 


dx = du 


“ V'(A- 2 + 1) 

I = J// 2 du = m 2 /3 = i (sinh -1 x) 3 . 
cosh -1 t/2 = u 

1 


dt = du. 


(iii) Let 


VH* - 4) 

and I = J3m 2 du = u 3 
= (cosh -1 t/2) 3 . 

tanh -1 m/ 3 ■= x 
3 


9 - M 2 


du = dx. 


and 


hl2x dx = x a /3 

= J (tanh -1 m) 2 . 


</ 2 y 


Example. Find y = /(x) given that/(0) = 0,/(l) = sinh 1, and = y . 

Let y = Ae k * be a solution of the differential equation. The auxiliary 
equation is 

A: 2 = 1 
.'. k = ±1. 

The complete solution is 

V = Ac* + Be-*, where A and B are constants. 
Now y = 0 when x = 0 

A + B = 0 i.e. B = - A. 

When x = 1, y = sinh 1 

.-. sinh 1 = Ae + Be- 1 = Ae - Ae~ x 
= A (e - 
= 2A sinh 1 
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Hence 


A = i and B = - £. 
y = £ ( e x — e~ x ) = sinh x. 


Special Example on Integration. Prove that 

^ fix) dx = ij^ifix) + /(3a - x)) dx, and hence or otherwise show 

flog* > 

J lOKPl 


rrt/3 flog* V 3 // € u J 

that log* (tan 0) do = 0. Deduce that I .—:— w:.du — 

J 71 /0 

•2<i 


logei/V j 


1 + 


* o 

Consider / = J / (3a — x) </x, and let u = 3 a - x, 
du = - dx. 

When x = a, u = 2a and when x — 2a, // = a. 

r /(«></« = (’■ a /(«></« 

= I 

*[*{/(*> -+- f (3a - x)}dx = i|^{/(x) + /(x)}</x 


f2<i 

- J. /« 


dx 


jr^ (jf)£/Ar = + / (3a ■ 

Using/(0) = log, (tan 0) and a = ~/6, replacing x by 0 the above result 
becomes 

[ r/n log, (tan 0) do = i ["^{log, (tan 0) + log, [tan (*/2 - 0)]} do 
J n/c J 7i/c 

= J f" 3 {l°gr (tan 0) + log, (cot 0)} do 

J 71/C 

= J |" /3 {log, (tan 0) - log, (tan 0)} do 

J 71/C 


f7l/C 

* 0 do 

J n/0 


Using 


I. 




- 0. 
u e u 


du. 


When 


From (1) 


log, V* 

lo «ei/V» * + e2u 

let u = log, (tan 0) . 

tan 0 = e u . 

u = log, 1/V3, 0 — n/6 and when u 
= log, V3, 0 = n/3. 

du = ——_ . sec 2 0 do 


(1) 


tan 0 
1 + tan 3 0 
tan 0 


1 I e 2 " 

do = — dO 

u 
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•U 


:. do 


1 + e 2 ' 

•n/3 


du. 


Hence, 


h = f Iog^ (tan 0 ) 


dO 


77/6 


Thus by the previous result I x = 0. 


Reduction’Formulae. If I n be an integral involving a constant n 
in addition to the variable (usually x) and /„ can be obtained in terms 
of I „_1 and, or I„_ 2 etc., in addition to some function of the variable, 
then the result is known as a reduction formula. 

Note. Reduction formulae are usually obtained by making use of 
Integration by Parts. 


Theorem. To obtain reduction formulae for /„ = Jsin" x dx and 
l m = Jcos'" x dx , where m and n are positive integers. 

/„ = Jsin"-i x . sin x dx 

= — sin"-! x cos x + /{(« — 1) sin"- 2 x cos x) cos x dx 

= — sin"-i x cos x 4- (/i — l)Jsin"- 2 x (1 — sin- x) dx 

= — sin"-» x cos x + (/i — l)Jsin"~ 2 x dx 

— (n — 1) Jsin" x dx 

= — sin"-» x cos x + (n — 1) /„_ 2 — ( ,l— 0 In 
.*. n I n = — sin"-* x cos x + ('/ — 1) 4»_s- 
/,„ =/cos'"-* x cos x dx 

z= cos'"- 1 x sin x — J{ — (m — 1) cos™- 2 x sin x} sin x dx 
— cos'"- 1 x sin x -f ('« — 1)/cos"*“ 2 x (1 — cos 2 x) dx 
= cos'"-* x sin x + (m — 1) /,„_ 2 — (m — 1) I m 
m /„, = cos'"-! .y sin x + (w — 1) I,„_ 2 . 

When dealing with the same functions and limits of 0 and tt/2 
(using I',, and //„ for the definite integrals) these results become 

] rr/o 

+ (n — 1) I‘„- i (n^ 2) 

= 0 + (/i - 1) V n _, 

= (»- 

Similarly m //, = (m — I) //„_ 2 . 

Hence, I' n = ——- 2 , 





m 



o. 


These results are known as Wallis' formulae. 
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fTT/2 

F si 


sin x d.x 


= [- cos .];■ = o 

ft /2 


I 


n/2 


+ 1 = 1 


cos x cix = sin x 


£sin x 


1. 


Since m and n are positive integers it can be shown, by repeated 
use of the above formulae, that 

(i) when n is an even integer 


J 


n/2 


cos« x dx = 


.-n/2 

J o 


sin" .V dx 


(n - 1) (n - 3) (// - 5).1 


.•n/2 


I 


n/2 


Similarly 

n/2 


. 


sin" x dx = 


n (/; — 2) (// — 4) 
(n - 1)(// - 3) (/; - 

5) .. 

• • • 

. . . I 

n (n — 2) (n — 4) 


y 

• • ^ 

odd integer 



(n - 1) (n - 3) (// - 

5).. 

2 

n (// - 2) (n — 4) 


... 1 

(n ~ 1) (n ~ 3) (n - 

5). 

2 

• • 

~ ~ n (n - 2) (n — 4) . 


. . 1 

(n — 1) (/» - 3) (n — 

5)... 

. .2 
■ • 


dx 


~/ 2 , 


n - 


cos .v dx 


n (n — 2) (/i — 4) .1 ’ 

Example. Evaluate the following: 


fn/2 

(i) / 6 = J o sin 5 0 do. 


rn/'i 


(hi) I 


rn/H 

-J. si 


sin 0 40 do. 


(ii) I H =• I cos 8 0 do, 

J o 

(iv) I = I cos 7 0/2 do. 


O 


Note. In these evaluations use will be made of the results ol the pre¬ 
vious theorem. 

4.2 8 

6 = 5.3 15' 

_ 7.5.3.1 7T 35tt 

Ih ~ 8 . 6 .4.2 '2 256' 

40 = 9 /. 4 do = d 9 and do = 1 df. 

0 — 0 , 9 = 0 and when 0 = rr/ 8 , 9 = -r./l. 
rn /2 

7=1 sin 0 9 d 9 

5.3.1 TT 


(i) 


(ii) 

(iii) Let 
When 

Hence, 
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(iv) Let 0/2 = 9 i do = d 9 and do = 2 d<?. 


When 

Thus 


0 = 0 , 9 = 0 and when 0 = tt, 9 = rr/ 2 . 




= 2 X 


cos 7 9 d <? 
6.4.2 


7.5.3 
= 32/35. 

Note. Similar results are obtained when the integrand is the corres¬ 
ponding hyperbolic function, but the limits 0 and tt/ 2 do not then apply. 

Theorem. To find I = Jtan m 0 sec 2 0 dQ, excluding the constant 
of intecration. 

Let tan 0 = u sec 2 0 dQ = du, 

r u n,+1 

and / = \u m du =-;—r 

J m + 1 

(tan 0) m+1 
= m+ 1 ‘ 

Similarly, it can be shown that, excluding the constant of inte¬ 
gration 


cot"> 0 cosec 2 0 dO = 


— cot "* +1 0 

m+ 1 : 

1 


tanh w 0 sech 2 0 dO = - ; — r tanh m+1 0, 

m + 1 


coth " 1 0 cosech 2 0 dO = 


coth w+1 0 . 


I V vvgvvu V V* V - , f ^ *** 

J m + 1 

Theorem. To find’ excluding the constant of integration, the 
integral /,„ = Jtan"> 0 d 0, where m ^ 2. (m an integer.) 

I m — /tan " 1-2 O.tan 2 0 dO 

= Jtan m_2 0 (sec 2 0 — 1 ) dO 
= /tan " 1-2 0 sec 2 0 dO — / m _ 2 

tan "’ -1 0 

= m - 1 “ Im ~ 2 ' 

By continuing this process either JdQ = 0 is obtained when m is 
even or Jtan 0 d 0 = log* (sec 0) when m is odd. Thus I m is found. 

The integrals /cot"* 0 dO, Jtanh"> 0 dO, Jcotlv" 0 dO can be obtained 
in a similar manner by replacing cot 2 0 by cosec 2 0 — 1 , tanh 2 0 by 
I — sech 2 0 , and coth 2 0 by 1 + cosech 2 0 respectively. 


m— 2* 


Example, Evaluate I 


-c 


tan 5 0 do. 


rn /4 

/ = tan 3 0 . tan 2 0 do = tan 3 0 (sec 2 0 - 
Jo Jo 


l)</0 
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rn/A rn/A 

= tan 3 o sec 2 0 do — I tan 3 0 do 

1 “ “1 n/i rn /4 

= ± tan 4 0 - I tan 0 (sec 2 0-1) 

rn/A rn/A 

= J — I tan 0 sec 2 0 do -M tan 0 do 


do 


= i - I A tan 


\rt/A r~ —|-i/4 

£ tan 2 oj + log.- (sec 0)J 


= * - £ + log, V2 
= £ log, 2 - 1/4. 

Example. Excluding the constant of integration, find I = Jcoth* x dx 
I = Jcoth 2 x. coth 2 x dx = Jcoth 2 X (cosech 2 x + 1) dx 
= Jcoth 2 x cosech 2 x dx -t- Jcoth 2 x dx 
= - J coth 3 x + J(cosech 2 x + 1) dx 
= - i coth 3 x - coth x H- x. 


Example. Evaluate (i) / =J x 1/2 (4 - x) 3/2 dx , (ii) / — + x 


2\4 


) 


(i) Let 

When 

Hence 


0 = sin- 1 ^ x 1/2 = 2 sin 0 and x = 4 sin 2 0 

dx = 8 sin 0 cos 0 do. 
x = 0, 0 = 0 and when x = 4, 0 = */2. 

/ = j" /2 2 sin 0 (4 - 4 sin 2 0) 3/2 .8 sin 0 cos 0 do 
= 128 j" 2 sin 2 0 cos 0 (1 - sin 3 0 ) 3/2 do 

n /2 

do 


= 128J" sin 2 0 cos 4 0 

rn/2 

= 128 I (1 - cos 2 0 ) cos 4 0 do 

rn/2 

= 1281 cos 4 0 - 128 J cos 0 0 do. 
Applying Wallis’ formulae 


3 1 7T 5.3.1 

/ - 128 x pi . , - 128 x 

4.2 2 


7 Z 


(ii) Let 
and 

When 

Hence, 


6.4.2 ' 2 
= 64* (3/8 - 5/16) = 64* x 1/16 
= 4*. 

0 = tan- 1 x/a x = a tan 0 
dx = a sec 3 0 do. 

X = 0, 0 = 0 and when x = a, 0 = */4. 


"t* a 4 tan 4 0 


a ' is 

J 0 ( fl 2 Tfl J 


tan 2 0 ) 4 


. a sec 2 0 do 
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_ 1 [ n/4 tan 4 0 sec 2 0 do 
= a>] 

-ij: 

1 r n/ * 

= tan 4 0 cos 6 0 d 0 

a z J o 


(1 + tan 2 0) 4 
/4 tan 4 0 sec 2 0 dO 
sec 8 0 


0 cos 2 0 do 


i r u . 

= -5 sin 4 

« 3 Jo 
l r n/i 

= -3 sin 4 0 (1 - sin 2 0) do 
a Jo 


0 

1 rn/i 1 rn/i 

= —; sin 4 0 do —- sin* 0 do. 

a 3 J 0 a 3 J 0 

rn!\ 

= j sin" 0 do (n > 2) 
then, from a previous reduction formula 

11 I„ = ^-sin" -1 0 cosoj -f (« - 1) 7„_ s 

< r/ > a v .. • / 4 \ * 


/„ = 


Now 

In (1) using. 
n = 2 

» - 4 ■' 


// = 6 


/n = 


- - l/(v/2)" + (// - 1) /„.* 

rn/A I-ln/4 

-1.- Li - ^ 


27* = - 1/2 + 7 0 = -/4 - 1/2 
/, = -/8 - 1/4 

4/ t -1/4 + 3/ s = - 1/4 4- 3*/8 - 3/4 

= 3-/8 - 1 
/ 4 = 3-/32 - 1/4 

6/„ = - 1/8 + 5/ 4 = - 1/8 + 15rr/32 - 5/4 
= 15-/32 - 11/8 
I 0 = 5-/64 - 11/48. 


( 1 ). 


Thus 


I = 


1 


a 


1 


.M - 

V32 4/ y64 48/J 


= - 3 (~/64 - 1/48). 


Reduction Formulae with two constants involved. If „ be an 
integral involving two constants m, n in addition to the variable, and 
„ can be obtained in terms of I m . n -i and (or) I m - X .n> and (or) 
/„, „_ 2 etc., in addition to some function of the variable, then the 
result is known as a reduction formula. 

Theorem. To obtain the reduction formulae for 

I m . n — Jsin'" .v cos" x dx, 

where m and n are both ^ 1 in the cases when 2 and n ^ 2. 
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Case (i) m ^ 2. 

Now if / = /sin xcos" x dx 
Let cos x = u — sin x dx = du 

and I = — \u n du 


,/!+l 


COS" +1 X 


n + 1 ft 4- 1 

A,,. „ = Jsin-- 1 x (sin x cos" x) dx 

( cos" +1 x\ 

= sin-- 1 X ^ n + J J 


-/[{('” - 


1) sin 


x cos .v 


cos" +1 xl “ 

n + 1 J. 


dx 


sin 


/n-I _ Y cos" +1 x 


// i 1 


m — If. 

, sin 1 

n -{- 1 J 


2 .v cos" x cos 2 x dx 


(n+ 1 )sin'»-'.vcos" +I A- . . 

_f ( m _ 1)Jsin'"- 2 x cos" x (1 - sin- x) dx 

= - sin-" 1 x cos ,,+1 x 4- (m - I) Jsin-- 2 x cos" x dx 

— (»/ — 1) Jsin"* x cos" x dx 

= — sin— -1 xcos" +1 x + (?n — 0 Im-s.n 

— (ni — 1) „ 

(m 4- n) = — sin'" -1 xcos" fl x 4- (m — 0 I,n- 2 .n . (*)• 

Case (ii) 2. 

If / = Jsin"' x cos x dx, then, using the substitution sin x = u, we 
have cos x dx — du. 

u’ n +1 si n- * 1 x 
Thus I = /«"■ du = —p, = — + , • 

/„, „ = Jcos"- 1 x (sill'" x cos x) </x 


= COS " -1 X ^ 

-jri- 


sin- 11 x 

m 4- I 


1 sin- +1 xl“l . 

in - v j{m+T IJ dx 


(/?/ — 1 ) COS" -2 X SI 


/. (w 4- 1) In, n = cos"-* X sin-* 1 x 

4 - (/i — 1) Jsin'" x cos" 1 x sin x dx 

= cos"" 1 x sin" , + 1 x . . 

-f (ai — 1) Jsin'" x cos" 2 x (I — cos- x) dx 

= cos"- 1 x sin'" + 1 X 4- (* - 0 Jsin- a- cos "- 2 x dx 

_ („ — 1) Jsin'" x cos" x dx 


= cos" -1 x sin- 4 1 x 


|- (// — 1 ) In, V. — ( ,7 “ 1 ) l "'- " 
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(W + «) Int, n = COS ' 1 " 1 X silT n + 1 A + (« — 1) 7 m> n _ 2 . 

rn/2 

Let r m>n =1 sin™ at cos" x dx 
From (1) 

(m + n) sin™’ 1 a cos" aJ^ + (m - 1 ) I' m - 2 , n 


(2)- 


= 0 + (m - 1 ) r m _ 2%n 

. r - m “ 1 V 
•• ™- n W + „ y ™-2.". 


(3). 


From (2) 


[ ~|n/2 

cos "- 1 A sin ™ +1 Aj + (n — 1) I‘ m< 


= 0 + (/i — 1)/^.*., 

• /' - ” ~ 1 V (A\ 

•* ™-" w „ I m.n~2 . V*)» 

In connection with (3) and (4) the following results should be 
known {m and n now taken as positive integers): 


(4). 


rm z 

L si 


frr/2 p -lw/2 

J . dx - L*J. = " /2 - 

sin a dx = £ — cos aJ = 0 


+ 1 = 1 


f n/ - 

I COS A dx 


Sin A COS A 


dx = £sin aJ =1—0=1 

dx = ij sin 2a dx = - J £cos 2aJ 


n/2 


m! 2 


= - H- i - l] = *. 

Thus when m and n are positive integers, by making use of both (3) 
and ( 4 ) the integral I m> „ can be reduced to one of the above four 
integrals and its value found. 

Example. Evaluate the following integrals 

/*” /a r */2 

sin 4 x cos 3 x dx, (ii)/,.,= sin 2 a cos 8 x dx, 

- 0 Jo 

... rn /2 ^ rn /2 

(>*') / 8 .4 = sin 8 x cos 4 a" dx, (iv) / 5> s = sin 6 x cos* x dx. 

J° Jo 

Note. The results ( 3 ) and ( 4 ) will be used throughout. 

(0 L. 3 - 4747-3 7 *. * = 7 x 2+3 7 °- s = 7 x i x — 3 — h. 1 


sin 4 x cos 3 x dx. 


rn/2 
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* X i X § 


= 2 
a a* 


r/r/2 

I sin x dx = f x -£• x $ 


x 1 


00 • = 


6 - 1 , _ , w 4 - 1 

2 + 6 *' 4 “ X 2 + 4 


7 *. * = t x * x r+4 7 *° 


J -n/2 

sin 2 x 

rn /2 

x i I (1 - cos 2 x) dx 
t¥s ^x - h sin 2 xJ = x 


(iii) 


= 2^’ 

8 - 1 
8+4 


7 «. 4 - -nr x 6 + 4 A. 4 Ta- x Vo 4 + 4 


4 - 1 . 

x X . . / 2 . 4 


— x J x 8 /,. 4 — Y 2 

, 2 - 1 

= x J x g x i x ^72 


x i x 8 x — 


4 zJ 

2+^4 


~2 7 *. o - * x 4 x * x * x 1 x f 

[as in (ii)] 


(>v) / 6 , , 


1 J 24 - 

5 - 1 
5 + 3 


*>. > = * x 


3 - 1 
3 + 3 


A. , = * x i x 




= *xjxjxi 

== 2*4* 


'--j; 


sin x cos x dx = 1 / 2 ) 


Note. In certain eases it will be necessary to make a substitution before 
the integral is reduced to the necessary form as shown in the following 

example. 


Example. Evaluate the integrals 

(i) / » J” *sin 4 3x cos 4 3x dx, (ii) / - J # sin3 x/A cos5 X,A dx ' 

r*»/t 

(iii) I = sin® 2x/3 cos 3 2x/3 dx 
(i) Let 3x =* 0 3 dx = do 


When 


0 , 0 = 0 and when x 


, o = -! 


. / 


rn /2 

J I sin 4 0 cos* 0 do 

J x | x i x J J" *cos 8 0 do (by previous theorems) 

i x 4 x i x 4 J (1 + cos 20 ) do 
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= rh [« + i ^ 2°]” ,! = d 


1_ v rr 

28 A 2 


TT 

2 6 6 * 


(ii) Let x = 40 dx = 4 dO 


When 


x = 0, 0 = 0 and when x = 2-, 0 = n/2. 


rn /2 

I = 4 I sin 3 0 cos 5 0 


“ 4 x } x 


rn/ 2 

i x -4-J o si 


sin 0 cos 0 dO 


=4xJx§x4xJ 
= 1. 

(iii) Let -% x - = 0 .*. § dx = </0 


When 

Hence 


x = 0, 0 = 0 and when x = 3-/4, 0 = ~/2. 


rn/2 

= -g- I sin® 0 cos 3 0 do 

= 2 X A X 3 x 4. X i I 

/ o 


cos 0 do 


= | X A X 3 X X f X 1 

= 1/21. 

The following are other examples on reduction formulae involving two 
constants. 

-rr/2 

Example. If I m n = sin w0 cos" 0 do prove that, 

. 0 

7 7/ 

An. ” = nT+~ n ~ x w ^ ere m anc * 71 are positive integers. 


Hence evaluate / 4i 3 . 

*n/2 

An, n = I 


cos'* 0 sin 7//0 do 


= [cos* 0 f - 


cos nt 


•)i 


(- n cos" 


U 

1 0 sin 0) ( - — 

V ni 


cos m 0 


= 0 - 


m i o 


COS"" 1 0 (cos rnO sin 0) do 


Now sin (in -1)0 = sin mO cos 0 - cos niO sin 0 
/. cos wO sin 0 = sin mO cos 0 - sin (m - 1) 0 


7 / r n/ “ 

An, n = - — cos "- 1 0 (sin mO cos 0 - sin (m - 1) 0} do 

77/ Iq 


• • M An, n ”— 7/ 


•/ii 3 


cos* 0 sin 77/0 do 


• • / - 

+ n cos" -1 0 sin (m - 1) 0 </0 
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— 11 In + w An-i, n-i 

l.e. (^1 + 7l) Im, n = W Im-l, n -1 

■ J = W 


m + // 

n/2 


m-1, /?-! 


(1) 


Now 


l. o 


/-n/ 

= I si 

' o 


sin 0 do = I - cos 


[- cos °]” ,= '• 


Using m = 2, w = 1 in (1) 

It ,i = i A.« = 4- 

Using m = 3, /» = 2 in (1) / 3 . * = £ A. i = |- x 4 
Using m =4, n = 3 in (I) /., 3 — y / 3 . 3 


1 5' 

o 


— 3 x 2 = _2 

— T T5 3 5 


Example. If dt ' where m ' 71 are P ositivc integers, obtain 


the reduction formula 


Ini, n 


- 1 


■m -1 


+ 


m - 1 


2 (/i - 1) (a- 2 4- a*)"- 1 ' 2 (/i — 1) 
u 


Im-t.n- 1 . Evaluate /,. t . 


Now let / = I-—-</// excluding the constant of integration. 

J (w 2 4- a 2 )" 

Using the substitution ur 4- a- = _)\ 

2// du = </>», 


and 


* lr " 1 1 y '" dy 

_1_ v -/i+» = _ 

^ / . tv/ 


2 (- n + 1) 
- 1 


2 (// - 1)> 


./f - 1 


2 (71 - 1) (M 2 4- « 2 )" 

•X t 


dt. 


i; K‘<~ -i- t ^ 2 '” -1 

/,w,n = J o r " * + a2 y 

Hence, integrating by parts 
An, n 

L \*v f ~ 


lUlliig pai to 

P*”* * ( 2 (« - 1 T(t 3 + a 2 )"- 1 )! 



(m 1 > /w ‘ * ( 2 („ _ ,) (/* 4- a 2 )" " 1 ) 


1 


x „, 


I 


2 (// - 1) (/ 

/// - 1 i x I"' * 


(It 


2 (/i - 1) (x* + a*)*- 1 2 (if 

- 1 X"' -1 


HJ 


o(/* + fl*)" -1 


(It 


/// “ 1 f / I \ 

__ -1 + Z-7-Al-I, .. 

2 (/i - 1) (a* 4- 2 (it - 1) 


/o - ■ “ Lc»* + «•>* 


Let t = « tan 0 dt - a sec 2 0 */o 

When / — 0. 0 — 0 and when / = x, 0 = tan 1 a/<j. 
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ftan -1 jc Sec 2 0 JO 1 I"tan -1 * Sec 2 0 JO 

J 0 (a 2 tan 2 0 4 a-)- ~ a* J „ (1 4- tan 2 0) 2 

1 /"tan ~*x/a See 2 OjO 1 ftan -1 x/a , „ 

-3 --— — 3 1 COS 2 0 do 

a 3 J. sec* 0 a 3 ). 


sec 2 0 do 


— -If 

a 2 ) 2 a 4 J, 


sec 


OjO _ 1 p 

^0“ ” PJ, 


cos 2 0 jo 


= 2 ^J taa X a (l + cos 20) JO = _L ^0 + isin2oJ 

_ 1 T 0 tan 0 “Jtan-Va 

2a 3 |_ + 1 4 tan 2 oj o 

-2?[ ,an ‘ 1 */ |, + 5^p]- 


tan X x!a 


a- 4 x 


Using m — 2, n = 3 in (1) 


L ~ 3 _ 1 (.x 2 + a 2 ) 2 + 1 /o - * 


=_z *. . + ± 

4 (a: 2 4 a 2 ) 2 8a 3 

Using m = 4, n — 4 in (1) 


—^ ^ tan -1 xja 4 - 030 \ 

a \ a 2 4 a: 2 /* 


x 3 3 

*' 4 ( a 2 4 a : 2 ) 3 + 2 x 3 ^ * 

-V 3 — X 1 

™ ” ^ r~r~, — 2 T 3 + i 7 / + 5 —= tan _ 1 A:/a 

(a 2 4 x 2 ) 3 4 (x* 4 a 2 ) 2 8a 3 ' 


2 (a 2 4- x 2 )} 


4 C 


16a 2 0a 2 4 a: 2 ) 8 (a 2 4 x 2 ) 2 6 (a 2 4 a: 2 ) 3 

1 


4- 72-5 tan- 1 x/a 4 C 

loa* 


Example. lf/ OT , „=J (1 - x m ) n dx, where m and n are positive, show that 
(run 4 1) I, n ,n — rnn Im. n-». Hence evaluate 7 t> 3 . 

In,, n = | (1 - X'”)"- 1 (1 - X" 1 ) dx 

= J o (1 — . V "')"" 1 dx - j (1 - x m Y - 1 x m dx 

= Im.n -1 - f a: {(1 - x m y , ~ 1 X™~ 1 } Jx 

' 0 


1m, n_i /. 

Consider /' = J (1 - a" 1 )'*- 1 a" 1-1 dx 
Using (1 - x m ) = u, then - /nx m l = du. 
•*. I’ = — 1 ///* / w n_1 du 

u n (1 - x m ) n 


nin 


mu 
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Integrating by parts 


r 


X (1 — x m 


mn 




(1 - x' n ) n 


mn 


dx 


= 0 + 


mn 


- 


x m)n dx 


= — / 


mn 


rn, n 


Hence, (1) becomes 


4ri, n Im, n -1 




m, n 


.*. mn „ 

mil I n f # n-\ 4w, n 

.'. (mn + 1) „ 

= mn „_i. 

r 1 

„ , r jcH 1 

/..«- (»- 

x 2 ) dx = \ X - T = 

J 0 

In (2) using 

L J Jo 

m = 2, n — 2 

5 /*, * = 4 /*, , = 8/3 
.'. I.., - 8/15, 

m = 2, n = 3 

7 /,. 9 - 6 /,. , 

= 16/5 

.*. /,. , = 16/35. 



( 2 ). 


Probability. If a penny be tossed up in the air and allowed to land 
on level ground there are two possibilities: (i) it may come down 
heads, (ii) it may come down tails. If it be tossed up twice in succes¬ 
sion it can come down as two heads, two tails, or one head and one 
tail. It is found that the greater the number of throws the more likely 
it is that the number of heads obtained equals the number of tails. 
Thus if the number of throws be 10,000 the number of separate heads 
and tails thrown will closely approximate to 5,000 each. 

Hence, taking an extremely large number of throws the fraction 
of both tails and heads to the number of throws will be 1/2. In this 
case it is said that the probability or chance of a head is 1/2 and that 
for a tail is also 1/2. In betting parlance the odds are said to be even 
money for a head or a tail. The sum of the chances of a head or a 
tail is 1. 

If a die be thrown then any one of the numbers on the die has the 
same chance of appearing uppermost and the probability of this 
happening for any particular number in one throw is 1/6. 

The chance of an impossible event occurring is clearly zero and the 
chance of an event occurring that is certain to take place is said to be 
unity. 

For doubtful events, the chance of’their happening will lie between 
0 and 1 and if there is more than one event that may happen the 
sum of their chances of occurring must add up to unity. 

2H 
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Consider 10 balls in a bag which are alike with regards to size and 
shape, but of which three are blue and the remaining seven are white. 
The probability of drawing a blue ball is said to be 3/10 and the 
probability (or chance) of drawing a white one is said to be 7/10. 
When one ball is drawn at random each ball's chance of being drawn 
is 1/10. The chance of drawing a blue ball is the sum of the chances 
of the separate blue balls i.e. 1/10 -f- 1/10 4- 1/10 = 3/10, and the 
chance of drawing a white ball is the sum of the chances of the separ¬ 
ate white balls i.eT 1/10 + 1/10+ 1/10+ 1/10+ 1/10+ 1/10+ 1/10 
= 7/10. 

The sum of the chances is 3/10 + 7/10 = 1, as it is certain that 
either a blue or white ball will be chosen. 

Definition. Two events are said to be independent if the probability 
that either happens is not affected when the other event happens or 
fails to happen. 

Thus consider two bags, the first containing four blue balls and 
three white balls and the second containing five blue balls and six 
white balls. A ball is drawn at random from the first bag and another 
ball is drawn at random from the second bag. The chance of drawing 
a white ball from the first bag is 3 7 and the chance of drawing a white 
ball from the second bag is 6 11. The two events are obviously 
independent and hence the chance of drawing a white ball from each 
bag is 3/7 •: 6/11 =- 18/77. 

In general if the chances of two independent events are />, and />., 
the chance that both will take place is />,/+ 

Dependent Events. In compound events such as events A and B 
happening or event A happening but not event B, A and B are 
independent events. Also to be considered are dependent events, as in 
the case of events A and B such that the probability of B depends 
upon whether A takes place or not. The following example is a case 
of dependent events. 


Examim r. One ball was drawn at random from a bag containing four 
yellow and five blue balls. One yellow and one blue ball were then placed 
in the bag. Find the probability that a ball now drawn at random from 
the bag will be vellow. 

I he probability depends upon what ball is drawn first as this may be 
either yellow or blue. Thus two separate cases have to be considered: (i) 
two yellow balls drawn from the bag one before and one after the blue and 
yellow balls are added, (ii) blue and yellow balls drawn from the bag in 
that order. 

f or case (i) a yellow ball must be drawn from four yellow and five blue 
balls, for which the chance is 4 9 and then a vellow ball is drawn from four 


yellow and six blue balls for which the chance is 4/10. Thus the probability 
in this case is 4 9 \ 4 10 = 8 45. For case (ii) a blue ball must be drawn 
from four \ellow and five blue balls the chance for which is 5/9 and then 
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a yellow ball must be drawn from five yellow and five blue balls for which 
the chance is 5/10 = 1/2. 

Hence the probability in this case is 5/9 x 1/2 = 5/18. 

Thus the probability for this example is 8/45 + 5/18 = 41/90. 


Bernoulli’s Law. This states that if p be the probability of a certain 
event happening then, if n attempts be made, the probability of 
exactly r successes in these n attempts is 


n\ 


r\ (n - r)! 


P r (1 - p) 


n—r 


This result will be best obtatained by considering a particular type 
of example. 

Consider a person firing at a certain target and let the probability 
of his bullet entering the inner ring be p. Then the probability of his 
first r shots entering the inner target is p r . But we are only concerned 
with exactly r successes and hence every other shot must be a failure. 
The probability of each of these (// — r) shots failing to reach the 
inner ring is (1 — p) n ~ r . Thus it is clear that the probability that the 
first r shots are to be successful and the remaining ones unsuccessful 
is /r (1 — pY~ r . 

Now the case to be considered is when any r shots are hits and the 
remaining ones outside the inner ring and not the case when only the 
first r shots arc successful. The r successful shots can be distributed 
among the n shots in n C r = n\/r\ (n — r)\ ways and hence the previous 
result p r (1 — p) n ~ r has to be multiplied by this to obtain the required 
result. Thus the required probability is 


n\ 


r\ (n - r)\ 


p T (1 — p) n 


Example. What is the probability that when four dice be thrown two of 
them will turn up as sixes. 

Using Bernoulli's theorem with n = 4, r = 2, p — 1/6, the probability is 


4! 

2! 2! 


( I ) 2 (1 



24 I 25 
~ ^4 X 36 X 36 
= 25/216. 


Example. A marksman fires at a taut horizontal rope, and finds that out 
of ten shots seven pass below the rope and three above, find the pro¬ 
bability that this may occur by chance. 

This is equivalent to saying that three shots out of the ten are successlul 
and seven arc failures. The probability of any one shot being successlul 
is 1/2 p = 1/2, n = 10, r = 3. 
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Using Bernoulli’s theorem the required probability is 

10 ' 

3!~7! (i)S - *>’ 

_ 10 X 9 X 8 1 

~ 1x2x3 X 2 ™ 

= 15/128. 


EXAMPLES XV 


1. (i) Find the solution of the differential equation 

d 2 y dy 

+ 3 -f- - 4v = 0 such that y = 1 and dy/dx = 0 when x = 0. 
dx 2 dx 

(ii) Solve the differential equation 

~ 4 % + 4 )‘ = 0 
dx 

given dyldx = 0 when x = 0, and y = 4 when x = 1. 

2. (i) Find the solution of the equation 

d ^ * cl * 

-~i + 2-^+y = 0if dyldx = 1 and d 2 yldx 2 = - 2 when x = 0. 
dx 2 dx 



(ii) Integrate 


5 ^' + 3 *= 2 > .. 
dx 2 dx 


3. (i) Solve the differential equation 
d ‘~ v dx 

25 —~ t 4- 4 k 4- 36.r = 0, (i) when k = 16}, (ii) when k 
dl- d t 


15 


In case (ii) find that solution for which x = 5 and dx/dt = 0 when / = 0. 
(ii) Solve d 2 y/dx 3 - 6 dyldx 9 y — 0, given that y = 1 and dy/dx = e + 3 
when x = 0. 


4. lfj 


(sinli 


1 x/a) 2 , show that 


(« a + a- 2 ) 





5. Prove that tanh -1 x = } log,. ([1 4- x/l - a]) and differentiate this func¬ 
tion. 

Evaluate numerically the area bounded by the curve y = tanh -1 x, the x- 
axis and the ordinate x = A. 

6. Define sinh x and cosh .v in terms of the exponential function and prove 
that sinh -1 x = log* { x 4- \' (1 4- a 2 )}. Find the area bounded by the line 
x — 4 and the portion of curve y 2 (a -2 4- 9) — x* which lies between the origin 
and this line. 


7. Find the equation of the tangent and normal at any point of the hyperbola 
a = a cosh ii, y b sinh u. If these lines intersect the j-axis in P and Q, show 

a 2 4- b 2 

that the length of the intercept PQ is 6/sinh u 4-sinh, and find the 

minimum value of this length. ^ 
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8. (i) Find cosh 4a in terms of cosh x, and tanh 4x in terms of tanh x. 

(ii) Express the following as products: 

(a) sinh 2x - sinh 4a, (b) cosh (4x 4- _}') 4- cosh (3a- 4- 2y), (c ) sinh (a - y) 
+ sinh (2a + 3)’), (d) cosh a + cosh 3 a + cosh 5 a 4- cosh lx. 


9. Solve the equations 

(i) 7 cosh a - 5 sinh a = 5, 

(ii) 6 sinh a - 2 cosh a = 3, 

giving the results correct to four decimal places (real roots only required). 


10. Show that, if I„ = j^x n sin a dx, then /„ 
Find the value of 7 S . 


Tz n - n (n 



11 . 




1 x n dx 


(1 + a 2 ) 


, prove 


that if //> 1 n l„ = y/2 - (n - !) 


( 


Hint. Take integrand as a" 


-i 


v (1 + x 


2 


y) 


and evaluate 7 S . 


12. (i) If 7„ = r Sin 7° dO show that /„ - f n -i = and evaluate /„ 

J 0 sin 2 0 


for 


positive integral n. 
(ii) Prove that 


C" sin_«0 _ r 
Jo sin 0 J 

where //> 2 is a positive integer. 


” sin (« - 2) 0 
O sin 0 


do. 


J 


13. Differentiate 
dx 


VO - x*) 


x n 


-l 


with respect to a. Hence, or otherwise, if /„ = 


a" VO - a 2 ) 


, obtain the reduction formula (« — l) l n — (" 2) l n - a 


- A 1 -" VO - A 2 ). 


Evaluate /, between the limits 1/2 and j \/3. 


14. If m, n are positive integers and /,„ 


w: 


cos rn x cos" A dx, show that 


(m + n) I m , n = n 7 m _ x and that 7 /ff , „ = 0 if m > «. Evaluate 7 Sf 5 . 


15. If I m ,„ = j sinh" 1 u cosh" u du, establish the relation (// + D 7„,. „ = 
sinh" 1-1 u cosh"+ 1 u - (m - 1) fm-t.n+t. and show that, ify = tanh a, then 

J^tanh* u du <= - J {iy* 4 y 2 4- log« (1 - y 2 )}- 

16. Show that the chance of throwing a six at least once in two throws of a 
die is 11/36. 

17. A and B toss a coin alternately until one wins by obtaining heads. Show 
that their chances of winning arc in the ratio 2:1. 

18. Show that, in a single throw with two dice, the chance of throwing a 
total of more than seven is equal to that of throwing less than seven. 

19. Two balls arc drawn from an urn containing two while, three black and 
four green balls. Find (i) the probability that the first is white and the second 
is black, (ii) the same probability if the first ball is replaced before the second 
drawing. 
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20. A group of councillors consists of thirty Conservatives and twenty 
Socialists. Find the probability that, if a committee of five is chosen at random, 
no Conservative will sit on the committee. 

21. From a pack of playing cards two are drawn, the first being replaced 
before the second drawing. "Find the probabilities (i) that both cards are 
diamonds, (ii) one of the cards is a diamond. 

22. If the probability is 1/2 that a finesse at bridge will be successful, find the 
probability that three out of five finesses will be successful. What is the proba¬ 
bility that at least three finesses will be successful. 

23. An ordinary pack of playing cards is dealt out to four people. Find the 
probability that two specified people have the same number of aces in their 
hands. 

24. An urn contains twelve black balls and ten white balls. Four balls are 
drawn at random from the urn : then four white balls arc added to replace them. 
Find the probability that the urn now contains more white balls than black. 

25. A die is thrown repeatedly until the total cumulative score becomes seven 
or more. Show that the probability that the total score is exactly seven when 
throwing ceases is 25-36 per cent. 

26. An urn contains ten white and five black balls. If seven balls arc selected 
at random, what is the probability that the selection will contain five white and 
two black balls? 

If however, the balls are selected one by one w ithout replacement, and selec¬ 
tion stops as soon as two black balls have been found, what is the probability 
that seven balls will have been drawn. 

27. A packet contains twenty seeds and the probability that any individual 
seed fails to grow is 20 per cent. The seeds are planted in four rows of five 
seeds each. bind, to three decimal places, the probability that there is at least 
one row in which more than one seed fails to grow. 

2S. A set of twenty-four pennies contains four new pennies, the rest being 
old pennies. If the coins are sorted at random into bags so that each contains 
six pennies, find the probability that (i) all the new pennies are together in one 
bag, (ii) all the new pennies are in different bags. 
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1. Prove that, if two triangles are equiangular, the sides opposite equal 
angles are proportional. 

ABCD is a rectangle; two perpendicular lines are drawn, one cutting AB, 
CD in E and irrespectively, and the other cutting AD, BC in G and H respec¬ 
tively. 


Prove that 


EF 


BC 


GH AB 

2. The altitudes AD, BE of a triangle meet at the point //. If AD be produced 
to meet the circumscribing circle of the triangle at K, prove that UK = 2HD. 

Prove also that the three altitudes pass through H. 

3. ABCD is a plane quadrilateral. Points E, F, G, H are taken on AB, BC, 
CD, DA respectively, such that 

AE = BF = CG^ = DH = x 

EB = FC GD HA 

Prove that (i) the sum of the areas of the triangles EBF and GDH is equal 
to that of triangles FCG and HAE. (ii) the ratio of the areas of the quadrilaterals 
EFGH and ABCD is (X 2 + 1) : (X + l) 2 . 

4. OAA t , OBB x , OCC x , ODD , arc four concurrent lines. A X B X , B X C X 
C,D, are parallel to AB, BC, CD respectively. Prove that ABC D and 
A X B X C X D X are similar quadrilaterals. 

PQR is an acute-angled triangle. Show how to construct a square with two 
vertices on QR, one vertex on PQ and one vertex on PR. 

5. Through any point P inside a parallelogram ABCD, EPP is drawn 
parallel to AD meeting AB at Land DC at F, and GPH parallel to AB meeting 
AD at G and BC at //. HE and CA produced meet at O. 

By producing AD to meet OH at X (or otherwise), prove that 

OA _ /4C AG 

~OC ~ EB ' GD ' 

Hence show that GF produced also meets CA produced at O. 

6. AX and BY are parallel lines and AY and BX intersect in 
through P parallel to XA meets AB in Q. Prove that 

1 , 1 1 

AQ, and - -4 


P. A line 


AX . BQ 


BY 


AX BY PQ 

7. Prove that the areas of triangles of the same height are proportional 

to their bases. „ 

Through a point D are drawn two straight lines BDC, EDF mee mg wo 
straight lines ABE, AFC drawn through a point A. Prove that 

£BAF &BDF 

&EAC A EDC' 

8. On a given segment BC of a line as base, a triangle ABC » constructed, 
the bisector of whose angle A passes through a given point D on BC such lha 
BD ; DC = p : q, where p > q. 
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Show that the greatest possible value of the angle B of the triangle is 
sin- 1 q ip, and that there are always two triangles with an angle B less than 
this value, the corresponding values of the angle C being unequal. 

9. E and F are points on the sides AC and AB respectively of a triangle 
ABC , such that AE = X . EC and AF = X . FB, where X is a constant. 
D is any point on BC and DE and DF meet the line through A parallel to BC 
in L and ,\1 respectively. Prove that P, the point of intersection of MB and LC, 
lies on AD, and that MB = (X - 1 )BP. 

10. If two triangles are equiangular, prove that their corresponding sides 
are proportional. 

ABC is a triangle having a right angle at B. D is a point on AC, and E 
and Fare the feet of the perpendiculars from D on AB and BC respectively. 

Prove that the rectangle AD . DC is equal to the sum of the rectangles 
AE . EB and BF . FC. 

11. Without assuming any formula for the area of a triangle or parallelo¬ 
gram, prove that the area of a triangle is one-half of that of any parallelogram 
on the same base and having the same altitude as the triangle. 

AMLN is a rectangle; B is a point in LM, C a point in LN\ the lines drawn 
through B parallel to AM and through C parallel to AN meet in P. 

Prove that the area of the triangle ABC is half the difference between the 
areas of the rectangles AL and AP. 

12. The internal bisector of the angle A of a triangle ABC meets the base BC 
in X, and the external bisector of the same angle meets BC produced in Y. 
Prove that BA : AC = BX : XC = BY : CY. 

If M be the middle point of XY, prove that XY = 2MA. 

13. If the triangles ABC, DEF have areas in the ratio AB . AC : DE . DF, 
prove geometrically that the angles at A and D arc cither equal or supplemen¬ 
tal. 

* 

If the diagonals .1C, BD of a quadrilateral ABCD meet in X, prove that the 
areas of the triangles ABC , ADC are in the ratio BX : XD. 

14. Construct the point C in the segment of a straight line, such that 
AC 2 AB ■ CB and give a geometrical proof of the construction. 

If the segment AC is again divided at D so that AD 2 = AC . DC, prove 
(by any method) that AD = CB. 

15. A line drawn through a fixed point O meets two given parallel lines in 
X and Prove that OX : O Y is a constant ratio. 

In the same figure, two fixed points A and B lie on one of the lines through 
O. I lie lines AX, BY meet in P. Prove that the locus of P is a third straight 
line parallel to those traced by .V and Y. 

16. Define similar polygons, and prove that, if two polygons be similar, 
they may be placed so that corresponding sides are parallel and the lines 
joining corresponding vertices are concurrent. 

Show how to inscribe an equilateral triangle in a given triangle, one side 
of the inscribed triangle being parallel to one side of the given triangle. 

(No proof of the validity of your construction need be given.) 

17. If the internal and external bisectors of the angle A of the triangle ABC 
meet BC in the points .V and )' respectively, prove that BX = ca/(b + c), 
CY = ah /(/> - r), if /> > c. Find the magnitudes of AX and A Y in terms of 
a, />, and c. 

IS. An angle AOC is bisected internally by a straight line OB. From any 
point P in the plane of AOC perpendiculars PL, PM, PN are drawn to OA, 
OB, OC respectively. Prove that LM = MN. 

If OB bisects /_ AOC externally, prove that the above equality still holds. 
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10. Prove that the areas of similar triangles are to each other as the squares 

on corresponding sides. „ . . _ . . . - 

ABCD is a parallelogram and X is the point of trisection of AB which is 

nearer to B. CX and DA produced meet in the point Y. Prove that the area 

of the triangle AXY is two-thirds of the area of the parallelogram. 

20. Prove that, if two triangles are equiangular, their corresponding sides 

are proportional. .. _ „ . _ ^ 

If H be the orthocentre of the triangle ABC and AH meets BC in D, pro 

that BD . DC = AD . DH. . , ... , . „ . 

Hence, or otherwise, show that, if AH meets the circumcircle ol the triangle 

in X, HD = DX. 

21. If two triangles ABC and DEF have their angles A BC and DEF equal 
and AB : BC = DE : EF , prove that the triangles are similar. 

If K and M are the feet of the perpendiculars from the vert ices A and C 
of the parallelogram ABCD to the diagonal BD, and L and .V arc the feet ol the 
perpendiculars from B and D to the diagonal AC, prove tha 
parallelogram which is similar to ABCD. 

22. If A" be the middle point of the side BC of the triangle ABC, prove that 

AB 2 -f AC* = 2BX* + 2AX 2 . „ , L . .. . 

If the length of the medians AX, BY, and CZ of the ruing c 
2 inches, 3 inches, and 4 inches respectively, find the lengths ol the sides and 

the greatest angle of the triangle. 

23. In the side BC of the triangle ABC, points L and M arc taken such 
that the three angles BAL, LAM, MAC arc equal. Prove that, il UL - j 
the triangle ABC is isosceles. 

24. Show how to construct a rectangle DEFG inside an acutc-ang e 
triangle ABC, so that D is on the side AB, E is on the side AC, and / ana u 

arc on the side BC, DG being twice as long as DE. 

If BC = 3 inches, and the perpendicular from A on BC - 4 inches, find 

ratio of the area of the rectangle to that of the triangle. 

25. Define similar polygons, and prove that, if two similar polygons are 
placed with one pair of corresponding sides parallel, then the lines jou b 

pairs of corresponding vertices are concurrent. . mole 

ABC is a triangle, right-angled at /l; show how to inscribe in a rectanjte 

PQRS so that PQ lies along Z*C, R lies on CA and S terms 

sides PQ, QR are in the ratio 2:1. Express the lengths < t. C 
of the sides of the triangle ABC. 

26. ABCD is a parallelogram. Points X, Y , Z,H arc tak ^V^ n ! ^ S * rt 
AB, BC, CD, DA respectively so that AX, BY. CZ, D\V arc each 11/ 

of the corresponding sides. A Y, BZ, CW, DX arc b . .■>'/. i \ i) 

PQRS. Prove that the ratio of the areas PQ RS and ABCD is (n - D /(« ^ »• 

27. Prove that the straight lines which bisect the vertical angle of a triangle 

internally and externally divide the base in the ratio of t \csi • f 

Find the locus of the vertex of a triangle on a given base, when the ratio o. 

the sides is given. , „ „ vr 

28. The side BC of a triangle ABC is divided at X, so that n . B ■ (l • 

Prove that C P + q)'AX * = (p + q)(j> . AB* + q - AC ) - pq ■ 

If G be the centroid of a triangle ABC, prove that 

BC * 4- CA 2 + AB a = 3(AG a 4- BG 2 4- CG ). 

¥ 29 Prove that two triangles arc similar if l, ' cy ^^"n^esVroportional. 
equal to one angle of the other, and the sides about the b cx tcrnally 

i* The points L, M divide a segment of the line AB 
in the same numerical ratio, and O bisects LM. Show that OA .OB 
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If P be any point on the circle with diameter LM, show that PL, PM are 
bisectors of the angle APB. 

30. ABC is a triangle with sides BC = 36 cm., CA = 25 cm., AB = 29 cm. 
A point O lies inside the triangle, and is distant 5 cm. from BC and 10 cm. 
from CA. Find its distance from AB. 

If AO is produced to cut BC in X, find the lengths of the segments into which 
X divides BC. 

31. The perpendiculars of a triangle ABC meet at H, and OA’ is the per¬ 
pendicular from the circumcentre O to the side BC. Prove that AH = 20A'. 

If A A' and OH meet at M, prove that AM = 2MA'. 

32. Prove that the line bisecting an internal angle of a triangle divides the 
opposite side in the ratio of the sides containing the angle. 

A vertical flagstaff 51 feet high, standing on level ground, is divided into 
two parts by a mark 25 feet from the ground. How far away from its foot 
must an observer stand in order that the two parts may subtend equal angles 
at his eye which is 5 feet from the ground? 

33. The internal bisector of the angle A of a triangle ABC meets the side 
BC at D. Prove that BD : DC = AB : AC. 

If the bisector of the angle ADB meets AB at E and that of angle ADC 
meets AC at F, prove that 

1111 

AE AF AB AC' 

34. Prove that, it D and E arc points on the sides AB and AC respectively 
of a triangle ABC such that AD : DB = AE : EC, then DE is parallel to BC. 

A BCD is a trapezium in which AD is parallel to and less than BC. £and F 
are points on AB and DC respectively, such that AB is n times AE and DC 
is n times DF. DA is produced to G so that DG is n times DA and H is taken 
on AD produced so that AH = BC. Prove that GH is n times EF. 

35. 1 hrcc points A, B, C are taken on a straight line such that B lies between 
A and C , and AB is greater than BC. A line BX is drawn through B making 
an angle of 45° with AC. Show how to find a point P on BX such that BP 

bisects the angle A PC, and prove that the length of BP is a/2. 

AB — BC 

36. ABC is a triangle and D is the mid-point of AB. P and Q are the centres 
of squares described on AC and BC respectively, externally to the triangle. 
Prove that DP = DQ. 

37. The mid-points of the sides BC and AB of a triangle ABC are D and F 
respectively, and E is a point on AC such that AE = 3 EC. A point G is taken 
on EF such that FG = 2GE. Prove that GD is parallel to AB. 

38. In a triangle OAB, which is right-angled at A, the side OA is 2 inches 
and the side AB is 1 inch in length. Another triangle OBC is right-angled at 
B and OB is three times the length of BC. If A and C are on opposite sides of 
OB. prove that the angle CO A is 45°. 

39. ABC D is a parallelogram, and a line is drawn through A meeting BD 
in P, c D m Q and BC produced in R. Prove that PQ : PR= PD Z : PB a and 
that PA is the mean proportional between PQ and PR. 

40. A BC is a triangle in which AB = AC. A line through the mid-point 
of BC meets AB in P and AC produced (through C) in Q. A line through C 
parallel to AB meets PQ in R. Prove that: 

(i) BP = CR, 

(ii) BP : PA = QC : QA, 

liii) AB(AP -f AQ) = 2AP . AQ. 

% 
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41. A and B are two fixed points on the same side of a fixed straight line XY. 
If P be a variable point on XY, prove that AP + PB is a minimum when AP 

and BP are equally inclined to XY. .. . rc 

ABC is an acute-angled triangle and P, Q, R are the feet of the perpend.oculars 
from A, B, C respectively to the opposite sides. Prove that PQRis the triangle 
of minimum perimeter with vertices on BC, CA, AB respectively. 

42. The four points A, B, C, D lie on a circle in that order From B per¬ 
pendiculars BX, BY are drawn to AD and CD respectively. Prove that 

/_BYX = Z-BDA. , . i nvn 

Prove also that, if XY meet the circle at P and Q, the triangles BP A, BYQ 

are similar. 

43. Prove that the locus of points from which equal tangents can be drawn 
to two given circles is a line perpendicular to the line joining the centres ot the 

two circles. 

Given a point P and two non-intersecting circles C,. C a , give a construction 
to obtain a point Q such that the tangents from Q to C t and C - are each equa 
to the distance PQ. 

44. A triangle ABC is inscribed in a circle. Lines drawn through .4 P ar ‘ 1,1 ' :l 
to the tangents at B and C meet BC in D and E respectively. I rove that, 
(i) AD = AE, (ii) BD : CE = AB 2 : AC 2 . 

45. With a point A on the circumference of a circle S, as centre a circle S t 
is described, cutting 5, at B and C. A straight line through 1 meets -S, at 
P, S a at Q and the chord BC at R. Prove that AQ = AP • AR. 

46. Tangents arc drawn to a circle at points A and B. and P is any other 
point on the circle. Prove that the product of the perpendiculars from / 
the tangents is equal to the square of the perpendicular from l to A is. 

47. Prove that, if two triangles be equiangular, the sides opposite the equal 

an ?S, a cTr5 ITaTp^PDC intersect at P and APD, BPC arc straight line. 
Prove that, if the radius of the circle APB is twice the radius ol the circle / DC . 
then chord AB is twice chord CD. 

48. In a right-angled triangle ABC, prove that the perpendicular ^ rom 
the right angle A to the hypotenuse BC is a mean proportional between the 

segments BD, DC of the hypotenuse. tini>iinK 

A variable tangent to a given circle meets two fixed parallel angents 
P . Q, and touches the circle at R. Prove that the rectangle / R ■ RQ «s constant. 

49. OPQ and ORS arc straight lines and OP . OQ = OR ■ OS. Prove that 

the points P, Q, R, S are concyclic. . 

O is a fixed point and P is a variable point on a fixed line /. Q is a point on 

the line OP such that OP . OQ is constant. Find the locus ol Q. 

50. Four points A, B, C, D arc taken in order on the circumfcrcna; of a 

circle, and a point A' is taken on the line AC between A and C stu-h th. 
angles ADX and BDC are equal. Prove that (.) the triangles ADX and BDC aie 
similar, (ii) AB . CD -1- AD . BC = AC . BD. ... . 

51. Two circles have four real common tangents and the lineJom.ny: their 

centres meets the circles at points A, B, C, D in this order. , circles 

between the points of contact of a direct common tangent to the two circles. 

Pr ?f th? 1 dis'tan^e bftvv^n 'the points of contact of a transverse common tan¬ 
gent is l t , prove that i t * — /** = AB • CD. 

52. AB is a diameter of a circle and LM is a line at right angles tothe-di¬ 
meter. intersecting it at C. From A any two lines Al Q, ARS are draw, 
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cutting the circle at P and R and the line at Q and S. Prove that the triangles 
APB, AQC are similar, also the triangles APR, AQS. 

53. In two triangles ABC and PQR the angles B, Q are equal and 
AB : BC = PQ : QR. Prove that the triangles are similar. 

A diameter AB of a circle is produced to O and P is a variable point on the 
circle. Through O is drawn a line OP' so that POP' is a constant angle and the 
product OP . OP' is constant. If A', B’ are the points corresponding in this 
way to A and B, prove that P' lies on the circle with A'B' as diameter. 

54. Two circles intersect in A and B. The tangent at A to the first circle 
meets the second circle in R \ the tangent at B to the circle ARB meets the first 
circle in P ; PA produced meets the circle ARB in Q; RB produced meets the 
circle APB in S. Prove that PQRS is a parallelogram. 

55. Two circles intersect at A and B, and the chord through A meets the 
circles again at C and D. Prove that, for all positions of the chord, the angles 
between the tangents to the circles at C and D are constant. Distinguish between 
the cases when A is between C and D, and when A is in CD produced. 

56. The tangents from a point P to a circle centre O touch the circle at A 
and B, and the chord AB meets OP at C. Any line through P meets the circle 
at A and Y. Prove that the points O, C, X, Y are concyclic and that PC is 
the external bisector of the angle XCY. 

57. AB( DE is a regular pentagon. CD is produced beyond D to F, and 
DC is produced beyond C to G so that CF and DG are each equal to AC. 
Prove that the triangle AFG and the pentagon are equal in area. Prove also 
that EF touches the circle circumscribing the pentagon. 

58. A line DE parallel to the base BC of the triangle ABC cuts AB, AC 
in D and E respectively. The circle which passes through D and touches 
AC at E, meets AB at F. Prove that F, E, B, C are concyclic. 

59. Two circles, centres A and B. touch externally at a point C. A common 
tangent touches the circles at Pand Q respectively and meets AB produced at S. 
If T be the point in PQ such that PT : TQ = PS : QS, prove that (i) the 
triangles PA T, QBT are similar, (ii) the internal bisector of the angle ATB 
passes through C. 

60. Give a geometrical construction for drawing a circle with its centre on 
one ol two intersecting straight lines, touching the other and passing through 
a given point. 

Prove that your construction is correct and that there arc in general two 
solutions; also state the limiting position of the point for the construction to 
be possible. 


61. Prom a point P , straight lines PA, PB, PC, . . . arc drawn ending on the 
straight line ABC. . . The lines PA, PB, PC, ... are produced to A', B', C' ,. . . 
respectively so that A A' = PA, BB' = PB, CC' = PC, . . . Prove that the 
points A', B', ( ", ... lie on a straight line parallel to ABC . . . 

1 hree equal circles meet in a point P, and their other points of intersection 
are R, Q, .S’. Show that the tour points P, R, Q, S' arc such that each of them 
is the orthocentre ot the triangle formed by joining the other three. 

62. 1 wo circles in the same plane have radii a, b, and the distance apart of 
their centres is c. Calculate the lengths of the common tangents, according 
as c is greater than or less than (a + b). 


If c > (a -» b) and the difference between the lengths of the two kinds of 
common tangents is 21, prove that c 2 = a 2 + b 2 + /* + a 2 b 2 /l 2 . 

63. Prove that the rectangles contained by the segments of two chords of a 
circle which meet outside the circle are equal. 

A BCD is a cyclic quadrilateral; AB, DC produced meet in E; BC, AD 
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produced meet in F; P is a point in FE such that the angles FAR, FEC are 

equal. . 

Prove that the rectangle FP . FE is equal to the square on the tangent to me 

circle from F, and that EP . EF is equal to the square of the tangent from t. 

64. Prove that the internal bisector of an angle of a triangle divides the side 
opposite to that angle in the ratio of the sides which contain the angle. 

The internal bisector, AD, of the angle BAC of a triangle ABC meets B C 
in D ; the circle through A, D, C meets AB again in Q, and the circle through 
A, D, B meets AC again in R. Prove that BQ and CR are equal and that their 

common value is BC 2 A- {AB + AC). 

65. OA is a fixed radius of a circle with centre O, bisecting an arc PQ of the 
circle. C is any point on OA, inside or outside the circle. QC meets the circle 
again in R, and PR meets OA (produced if necessary) in D. Prove that the 

triangles ORC and ODR are similar. 

Hence, or otherwise, show that, if C be fixed and P and Q vary, ie poi 

D is a fixed point. 

66. A point P moves so that its distances from two fixed points are in a 

constant ratio; prove that P lies on a fixed circle. . 

Each of two given circles lies wholly outside the other; if their irect c'om 
mon tangents intersect at B, and P be any point on the circle drawn on a 
diameter, prove, by considering the ratio of the distances of / rom e 
centres of the circles, that the two circles subtend equal angles at P. 

67. If a circle be drawn to cut two given circles at points A, B and C, D 
respectively, show that the lines AB and CD meet on the radical axis o c 

given circles. .. . f 

Show how to describe a circle to cut two given circles orthogonally ana to 
pass through a given point, not on the line of centres. Prove the va i i > o 
your construction. 

68. If ABCD be a quadrilateral inscribed in a circle, prove that 

AB . CD -f- BC . DA — AC . BD. 

If P be a point on the minor arc BC of the circumcircle of an c g“ n “ lc £®! 
triangle ABC of side 3 inches, prove that the maximum value ol / if . 
is 2\/3 inches. 

69. Prove that, if two triangles are equiangular to one another, their corre¬ 
sponding sides arc proportional. f ,, 

Any point C is taken on a circle of centre O, and a diameter AC / c 
circle is drawn. If the tangent at C meets AB at T, and meets the 
A and B at points P and Q respectively, show that the triangles IA , 
arc similar, and deduce that the product AP . BQ has the same va ue or a 
positions of C on the circle. 

70. Prove that, if two polygons be similar, they can be placed so that the 

lines joining corresponding vertices are concurrent. 

Show how to describe a square inside a quadrant of a circle o ra . 

so that two of the vertices of the square lie on the arc, and the o ler 
vertices lie on the radii bounding the quadrant. 

Prove that the area of this square is 2r*/5. 

71. A variable point P lies in a fixed plane, and is such that the ratio 
PA : PB is equal to a constant k, where A, B arc two fixed points in me pianc. 

Prove that P lies on a fixed circle, and find the radius of this circle 
of AB and k if k > 1. . . 

72. If. from a point O outside a circle, OT be drawn to touch the circle 
at T, and AB be any chord of the circle passing through O, p 

OT* - OA . OB. 
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Find the locus of a point such that the lengths of the tangents drawn from 
it to two unequal and non-intersecting circles are equal. 

73. Three points A, B, C, lying on a straight line, are joined to a point O 
outside the line, and the lines so drawn are produced to points A', B', C' 
respectively so that AO . OA' = BO . BO' = CO . CO'. Prove that the 
circle through A\ B', C' passes through O. 

74. If the internal bisector CX of the angle ACB of a triangle ABC meets 
AB in X, prove that AX : XB = AC : CB. 

The triangle ABC is right-angled at C and O is the middle point of AB. 
If the internal and external bisectors of the angle ACB meet AB and AB 
produced in X and Y, prove that OC is a tangent to the circle XCY. 

75. Prove that the difference of the squares on the sides AB, AC of a triangle 
ABC is equal to twice the rectangle contained by the base BC and the distance 
between the middle point of the base and the foot of the perpendicular from 
A on the base. 

Two circles whose centres are A and B touch at C, and from any point P 
on one of them a tangent PT is drawn to the other. Prove that 
f’T' 2 = 2AB . CN, where <V is the foot of the perpendicular from P on AB. 

76. If A, B, C, D are four concyclic points, state and prove the relation 
known as Ptolemy’s theorem, between the lengths of the six lines joining these 
four points. 

ABC is an equilateral triangle, and P is any point on the circumcircle. 
Prove that one of the three lengths PA, PB, PC is equal to the sum of the other 
two. 


77. Prove that the external and internal bisectors of the angle A of a triangle 
ABC divide BC externally and internally in the ratio AB : AC. 

Show that the locus of a point P which moves so that BP : CP = BA : CA 
is a circle, and find a point R such that 

AR : BR : CR = AB . AC : BC . BA : CA . CB. 

7S. II AP , BQ are parallel radii of two circles which are external to one 
another, show that the line PQ passes through one or other of two fixed points 
on the line AB, where A, B are the centres of the circles, and deduce that each 
of the common tangents of the circles passes through one of these points. 

Show also that, if another circle touches these two circles, the line joining the 
points ol contact passes through one of these points. 

7 l >. AB is the common chord of two circles that cut at right angles. A 
straight line through A meets the first circle again in P and the second in Q. 

I’rove that: (i) Z. PBQ is a right angle, (ii) the diameter of the first circle 
through P is perpendicular to the diameter of the second circle through Q. 

SO. P, Q are the points of contact of the two tangents from a point T to a 
circle, and TAB is any straight line through T meeting the circle in A, B. C is 
the mid-point ol tlie chord AB. Prove that: (i) TPCQ is a cyclic quadrilateral, 
(ii) PA . PB = PQ . PC. 


81. Two circles intersect at A and B. P is a variable point on one of the 
circles and PA and PB, produced if necessary, intersect the other circle in X 
and ) icspectivcly. Prove that A’}’ and the circumradius of the triangle PXY 
are of constant lengths. 


82. /,. /... l 3 are three non-intersecting straight lines in space, no two of 
which are parallel. Prove that, through any point on /,, just one straight line 
can be drawn intersecting both / 2 and l 3 . 

If /«, / 2 . / 3 are all parallel to a given plane, and P x QiR u P 3 Q t R a are two 
straight lines meeting /, m /», and P t , /, in Q x and Q,, /, in R, and R t , prove 
that /»,(?, : P t Q a = Q t R t : Q 3 R 2 . 
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83. OA , OB, OC are three concurrent straight lines each of which is per¬ 
pendicular to the other two. The foot of the perpendicular from O to the 
plane ABC is H. Prove that H is the orthocentre of triangle ABC. 

84. / and m are two fixed non-coplanar lines and A and B are two fixed 
points. Find the locus of a point P which moves so that PA intersects / and 
PB intersects m. Show that one position of P is on / and one on m. 

85. A tetrahedron A BCD has its opposite edges equal in pairs ; it is cut by 
a variable plane which is parallel to both AB and CD. Prove that (i) the section 
is a parallelogram, (ii) the perimeter of the parallelogram is constant, (iii) the 
area of the section is a maximum when it is a rhombus. 

86. ABCD, EFGH are two opposite faces of a rectangular solid, the vertices 
being opposite in the order named. P, Q, S, T are the middle points of AB, 
AD, GH, FG respectively. Prove that these points are coplanar. 

If the solid be a cube and the plane PQST cut BF in J and £>// in R, show 
that PQRSTU is a regular hexagon. 

87. Prove that the shortest distance between two non-intersecting straight 

lines AB, CD is perpendicular to both. 

Prove also that, if P be any point on AB and Q be any point on CD, the 

locus of X, the mid-point of PQ, is a plane. 

88. A triangle ABC is right-angled at A. A point P not lying on the plane 
ABC is equidistant from A, B, and C. Prove that the line PN, joining P to the 
middle point N of BC, is perpendicular to the plane ABC. 

If BC =8, AB = AC, and PN = 3, calculate the shortest distance between 

the skew lines AP and BC. 

89. ABCD is a tetrahedron in which the angles CAB and ABD arc right 
angles and AC = BD; Land Fare the mid-points of AB and C D respectively. 

Prove that EF is perpendicular to CD and that Ah = Bh. 

90. A and B are fixed points, and P is a variable point such that PA I PB 
is constant. Show that the locus of P is a sphere. Find the radius ot the sphere 
when AB = 5 cm. and PA I PB =3/2. 

91. Prove that the locus of points which are equidistant from two given 
points is the plane which bisects at right angles the line joining the two points. 

A plane through the edge AB of a regular tetrahedron ABC D bisects the 
side CD; find the angles between this plane and the planes ( AB, DAB. 

92. (a) Show, with proof, how to draw a perpendicular to a plane from a 

point outside it. . 

(6) Show how to draw the common perpendicular to two non-intersecting 
straight lines, and prove that this perpendicular is the shortest distance between 
the two lines. 

93. Given a point and a plane, such that the point does not lie in the plane, 
show how to construct the straight line which passes through the point an is 
perpendicular to the plane. Justify your construction. 

ABCD is a face of a cube. E is the vertex diametrically opposite to A, ana 
AF is an edge parallel to CE. Prove that AE is perpendicular to the plane 
BDF. 

94. If two parallel planes arc cut by a third plane, prove that the lines of 

intersection arc parallel. . • , 

Four planes meet in a point. Show how to draw, through a given p< * 
one of the planes which cuts the four given planes in lines which form me 
sides of a parallelogram. 

95. Prove that two lines, not in the same plane, have a common perpen¬ 
dicular, and that it is the shortest distance between them. 
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Find the magnitude of the shortest distance between a pair of opposite 
edges of a regular tetrahedron of side la. 

96. If a straight line be parallel to a line lying in a given plane, prove that 
it is parallel to the plane. 

Two planes have a line of intersection AB. The intersections LM and PQ 
of these planes with a third plane are parallel. Prove that LM and PQ are 
each parallel to AB. 

97. Prove the following properties of two lines AB and CD, which do not 
lie in the same plane. 

(i) There is a straight line perpendicular to AB and CD. 

(ii) The common perpendicular is the shortest distance between AB and CD. 

(iii) There is only one line which can be drawn through a point P, which 
does not lie in AB or CD, to cut AB and CD. 

(iv) The locus of points equidistant from AB and CD is a plane. 

98. If two straight lines are parallel, and if one of them is perpendicular to a 
plane, prove that the other is also perpendicular to the same plane. 

1 he point B is the foot of the perpendicular from a point A to a plane XY. 
If BC and CD are two perpendicular lines in the plane XY, prove that AC is 
perpendicular to CD. 

99. A A , BB , C C are three straight lines, no two of which are coplanar. 
Prove that, il P, Q be any two points on CC' , one straight line, and only one, 
can be drawn through each of these points so as to intersect both A A' and BB'. 

Prove also that the lines so drawn are not coplanar. 

100. Prove that three parallel planes intercept on any two straight lines 
segments which are in the same ratio. 

A BCD is a regular tetrahedron, and X, Y are the mid-points of AB, AC 
respectively. 1 hrough XY a plane is drawn at right angles to the plane ABC. 
land the ratios in which this plane divides the edges AD, BD, CD, produced 
it necessary. 

101. Prove that a straight line, which is perpendicular to two given straight 
lines in a plane, is perpendicular to any other straight line in that plane. 

I he triangles ABC, ABD are in perpendicular planes, and are right-angled at 
A and B respectively. P is the mid-point of AB, and Q the mid-point of CD. 
Show that PQ is perpendicular to AB. 

102. Prove that, if a straight line AD is at right-angles to the straight lines 
.-l/f and .1C, It is at right angles to any straight line AF in plane ABC. 

Ii AB = AC — AD, and the point F lies on BC and the angle BAC is a 
right angle, prove that 2 cot LFAB = V3 cot /_FDB - 1. 

103. Define the angle between two non-intersecting straight lines. 

A Be /) is a regular tetrahedron and F. is the mid-point of CD. Prove that the 
edges AB and CD are perpendicular and that the angle between AE and BC 

is cos 1 ( % 3 6). 


104. OA, OB, OC are three straight lines such that OA and OB are each 
pei pendicular to O C. Prove that every straight line in the plane containing 
OA and OB is perpendicular to OC. 

4/7< Z> is a regular tetrahedron, and E, F, G, H are the mid-points of AB. 
C/>, BC , .-il) respectively. Pro\e that ZiFand GH arc perpendicular. 
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CHAPTER I (page 22) 

8 . (a) Real, ( 6 ) real and opposite in sign ; a*x 2 - [ 6 * - 4ab 2 c + 2a 2 c 2 ]x + c* 
= 0 . 

9. a = 26 ± V(4ft 2 + c 2 ). 

10. (i) X < 2, X > 5, (ii) (25ac - 46 2 )x 2 - 3a6x + a 2 = 0. 

1 1. a = 0 and b = c\ b = -2, c — —48. 

12. 8/3. 

13. (i) 4x 2 - 13x + 1 = 0, (ii) -4 < k < 1. 

14. y = 6 or - 1. 

15. p 2 - 2{q - q x ) - pp x . 

16 . (a - 2b ± c)x 2 - ( 6 a - 10b + 4c)x + (9a - 126 + 4c) - 0. 

18 . p 3 + q 3 + r 3 = 3 pqr. 

21. 16x 2 - 24x - 11=0. 

22. a = i(2 4- d ± - 4n + 4)1, 6 = 4((2 - d) ± \/(4 2 - 4n + 4)]. 

23. Maximum and minimum value is (ac - b 2 )/a. 

25. a 2 p 2 x 2 — abpqx ± ( acq 3 + b 2 pr — 4acpr) = 0. 

27. (i) 45. (ii) -5/4. 

28. x = (a - c )/6 or (a - b)/c ; 

(a - 6 )(a - c)x 2 + ( 6 2 4- c 2 - ab - ac)x + 6 c = 0. 

31. (ca' - c'a ) 2 = (a 6 ' - a' 6 )( 6 c' - 6 'c). 

32. (i) complex, (ii) real, opposite signs, greater negative, (iii) real, opposite 
signs, greater positive, (iv) real, both negative. 

33. a(a 3 + 6 3 ± c 3 - 3a6c) = 0. 

34. (i) ax 1 ± 6 x ± c = 0, (ii) 3 > y > 2. 

35. (ii) ax* - 46x + c = 0. 

36. (i) Minimum value 47/8, (ii) 4x 3 4- 19x + 49 = 0. 

37. x 2 - x > — i; if x > 2 , or if - 1 < x < 0. 

38. k = 3. 

39. k = 1 or —3; x = - 1 (twice), x = 1. 

40. (i) x = 25. (ii) x = -3, y = 2; x = -27/5, y = 2/5. 

41. (i) x = -i, y = -6 ; x = 2, y ~ - 1, (ii) x = - 6 . 

42. x = 2. 

43. (i)x = y = - i, z = 0, (ii) x = 5, y = 1; x = - 19/5, y = - 17/5. 

44. (i) x = 3 ± \/ 6 , (>•) x = 5, y = 1 ; x=l, y = 5. 

45. a = - 6 . 6 = 4, c = 2, J = 5/2; y = - 15/16. 

46. a 4 - 4a 2 k> 4- 2v 2 ; x = 5, y = 2 and x = 2, y = 5. 

47. (a) --2, ( 6 ) x = ± 1/V2, y = 0 and x = ±2/V6, y ~ Tl/-\/ 6 . 

48. x = 1, y = 0, z= 6 ; x = 3, y = 4, z = -2. 

49. (i) x = - 6 , (ii) x = 14/5, y = 15/7 and x = 1, y - 3. 

50. (i) x = 5, (ii) x = ±4/3, y = ±J. z ~ ±12, x = ±5«, y = ± 6 . 7 i, 
z = ±4H. 

51. (i) 4x/(x 2 - 2x - 2). (ii) x = 25/7 or - 1 /7. 

52. (a) x = 57/16, ( 6 ) x = 1, y = 2 and x = 2, y = 3. 

53. x = 4, y=l, z = 7; x = 8 , y = -1, z = 5. 
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54. 0)x = ±1, y = =F2 and x = ±3 yj^-y y = ±5 yjf 3 > 

(ii) x = 1, ±2, or - 3. 

55. x = ±3, y = =F5; x = ±2\/2, y = =p3-\/2. 

56. (i) x = -1/17, (ii) x = 5/2, y = -3/2 and x = -3/2, y = 5/2. 

57. (i) x = 2, y = 6 and x = 6 , y = 2, (ii) x = 5-129, y = 2. 

58. (i) x = ±3-v/10/8. 

59. (i) x = 2, i, - 3, or - J, (ii) z* + 2z + 1 = 0; x = 3, y = 4 and 
x = -4, y = -3. 

60. (ii) x = 9/2, y = 6 , z = 4/3; x = -9/2, y = -6, z = -4/3. 

61. (i) x = $ (a - 4b). 

62. (i) x = 2-322, (ii) x = ±V{prlq), y = c ± y/(pq!r) t z = -c ± Vi.Q r tP)- 

_ c(c ~ 6) _ _ c(a - c) 

* o(fl - 6)’ ^ 6(a - />)' 

64. (i) x = 7 or 3, (ii) x = ±2, y = ^3 and x = y = ±^p. 

65. (i) x = ±3, )’ = T I and x = ±1, y = :f 3, (ii) x = 9 or -4. 

66 . x = i, y = 10 ; a = - 2 , y = 15. 

67. (i) x = 3, y = - 5/3 and x = 16/9, y = - J, (ii) 6 p s > <?*. 


CHAPTER II (page 37) 

1 . 0 ) xV/* 9 . 

2. V12 - \/6. 

3. (x»/3 + y-«/ 6 )( x l /3 + ^- 2 / 6 ). 

4. (i) 2 v /3 - V7, (ii) 1 lx 3 + 2x* - x + 1. 

5. (0 9/4 + i(5 v '5), (ii) i(105 + 51^5). 

6 . (.p + Vq - V r)(p - Vq + Vr)(-p + x 'q + v //-); (2 + y/2 - V6)/4. 

7. (n) y = 2. 

8 . (i) 0 435, (ii) log 10 5 = 0-6989700043, log,, 0-125 = T-0969I00129. 

9. (i) 22, (ii) x = 4, y = 2. 

10. (i) x = 3-2. 

11. (ii) (a) x = 2 or -4, (b) x = -0-6027. 

12. -003476; 0-2368; 1-73159. 

13. 2-373. 

14. log, 4 = 0-774, log 1/e 4 = -0-774, log, 6 = 1-29. 

15. log 28 = 2-17074; a = 4-642. 

16. (i) x = -3-513, (ii) x = -2-517, y = 1-839. 

17. (i) log, 5 = 0-7740, (ii) x = 2 log 10 2 - 1 = -0-39794. 

18. log 5 = 16« - 4b + 7c, log 3 = 1 \a - 3b + 5c. 

19. (ii) x = 0 or 0 8611. 

20. (i) 9-452, (ii) -0-5413. 

21. « = 163, 164, 165, 166; x= 1-25. 

23. 0-2779. 


25. y = 1-35.V 1-6 ; x = 2-995. 

26. E = 861-9, log 7 E = 3-474. 

27. a = 64, b = 2-v/2, c = y/2. 

28. x = 3-166, v = 2-485. 

29. 15; x = ±0-6309. 

31. logio 2 = 0-301. 

32. (ii) x = 0-262 approximately. 

33. (i) x = 0-322. 

34. log I0 108 = 2 P + 3q. log 10 10-8 = 2p + 3q - 1, log 10 VO /5 = ) + q - 1) 

< n > * = °. or isfi = 0 «>• 
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35. (i) x = 2, y = 3, (ii) n = 31. 

36. (i) 1-585, (ii) x = 2-585, y = 2. 

37. (i) x = 2 66. 

38 . (i) x = j^|| 0r ^||. (H) log, 0 96 = 1-982271, log,. 0 0375 = 2 574031. 


CHAPTER III (page 58) 


2 . 

4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

15. 

16. 

17. 

18. 

19. 

20 . 
21 . 
22 . 
23. 

25. 

26. 
28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 

37. 

38. 

39. 

40. 

41. 

42. 
42. 
44. 


A = 0, B = i, C = 4, D = 4- 
H.C.F. = (x 4- 2), L.C.M. = (x - l)(x 4- l)(x 4- 2) 2 (x + 3)(x - 3). 

(i) z, (ii) (x - 2 y+ 3z)(2x + y - z). 

— \4x/(9x 2 — 1 ); ?*. 

(x 2 + y2 + z 2 _ ’ >>z - - xy); 2(c 3 - 3</ 3 ) = «(36 2 - a 2 ). 

2x 3 4 - 5x 2 - x - 6. 

(x 2 + y 2 + z 2 - yz - zx - xy) ; xyz = - 4. 

p = — 3 t ^ = 2 or /? = 2, 4 = —3; /!= - 1, Z? = 1, C = 2, D =■ 1 

(cancelling by 25). , 

H.C.F. = 4- 36, L.C.M. = (a + 36) 2 (a - 6) 2 (« - 2b)(a - 36). 

" = - 12, C = 7, (ii) a = 2, p = - 3 or a = -5, 


>• = - 5. 


P = 4. 

factors 


(i) A = 3, B 

1 : 2 : 2 . 

>. = 7, factors (x 4- 2y - z)(x - y + 3 z ); 

(x 4- 2y 4- 3z)(x - y - z). 

3a6c(6 4- c)(c 4- a)(« 4- 6). 

(6 - c) ja: (c - a)/6: (a - b)/c. , 8 

(6x - ay) 2 + (ax 4- 6y - l) 2 ; x = a/(a 2 4- 6 2 ), y = *{(« 4- 6 ) 

x * _ 4x 3 - 4x 2 4- 16x -8 = 0; (1 - \'2 - VD. 0 - V2 + V3). 

(1 4- V2 - V3). 
x 4- 2k. 

(x 2 + 4x + 2), (x 2 - 4x 4- 2); x = ±2 ± y/2. 

/I =1/7, 5= -12/49, C= 24/49. 

(6) - 2(6 - c)(c - a)(a - 6)(a 4- 6 4- c). 

4, 6 = -4/3, c = 1; x = 1 or i(-l ± \ /13 )- 


a = *, = -«/•>. c = i . x = «• av • j- v 

p = 3/2, 4x 2 - 4x - 2; = - 1. 4x» - 3x 4- 3 

x = 2, y = 3/2, z = 1 /3, or x = 23/8, y = 48/11, 

x = 0-45 or 3-52. 

x = 1 or 3-23. 

k = 3-6, x = 0 358 or - 3-358. 
x = 0-11. 

n = 0 44, k = 14-5. 
x = 1 62 or -0 62. 

[-2±V(6 /m), ±V(6m)]. 

y = 2x - 5 ^ (5/2,0). 

k < 1 - and k > 1 4 ; 

x = 2-32. 

Two roots; x = 0-54. 
x = 3-11, 0-1001, or - 3-21. 
x = 2-3. 

x = 1-1 or - 1-4. 
m = J. 
x = 1-32. 

CHAPTER IV (page 78) 


44/69. 


3 < x < 4. 


1. Sum = (3 4- x*)/(x 2 - 2x 4- 3). . . ... , , A 

2. (i) 3 and 75, (ii) First term = 2kl/(k 2 4- /). common ratio (A - /) /(* + 0 
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4. (i) 11,570, (ii) Sum = In . 3” + * - 15/2(3" - 1). 

6 . 22 . 


7. (i) 6(1 - (*)»], (ii) 10 - —(4 /j + 10). 

8. Sum = 3[ 1 - 3 - "], number of terms = 8. 

9. a = 3-6 n, 6 = 3/j 2 - 3n + 1; sum = r(r + l)(2r -j- l)/6. 

10. (ii) 125/2, -75/2; -27/2, 45/2; sum to infinity = 625/16. 

— 6 n 

11. Sum = number of oscillations = 25. 

14. (1 - x")/( 1 - x); - 1 < x < 1; sum to infinity = 1/(1 - x)(l - *■). 

15. 17th. 


17. £3,751 10s. 

19. (») 2, 4, 6_ 

21. £1,308 11s. 

22. £2,716. 


24. a = 845-3, r = 0-6762; sum to infinity = 2,611. 

25. £1,405. 

27. £702 approximately; 41 years. 

28. -7, - 4$, -2, i, 3, 5i, 8, 10J, 13. 

29. (i) 8. (ii) Sum = ? + * ~ + 2X- +O- - l)*-* 1 

0 - ■*)* 

30. a = 2Z), sum of first 6 = 3646/27; a = -36, sum = -636. 

31. 3,654. 

32. £78 10s. 


33. (ii) 9 years. 

34. (i) 9 or 16, (ii) r = 1/(1 + p). 

36. n — 11. 


37. (ii) A — 3, B = 2; sum = 2, 211. 

38. 22 years. 

39. (i) I-irst term = p + q - 1, common difference = — 1. 

40. (i) 332,667, (ii) eleventh term = 1, sum to infinity = 271. 

41. (i) $„(„ + 1)(3// 2 + 5/j -J- I), (ii) - „*(4n + 3). (iii) */,(/, + 1)(« + 2 )(n + 3). 


CHAPTER V (page 103) 

1. (i) 2,860, (ii) 120. 

2. 182. 

4. (i) /;(// - l)(/i - 2), (ii) 126; 56. 

5. 256; sum = 711,040. 

6. 3,360; 1,200. 

7. 155; 25; 30. 

8. A///(//* - 1) -f- ;/(/i - I) T 2w/i. 

9. 625; 505; 306. 

10. 73. 

11. 15!/(5 !) 3 . 

13! 

12 . -. 

(4!)(2!) 

14. (ii) 72. 

15. //(// - 1)(// - 2)/6. 

16. 126,720; greatest term is ninth. 

18. 1.001; 2,002; 3,003. 

19. (i) -704,000, (ii) r — 5. 

22 . n 8 . 

23. (i) 2- . 3' . 7, 2 s . 3 7 . 5 . 7, (ii) // = 7, coefficient of x* = 56. 
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24. 

25. 

26. 
28. 

29. 

30. 

31. 

33. 

34. 

35. 

39. 

40. 

42. 

43. 
45. 

48. 

49. 

50. 

51. 

52. 

53. 

54. 


-51 . 2 19 ; a = 16, b = 90§. 

(i) Fifth term. 

(i) 18 CV . 4 19 -' . 3 r . x T ; 10 C B . 4“ . 3 s . 

(ii) x 8 - 8a 7 + 36a® - 104a- 5 4- 214a 4 - 312a 3 4- 324a* - 216a + 81. 

15 35 . 15 . 515 


0*) 1 " T x + T* 2 ” ~4 X * ~ 


16 


56. 


— 2l C 10 .3 10 .2 11 — -2 13 .3 U .7.13.17.19; 18th term = 2 17 .3 19 .5.7.9.1 

- 1,760; 2 00900420. 

n = 2, expansion = 1 + 2a + 3a* 4- 4a 3 4- 3a 4 4- 2a 5 + a* ; 
n = 3, expansion = 1 + 3a + 5a 2 4- 7a 3 4- 7a 4 4- 5a 5 4- 3a® 4- x 7 . 

1 4- 2nx 4- (2/j 2 - m)x 2 ; p = 2a + l. 

Coefficient of a is —200, coefficient of a® is — 1,052. 

a = 2(1 — «); coefficient of a 3 is - An(n - 1)(2 n — l)/3, coefficient 
of a 4 is - 2/i(n — l)(2n — 1)(« — 3)/3. 

7, 21, 35. 

9,602. 

Coefficient of a 9 is - 1,280a 2 ; -1,001 x 2® x 3“. 

(ii) a 8 4- 2 a 7 b - 2 a c b 2 - 6a®Z> 3 4- 6a 3 6® 4- 2a*6® - 2a6 7 - 6®. 

(i) - 72. (ii) /i = 9, c = 2. 

(i) -231/8, (ii) r = 9, c, = 2,002, 
seventh term. 

(i) n = 14, r = 4, (ii) 175 ways. 

(i) 4,095, (ii) 2,520. (iii) (a) i, (6) *. 

246 ways. 

450 ways; 3/11. 

(i) 120; 24; 72. 

« = (H 3) /(A: - 1). r = 2/(Ar - 1). 

1 on a 2 - a 3 


c r + 1 = 1,001; sixth term and 


7^; - i); *n*csn* - 3). 


57. 1 4- nx 4 


n(« 4- 1) 


4- 


n(n 4- 1)(« 4- 2) 


2 ~ ' 6 

58. 1 10462 ; (a) 10 462. (fc) -0 052. 

59. (ii) Coefficient of a® = //(/» - 1). coefficient of a 7 

60. (i) 1,120/81. 

61. (i) 16*. (ii) 10 049876. 

62. 970. 


J/i(/» - l)(/i - 2) 


63. (ii) 5,151 ways. 

64. (i) 3,780, (ii) i(l - a 4- lx 2 - gA 3 ), | a | <1. 

65. (i) 1 4- 7a 4- 21a 2 4- 35a 3 4- 35a 4 4- 21a® 4 7a® 4- x 7 ; 0 986084 
(ii) 2,640. 

66. (i) 25,740; 3,960, (ii) - 1,050. 

67. (i) 105; 70, (ii) n C,a»-'b'x\ a = V3/3. 


CHAPTER VI (page 150) 

1. 37° 5', 30°. 

2. 6-608 ml., S. 68° E. 

6. tan- 1 4 ~ 75° 58'; tan- 1 2y/2 - 70° 32'. 

8. i ab 2 tan 0 cubic units. 

9. 23-46 feet. 24° 31'. 

10. 465 feet; error approximately 5 feet. 

11. 38 44 feet. 

12. p\/ip 2 4- <y 2 ) Up cos 0 4 -a sin 0). 

14. (!) 79° 6', (ii) 59° 6'. 

15. 1-465 inches, 20° 53'. 
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16. 12/^29 0111 . 

18. 34-4 miles; 13', 17'. 

19. 18 9 feet. 

20. 29° 20', 38° 4S', 111 ° 52'. 

21. 43° 41'. 

22. 40-10 yards. 

23. 4° 20'N. of E.; 137-9 feet. 

24. rt\/2/\/(cot 2 a -f- cot 2 - 2 cot 2 p); about 90 feet. 

25. 25° 55'; 25° 40'. 

28. Tower 28-5 yards, DC — 65 6 vards. 

29. 0 = 30’ 36'. 

30. (i) 13 cos (x 4- a); a = tan - 1 2-4 = 67’ 23'; 292° . 37 . 

31. (0°, 30 ), (60°, 90°), (0 , 1 50"). 

32. (i) A = 37° 55', B = 25° 37'; A = 154° 23'. B = 142° 5', 

(ii) x = 14° 2', 123° 41', 194° 2', or 303° 41'. 

34. (iii) 2/ x 3. 

35. {a),i . 1S0° -{- (- !)'• . 18°, m . 180’ - (- 1)"* . 54°. ( b) n . 1S0° + 90°, 

and -360° ± 60°). 

36. 0 = //— /4, n any integer. 

37. 0 = 0-26, 1-57 or 2-98. 

38. .v = 18°, 90°, 162°, 234°, 306*; a- = 18 c (4m 4- 1). 

r — ' <«* + b, h si " 3 - cos « - ; 0 - 68- 48'. 

41. 0 = 4° 34*' or 273° 13§'. 

42. (ii) 0 = (4// -f 1) . 9’ or (2m - 1) . 45°. 

43. 0 = /; . 360° ± 134’ 26' -f 36° 52'; 171° 18', 262° 26'. 

45. 0 — it . 360° ± 60’ or m . 360° ± 36° 52'. 

46. 0 - n . 360’ 4- 240'. 

47. (i) ±( 1 + r)/(3 4- r). 

48. sin (a - p) =» -60/901, cos (a 4- P) = 451 /901. 

49. Maximum 7, minimum 2. 

52. U = - JO, 9 = - -JO. 

54. Least value cos 2 * A-. 

56. A = * \ [(<; - t) a 4- h 2 ], tan B = b/(c - u), C = 4(« 4- c); greatest 
value 9-5, least value -5-5; 0 = 71° 5'. 

57. x - (2/; El). 180’ or in . 360' 4- 53° 8 '; - 306’ 52', - 180°, 53° 8 ', 
180 . 



60. a- = i, . 360° ± 63’ 26' - 26’ 34'; (i) a = 37°, 270°, -90°, - 323°, 
(ii) a — 0-76 approximately. 

01. } x (10 - 2 v 5) = 0 5878. 

62. 3 A . 180’ • 50° 42', p = A . 180° ± 9’ 17'; 

“ = A . 180’ ± 9° 17', p = A . 180’ ± 50’42'. 


64. BC 


adr 4- a 2 ) 
h 2 - a- ' 


CD 


fl(/i 3 4- « 2 ) 2 

(f? - cCH/r- 3a 5 )* 


65. 13° 17', 103’ 17', 193’ 17', 283° 17'. 

68. (ii) 26 34', 63° 26', 206° 34', 243’ 26'. 

69. (i) 0 // . ISO’ 4- 30° 58' 4- (- l) n . 20° 4', (ii) 0 = n . 180’ 4- 45° 

or in . ISO' 4- 18’ 20'. 
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71. sin 18° = 0-30902, cos 18° = 0-95106. 

72. 60°, 120°, or -96° approximately. 

73. x = 2-33 or 3-30 approximately ; -0-84 < k < 0-35. 

74. 206,266 ; x = 130° approximately. 

75. a = 0-49 approximately. 

76. x = 3 tt/20, 3tt/ 4, or 97^/60 approximately. 

77. x = 1 03 approximately. 

78. Shorter is 11 15 feet. 

80. CZ> = 108 1 feet; width = 64 8 feet. 

82. tan 0 = |(« - 1 /m), tan £0 = (// - I)/(« + D: 45 • 135 

86. tan 15° = 2 - \/3. 

87. tan 40 = i or i ; 0 = 28° 4' or 36° 52'. 


CHAPTER VII (page 189) 


1. c = 14 69 or 4-49. 

2. <? = 62° 27', a = 16 65 cm. 

3. 74° 7', 49° 29'. 

4. 57° 24'. 

6. = 66° 12', c = 20 17 inches. 

7. B = 22° 3', C = 126° 15', c = 10 74. 

8. 2-275 miles. 

lo! Ax'JTv 673 feet, fir - 2V37 feet, CZ = 4v'505 feet; area ArlflC 
= 84 square feet, area second A = 63 square feet, ratio 4 . 3. 

12. (v/2 - 1) inches; [1 - -(1 - V2/2)] square inches. 

14. 16-35 square inches. . 

16. 100° 48', 32° 58', 46° 14'; area = 67-16 square inches. 

17. 13-19 m.p.h.; 8°21'N.ofW. 

18. 4\/5 inches. „ . , 

19. D = 85° 364', C = 43° 23i". TiD = 3-365 inches. 

20. (i) AD = 3 a, (ii) Volume = |« 3 cubic units. 

22. 28 V5 - 7 - 7, 9, 12, i.e. 8 94, 6-96, 5 22 feet. 

24. 29° 20', 38° 48', 111° 52'. 

26. A = 72° 49'. 


31. N., 60° 10' E. . , _ 

32. C = 54° 38', B = 85" 22', b = 10 389 inches or C 

b = 2-6333 inches. 

33. External bisector = (26c sin lA)/(b - c), b > c. 
37. B = 30° 47', C = 51° 35', « = 19-91 inches. 

39. 7 inches and 8 inches; radius l6/\/15 inches. 

40. B = 44° 48', C = 100° 12', c = 24 04 or B = 


125° 22', B = 14" 38', 


135° 12', C = 9° 48', 


41. Area =» 16\/15/15 square inches; angle ABC = 

42. 8-30, 6, 3-70. 

43. i(B + C), i(C + A), i(A + B). 

45. B - 65° 47', C = 48"55', u = 430 3 feet, area 

47. 49° 6', 49° 6', 81° 48'. 

48. /* = a* + 4x(a + x) sin* («/«.) 

51. A = 22° 56', B = 34° 12'. C = 122" 52 ; area 


= 75° 31'. 

= 70-06 square feet. 
= 34,040 square feet. 


52. PQ = 6 481, AP - 13 36. 

54. B = 37" 13', C=91"39\ « = 27-42. 

56. sin J/l = J(v/5 - 1) therefore A = 76 24 ; B - C 

57. </ = (26c sin M)/(c - 6). 

59. Angle BCD =- 89° 25'. 


51" 48'. 
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60. R = 5-77 inches, OH = 2-99 inches. 

61. A = 45° 34', r x = 714 cm. 

62. a = 15-2, Z? = 44° 33', C = 28° 1% 

65. A = 31° 34', Z? = 43° 18% C = 105° 8% 

66. 76-4. 

68. 64° 28% 25° 32'. 

70. A = 45° 14% a = 7-455 inches, r = 1-894 inches. 


CHAPTER VIII (page 221) 

1. 2x 4- y = 10, 2y = x 4- 5; area = 78/5 square units. 

3. (4, 2), (0, 4). 

4. 3x - y - 3 = 0, .v + 3y - 11 = 0; area = 5 square units. 

6. P = (28/5, - 1/5). 

7. Z? = (4, 4). 

8 . y - k = (b/a)(x - //); C = (25, 16), M = (9, 4). 

9. x, = (1 /5)(3x, - 4y 2 4- 2), y, = (1 /5)(3y t - 4x, + 4); (J, |). 

10. x 4- 4y = 11; tan -1 5 /3 and tan -1 9 /2. 

,, ^ _ /3x, 4- 4y, - 6 4x x - 3>\ + 12\ 

12. C = { -5-. -3-; ; 

Equation of curve (x + 6/5) a + (y - 12/5) * = 1. 

13. C = (2, 14), B = (6, 17); P = (-4, 19/2). 

14. 3x 4- 4y = 2, 3x + 4y = 50, 3x - 4 y = 10, 3x - 4y + 14 == 0; 
(10,5), (6,8), (-2,2). 

15. 3x + y = 12, B = (0, 12); (24/7, 12/7). 

16. (13/17, 23/17). 

17. 13x 21 v + 1 = 0, 17x + lS^ -f 5 = 0; area = 4/9 square units. 

18. (a) (1/5, 7/5), (Z>) (17/5, 19/5), (-3,-1). 

20. AP is y = //j(x - 5), BQ is y = m(x + 5); m = 4/7 or -4/13. 

21. 1 square unit. 

22. 2x -f- y = 8 4- \/5, x - 2y = - 1 + V5, 3x - y = 2 - -v/10. 

23. D = (3, 6), E = (2, 1), F = (10, - 1); £>ABC = 63 square units, 

A DEF = 21 square units. 

_ . ( b 2 - a-)p x - 2abq x - 2 ac (a 2 - b 2 )q x - 2obp x - 2bc 

z4 - "• =- - - ; 

(3/5. - 19/5). 

25. 1:2; 14x 4- 5y = 0. 

26. From A 2x + y - 6 = 0. from B 5x - 3y - 2 = 0, from C x + 6y 
- 16 = 0; lines meet at (20/11, 26 / 11 ). 

27. x 4- 3y - 2 = 0, 3x - y 4- 4 = 0; length = 6^5/5. 

28. (20/9,40/9). 

29. Area = 63 /65 square units, LM = 2 (very nearly), equation of LM is 
43x - 6y - 42 = 0. 

30. D =(3,5), E = ( — 3,3), F = (- 1, - 1 ); areas 7/2, 14. 

31. AD is x - y - 6 = 0, DC is 2x 4- y = 0; D = (2, - 4), mid-point (2, 0). 

32. A = (3, 3), E = (4, - 1), F = (-5/3, 5/3). 

33. 2xx 0 4- 2yy 0 = x 0 a 4- y 0 2 - 

34. a x a a + b x b 3 = 0; 12x 4- 5y = 17, P = (16, -35). 

35. AB is 3x - 4y - 2 = 0, BC is 4x - 3y — 12 = 0; required lines are 

2x - 5y 4- 8 = 0, lOx - 1 ly — 16 = 0. 

36. (i) A = (3, 0). C = (1. 2), (ii) AC is x 4- y - 3 = 0, (iii) P = (7, 8). 

37. (9, 0); area 20 square units. 

38. AB cos 0; projections on OX 3, 1, -3, -1, projections on OY 1, 1, 
4, -6. 

39. (x - 4) 2 4- 0’ - 3) 2 = 9, (x - 7) 2 4- (y - 6) 2 = 9; PQ = {«. 
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40. 

41. 

42. 

43. 

44. 

45. 

46. 

47. 

48. 

49. 

50. 

51. 

52. 

53. 

54. 

56. 

57. 

58. 

59. 

60. 
61. 
62. 

63. 

64. 

65. 

66 . 

67. 

68 . 

69. 

70. 

71. 


72. 

73. 

74. 

75. 

76. 


y — 0, (3,0); 4x = 3 y, (9/5, 12/5). 
4*. 


■2 


+ y* - 10a - 5y 4 - 25 = 0 ; (3, 4). 
4- .v 2 4- 5x - 5y = 0. 


x _l i _ o- x 2 + y a 4 - 2x - 4y = 0, radius \/5, centre (-1,2). 
x 2 + _ 2 x - 4y - 20 = 0; 3x - Ay 4- 20 = 0, 3x -4y = 10. 

4x«tf ?4y* - 2 5 x + - 20 y + 25 = 0; 4x 2 4- 4>•* - 1 3a - 4y 4- 1 = 0; \'5. 
Centres (2, 1), (4,2); radii I, 2; 2x 4-.y = 6 _ 

AAj 4- xv. + *(* + ■*.) + Av + >*!) + C = 0; 2 a -r >- = 0, A 4- 2> - 0. 

axt 4- 6 >’i 4- c . ^ _ _39 or _ 9 i ; a* 4- >' a - 10x “ 2y + 18 = 0. 
± V(a 2 4- b 2 ) 

Centre (-g 1 , -/), radius V(8 +f - e). 
a* 4 - y* - 2a - 4y 4- 4 = 0; 4y = 3a. 

2a 4- v = 5; 4 units. 73° 44'. 

(i) Centre (3, 2), radius 5 units; (ii) centre (3, 0), radius 4 units. 
x a 4 - y 2 _ 10a 4- 14>» = 0; c = ±5\/15 - 13. 

(i) (10, 2), (ii) 2 units. 

4 units; a 2 4- y 2 ~ 2a - 4y 4- 1 — 0- 
a 2 4- >' 2 4- 5a - 5y = 0. 

( — 1, rfc V 15). 

Sx 2 + 5^2 _ 28a - 44>- 4-91 =0; 2 154. 
x> 4 - y* - 9a - 11^4- 18 = 0; 5-70 radius. 

(62/13, 50/13). 


4- > ,a — 8 a — ly 4- 22 — 0, 45 


14'. 


+ y> - lOx ± 2>>V21 + 21 = 0; centres (5 ±\/21), fadius 5. 

^42 = 0, 12a 4- 5y - 26 = 0; tan" 1 12/5 = 67 23 . 

a 2 4- y 2 - 2ax - 2*/>- 4- a 2 = 0. 

(3,0), (12/5,9/5); tangents >- = 0, 3a - 4y - O. 

Circle a 2 4- y 2 - 22a - 4>• 4- 100 = 0; tangents 3a = 4r, 7x + 24> = O. 

x 2 + y 2 _ 7 x 4 - 31 y = 68, centre (7/2. -37/2), radius i(13\/10), 

tangents intersect at (7/2, 173/82). . „ 4 _ s = 0 

Centre( - g, -/), radius VO? 2 +/ 2 - * ); C . ,r ? C £ ' ,V 4 - > 8 0. 

y = «a ± oV( 1 + m 2 ); 2y = a ± 5 and 2a + y - ±5- 

*( a - p) 4- r(6 _ o) 4 - c - r = 0; a 2 4- )’ 2 - 5a - 15>- 4 - 20 - O. 

5 + y V_ 30v - 20/+ 225 = 0; 2a 2 4- 2, 2 - 85.y = 0. 
^J/._4x-2y + 4 = 0; *« + >■» - 12x - 6y + 36 - 0, radius 3 un.ts. 


CHAPTER IX (page 264) 


2. G = (x x 4- 4, 0). 

3. k = u 2 1m 2 . 

6. (ap</, a(p 4 <7)1- , , 2 .. = o 

9. //i 2 (a 2 4- y 2 ) - ox( 1 4- m 4 ) + 2 amy(.m 2 - 1) - 3a /» 

10. ( 7 , 4- t,)y - 2(a 4- a/,7,); />> = a 4- at . 

11. 25a 4- 10>> 4- 4a = 0. 

12. 4a 4- 2y 4- a = 0; (la. - a). 

15. (1,2) twice, (i, - 1), (9/4, - 3); common tangent a - y 4- 

18. Tangent 3>- = x 4- 18, normal 3 a 4- .K — 

19. 4>- = a 4- 5, 20 y = lx - 29. 

20. Tangent a 4- >-V3 = 2a, normal yV 3 = 3a za. 


- 0 . 


21 


* <2 s ( 


2*< 2 - b 


cos 


2a ' 2 

24. a/ a cos 0 4- y lb sin 0=1. 


0, ^sino). 
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26. bx sin 0 + ay(l - cos 0) = ab sin 0, ay( 1 + cos 0) = b sin 0(a + a). 

27. y = nix ± b 2 ). 

28. xy x + yx i = 2c 2 . 


CHAPTER X (page 306) 


1. 3a 2 ; 9x + y + 5 = 0. 

3. (i) 1/2-s/x. 

3 a 

4. T v/13. 

5. (i) cot x - x coscc 2 x, (ii) 


2(1 + 2x ) 


, (iii) - 


1 


6 . 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17 . 


18. 

19. 

20 . 
21 . 

22 . 

23. 

24. 


(1 + x) 3 ’ v “" (1 + Vx)Wx 

6(2x - 1)(a 2 - at) 6 ; 3 sin (2 - 3 a:); 2a sin 2 a + 2x* cos 2x. 

(i) (1 - 1 /a 2 ) cos x - (a: + 1 /x) sin x, (ii) (a 2 + 6 2 ) f(a cos x - b sin a) 2 . 
m = 3, n -= 4. 

- 1 /(* + «) 2 ; tangent at (0, l)is.y = 1, tangent at (J, 0) is 27* + 4y = 18. 
(0 4a 3 - 2a*. (ii) (a) -30 a(1 - 3a 2 ) 4 , ( b ) 3 cos (3 a + ti/ 7), (iii) a = 5 
or - 1. 
a cos ax. 

\-m-l 


+ ax m ~ 2 + a a x m ~ 3 -f . . . 
C = 1 - 16. 

(i) - 2 sin 2a. 

a = 2, b = -9. 
cos a; 2tt/3. 

15 9 - a 2 

; a sin a; (i)A* - 


+ a m 


-l. 
> 


Vi 16, B = 0, 


.4 » 


4* ; <a 2 + 9) 2 
(iii) - 2 sin 2a - sin Ia. 

I ; - sin 2a; (2a 3 + 3a 9 + 1)/(a -f 1)*. 

Vi. 

(i, - 2), (-J.2); a = ± T "r. 

W 2.2 - V2), (-V2.2+ V2). 

x 0, 1. 2. 3. y 0, 2, 4, 0. ~ 0, 3, 0, -9. 

2(1 - A 2 ) /(l + A 9 ) 2 . 

(i) »a 1, (ii)acosoA; a = ± 1. 

2 - 4a - 5a 9 


(ii) -2(1 + a) 


-3 


d*y 

in* 


6 , 0 , - 6 , - 12 . 


25. (i) Ja-V 3, (ji) 
28. 


29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 

37. 

38. 

39. 

40. 

41. 
43. 


(A - A 2 ) 9 

-1/a 9 ; I/v/2; -V2. 

2a 2 + 2a - 7 ,.. v 6a cos 3a - sin 3a 
0) — tx—: ... , (h)- 


(iii) sin a(2 cos a cos ix - i sin a sin Ja). 


2a 3 /* 

9/4, </ = -1 


(2a + l) 9 

(a cos A - sin a) /a 2 . 
a — -3/16, 6 = 0, c 
(i) cos a - a sin a. 

5^/16 square feet. 
y = 3/ 9 a - 2/ 3 ; y = 28a 3 . 

1 < a < 5. 

- 3(1 + a)- 4 ; 3 cos 3a. 
a =- 3, b = - 2, c = 1; a = 1 or 3. 
y = a(1 - 3a, 2 ) + 2a, 3 ; y = a - 5a 3 . 

,/ 1 + a, 2 \ 2 / 

3 \ i 3x 2 / ' gradient = 1, when a 1 = ± ./ 

Tangent 2 y = /,(3a - 4r, 2 ). 

y ~ > i = (4a-, 9 - 4a*A, + 6 3 )(a - a,). 

(a cos A - sin a) /a 2 


(-4, 2). 


3 + 2Vi 
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44. (i) (a) 12 a 3 + (6) 2a cos 5 a - 5x* sin 5 a. 

«■ irn?: «•“«' -» 

48. lab. 

50. 8 miles. 

51. a = 1, b = -6, c = 9, J = -4; (1,0) maximum, (3, -4) minimum, 

(2, —2) point of inflexion. 

52. - 1 /(2 + a) 2 ; minimum value 4, maximum value - 8. 

53. x = 3a/4. 

54. 6 = 60°. 

55. Maximum +4, minimum 0; point of inflexion. 

56. (ii) u*/(t> — f). . . „ 

58. Maximum point (1, 11), minimum point (-2, -16); slope is --.4. 

59. £8(1,125 /v + v 2 /5) ; v= 14-12 m.p.h. 

61. Maximum a 3 , minimum a 3 /9. 

62. 88-57 square feet. 

63. Sum = Trr 2 + (8 - -r) 2 /(3 + 2^2); r = 8 /(- + 3 + 2 v / 2). 

64. -2a- 3 ; maxima 35, -19; minima 33, -21. 

65. Maximum 32a 3 , minimum 0. 

66. -2 sin 2 a; a = -/2, function minimum value J, x = 7-/6, function 
maximum value 11/4, x = 3^/2, function minimum value 5 /2, a= 11-/6, 
function maximum value 11 /4. 

67. (ii) 4 cosec 4 a, (iii) (2 a 3 - 3a + l)e* 2-3 *. 

3a - 4 

68 - (6) A(x - 2) - 

69. (a) (i) - *$***( 1 - x)h, (ii) - 4 (a* + 4a + 3)e~**, (/>) acceleration -8 

maximum speed - 2. 

70. (6) — e x (/l + e*) 3 . 

72. 18a 2 log (a + 1). 

73 -<“> 0) U , + ~4,)V - - < H > (b) * ~ ±C ' 

74. (Z>) a = rl. 

75 . (a) 2x>( * ; 4 cos 2 a(I + sin 2 a), (b) A = - 6, D = - 1. 

l” •*/ 

CHAPTER XI (page 347) 

1. (i) 1, (ii) *, (iii) §. 

2. (ii) .y = 3 a 3 - 3a* + 6a + 1. 

3. (a) -6 sin a; 2312; 4* 

^ = _ jc) 3 - JZ)(/ - a) 2 + C, y = iV-U/ - a) 4 + 4«(/ 


4. 


- A)* 


dx 

+ Ca+ £>. 


When a 


A l 4 


J/ 2 (24/ -f 3«), >’ = —4 


+ 


ZJ/ 


5. 10| square inches. 

6. ^ = a» - 2a 8 - 4a + 8; (4, 61?). 

7. (a) 17/4, (*»)(k - 2)/8, (c) 3. (<*)*• 

8. 207t/ 3 cubic units. 

9. tt 2 cubic units. 

10 . 4 a. 

11. (4,0); 61 quarc units. 

13. (0,0), (a, a) ; Id 1 /9 square units ; no 3 /17 cubic units. 

14. 10f square units. 
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15 . 

16 . 

17 . 

18 . 

19 . 

20 . 
21 . 
22 . 

23 . 

24 . 

25 . 

27 . 

28 . 

29 . 

30 . 

32 . 

33 . 

34 . 

35 . 

36 . 

37 . 

38 . 

39 . 

40 . 

41 . 

44 . 

45 . 

46 . 

47 . 

48 . 

49 . 

52 . 

53 . 
55 . 
57 . 

62 . 

63 . 

66 . 

70 . 

71 . 

72 . 

73 . 

74 . 

75 . 

76 . 

79 . 

81 . 


82 . 

83 . 


y = i(x 2 - 6x + 5); -8/3 square units. 

I/]2 square units; (3/4, 9/4); 2:3. 

* + >' + 4 = 0, x + y - 28 = 0; 48 square units. 

45-2 square units. 

5-/? 3 /24 cubic units. 

1,056tt cubic units; 8/11. 

(i) 3/121, £, (ii) 14j-|7r cubic units. 

2 /3— in. /sec. 

8 square units; total area 8 tt( 1 + V2) square units, volunteer cubic units 
Area = 36 square units; centroid (1, 18/5). 

22-2 cubic inches. 

«(6 + 2v/6)/3. 

Area = 62-8 square cm.; volume = 54-5 cc. 

25 : 2. 

(48 - 9-/2) cubic inches = 33-86 cubic inches; 3*56 inches. 

405tc/ 2 cubic inches. 

(12 - 4y/3) inches = 5-072 inches. 

85,025 square miles. 

325tt/ 3 cubic inches. 

5jt/? 3 /24 cubic units. 

3-a 3 /2 cubic units. 

\/3,960-25 miles = 62-93 miles, 3960rr square miles approx. 

Volume = (1,920 + tan 35°) cubic feet = 2,281-8 cubic feet. 

Area = 240 sec 35° square feet = 2,930-0 square feet. 

7-a 2 /18 - a 2 y/3b. 

194-5 cubic feet; 0-7256, limiting value 27 : 37. 

2- r(r - {/). 

1 inch. 

Area = 26- square inches, volume = cubic inches. 

4tto 3 (3 + 2\/2) cubic units. 

3 : 5. 

h~r 2 h cubic units; i-a*(2/i - 3a) cubic units. 

97,800 square miles. 

70° 32'. 

Volume = 16-\/2/3 cubic inches; length = 6\/3 inches. 

50 square cm., 25 square cm., 25\/5 square cm., 25\/2 square cm. 
inclinations 45° and tan- 1 2 = 63° 26'. 

611-3 square feet. 

256-/3 cubic inches. 

(i) Radius 5v/3/8 inches, (ii) 15/8 inches, (iii) 125^/384 cubic inches. 
5/27, 8/63. 

7-68 units. 

(i) tan- 1 I /9, (ii) - ^ \ / 82 square units, (iii) ^a 3 . 

25 : 2. 

3a 3 /2 cubic units; 126° 51'. 

[2a 2 sin -1 x/a + 2x\/(a 2 - x 1 )] square units. 

87-08 square inches. 

2 v / 2 , 

—^—a 3 cubic units. 

(i) C - (10/9)<r-°‘ s “, (ii) C - (1 + 3e*8)/3e 3 *, (iii) + C, 

Ov) C - ? log, (1 - 3>), (v) J log, (2 + 3>*) + C, (vi) * log, 3 = 0-5493. 

(i) 0-2987, (ii) 0-2983. 

3- 611. 
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CHAPTER XII (page 378) 


2. (i) 3 a 4- 4 y = 1, (ii) a 2 + y 2 = 3x 4- 4 y; ($, i), (0, 0), (3, 0). (0, 4); 5/2, 
(3/2, 2). 

4. 65° 22', 114° 38'. 

5. 0 = 51° 49*', or 308° 10*', r = *(1 4- VS). 

6. PQ = 2. 

7. /- 2 (a 2 cos 2 0 4- 6 a sin 2 0) 4- 2r(f.* cos 0 4- /sin 8) + c = 0. 

9. sinO = 0 - 0 3 /3! 4- 0 5 /5!, cos 0 = I - 0 2 /2! 4- 0 4 /4!, 0 = 01. 

10. log*(l 4- x) = x -x 2 /2 + x 3 /3 - x*/4 4- .... 
log,. (1 - x) = -X - x 2 /2 - x 3 /3 - x A /4 - .... 

log* (1 + a)/(1 - x) = 2(x + a 3 / 3 + x*/5 + ...), 


log* - = 2 
n 


m — 


m 4- 


n 1 / m - n \ 3 ^ 1/ m - n \ 6 

n 3 \ m + n) 5\m + nJ 


4- . • • 


log* 8 = 2 07944. 

11. (6) a = l, b = 0, c = - 1/24, d = 0. 

12. (a) x < —2/3 or x > 4. 

(6) log*(1 + x) = x - x 2 /2 + x 3 /3 - x*/. e* = 1 - * 4- x 2 /2\ - x 3 /3\ 

13. h - h 2 /2 + 6 3 /4 - h*/8 + ... 

14. (a) z = 3 4- 2x - x 2 - 1°a 3 - ^x*. 


16. (1,0), 3,0); (i) a 2 4- y z - 4x - 4y 4- 3 = 0. 

(ii) x 2 + y 2 - 4x dt 2yV3 4-3=0, 

(iii) x 2 + y 2 - 4x + 4y + 3 = 0, x 2 + y 2 - 4x - 2y + 3 = 0. 
18. x 2 + y 2 = 9; a 2 4- >’ 2 ± 8a — 9 = 0; x 2 + y 3 + Sy + 9 = 0. 

22. (a) (i) - 59, (ii) 5 a 2 4 - 1 7a - 8. (iii) 6 4 - 4 sin 0 - 3 cos 0. 

(6) (i) a = 4/5, (ii) a = 0 or - 3. 

23. (a) (i) -12, (ii) 887; (ii) -349, -379; (c) 


24. {a) -r- 


-y 


l 


61 Ci 

a, Ci 


a i 6, 

6, c. 

c 2 


a, 6* 


-452. 


a, b x 

Cl 

a 2 b t 

c t 

a 3 b 3 

Cs 


= o. 


(6) 3040. 

26. (a) a = - 5, (6) (a - b)(b 

27. ( a ) a = 0 or ±2, 

( 6 ) d 


- c)(c - a)(a 4- i 4 c). 


d 2 vy d 2 y 2 d "- dy 

ilx 2 V dx 2 dx dx 

28. ( a ) When 0 = 0 determinant = 4, and when 0 = jt it equals -4 


, . dy . do 

dX M - V dx + y dx' 


</-.• 


+ y dx r 


30. (i) ( b — c)(c — a){a - b)(a 4-6 4- c), 

(ii) (b - c)(c - a)(a - b){a 4-6 4- c)(a 2 4- b 2 4- c 2 ). 

31. (6 - c)(c - a)(a - b) {be 4- ca + ab); c = a. b, -ab/{a 4- 6); 

a :y:z = I:0:-1, 0:1:-1, b 2 (2a 4- b):-a 2 (a 4- 26):(6 2 - a ){a 4- 6). 


CHAPTER XIII (page 410) 

3. («) = l-*-— sin -1 a; y, (6) -2a(l 4- / 2 ) 3/a ; - V(2)AD. 

dx vU " * ) 

4. W (i) 2 .an- *. (ii) ^ _ ‘, )(2 _ xJ y > < ' < 2 ’ 

(6) minimum, a( 2 -f log* a) 3/z . 
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5. (a) 


1 


I 


7Z— ;-v-T-. T7— -—T— (b) \ [a* sin 2 / + b* cos 2 /] 3/2 ; b 3 :a s . 

(1 + x)\/x (1 + x)y/x ab 


6. (a) 32/15, ( b ) tt/ 12, 1 - 2e». 

7. (a) (i) 18x 8 log, (x + 1), (ii) 9x 3 sin -1 x. 

8. (i) (a) 6.x 2 tan 1 x, (b) - 4/(x* + 4x) 3/a . 

-8 


9. (a) (i) 


(ii) 


-x 2 e~ x 


10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 
21 . 
22 . 

23. 


5x* + 18’ (x - 2)*’ (b)X ~ ±C ' 

(a) (i) ~(2x- -2x+l)e~*, (ii) 4<x 2 + 8)/(x 4 + 64). 
(i) x*(l + log,x). 

(«) 2, ( b ) (i) 1 + 77/2, (ii) log, 2. 

(a) (i) log, 4/3, (ii) j, (b) ~/6 cu. units. 

(a) log, + C, (6) 1 /40. 

(a) log, 8/3, (6) - i log, 3. 

1 


i log, 5; 


x 1 . 125 

3- = log, -5-. 


5 - x 1 + x 

(0 0, (ii) 3, (iii) £. 

1 v 2 - 3 
(i) i log, —~ + C. 


2 tan- 1 \/x + C, J cos 3 x - cosx + C. 


1 


1 


(a) 

2 [x - 1 x + 1 

(ii) (a) 77/4, ( b ) 77/6. 

.... dy b 50 

00 -f- = - tan —. 
dx a 2 


, i log, 1-8, ( b) l - 


12 


4 2 


(i) («) 


1 


, (6) sin -1 x + 


VO - x 2 ) 


sin x - i sin 3 -f C. 


24. (i) cos 


25. 

26. 

27. 

28. 
29. 


1 


V (4 - x 2 ) 

# • 

- X 

- a 

(«) 77/2, (c) 5/3*. 

(i) 2a/ 77, (ii) tt 3 /4. 

3-988 sq. units, 0-997. 

(£) (3a/5, 2rt/35). 

(i) 3, (ii) 2 /tt log, 2, (iii) J(9 log, 3 - 4). 


mr* <"> 


TT 


V3 


log, (2 + y/3). 


CHAPTER XIV (page 429) 

1. (0 I - 2e~\ (ii) 2 log, 2 - J, (iii) 77/2 - 1. 

2. (0 ., (ii) C - (cosx) log, (sin x) + log, (tan x/2) + cosx, 
(iii) C - x 3 cos x 2x sin x + 2 cos x. 

3. (i) |[x* tan~ l x - x + tan- 4 x] + C, 

(ii) x sec x - log,, (sec x tan x) + C. 

e ~T 

4. (a) C - — - (sin x -f cos x), (6) x tan x + log, (cos x) + C, 
(<•) 77/4 - i log, 2 + 77 2 /32. 

S p = t/Ur(a sin b x ~ be cos bx) __ <# r (b sin bx + a cos bx) 

a ~ + b 2 ’ ^ a'Ti*-* 
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6. v = ~[g - e r ^ kt ] 9 distance = [kT + c kt - 1) 

k k 

7. (i) = 1 - e x , (ii) ky~ = x or x = ky, y = Cx k . 

8. (i) y = (x + l)/(x - 1), (ii) sin 2y - 2y = 2x 2 4- 6x + C. 

9. (i) I/O + 2) + he z ~ + C = 0, (ii) 27 x 3 y = 2(1 + 3x 3 ) 3/ * +11. 

10. y = (i* 2 + Oe~ x . 

11. (i) x 2 y = C + sec 2 x, (ii) y sin x = C - \ cos 2x. 

12. (i )ye zx = x+ C, (ii) dz/dx = i - z 2 , log,, (x + 2>)/(x - 2 y) = x + C. 

13. , = Mk sin x + 2). { (T - f 5 ) sin *]' - ( (7 “ 2 ) cos *) 


CHAPTER XV (page 468) 


9. 

10 . 

11 . 

12 . 

13. 

14. 

19. 

20 . 
21 . 
22 . 

23. 

24. 

26. 

27. 

28. 


(i) y = i (4e* + e~* x ). (ii) / = 4 (2x - 1) e 2x 2 . 

(i) v = xe*^, (ii) y = /le 2 * /6 + 

(i) (a) x -= Ac~ Alli + Be-*' 6 , ( b) x = (5 + 6/)c °' /6 , (ii) / = d + ex)e*. 

’ log, 3-2 log, 2 = 0-9548. 

20-9 log, 3. „ 

ay = bx cosh u — ah, ax sinh u + by cosh u = (a~ + b~) Sinh u cosh n, 

(« 2 + 2 b 2 )/b. 

(i) 8 cosh 4 x - 8 cosh 2 x + 1, (4 tanh x + 4 tanh 3 x)/(l + 6 tanh x 
+ tanh 4 x), (ii) (a) - 2 cosh 3x sinh x, (b) 2 cosh J (7x + 3 y) cosh A (x -/), 
(c) 2 sinh J (3x + 2 y) cosh .J (x + 5/). (d) 4 cosh 4x cosh 2x cosh x. 

(i) 0-6931 or 1-0986, (ii) 0-8547. 

TZ* — 207t 3 + 1 2071. 

1 (2 - s/2). 

(i) nit. 

[(// - 2) x 2 - (/i - l)]/[x"v/(l - x*)\. 1 log e J (7 + 4V3) - 4 + V'3. 
5 tt/32. 

(i) 1/12, (ii) 2/27. 

(Y)/(Y). N.B. n - n Cr. 

(i) 1/16, (ii) 3/8. 

5/16, 1/2. 

[(;;>(”> 4 (»)(i*>(*)(«’) t 

KY) (Y) 4 (Y) (Y) + (Y) <Y)1 4 (7)- 
KY) (2)1 - (Y). AY 

0-705. 

[4 C) (V)l 4- (Y). Kt) (Y)-(?) (Y)-(I) (Y)] 4- (Y>• 


1)]/[*'V0 - x 2 )), 1 log, J (7 + 4 % /3) - 4 i 


"Cr. 


FORMAL GEOMETRY (page 471) 

4. On QR construct square QABR outside A PQR. Join PA, PB 'meeting 
QR in C and D respectively. Draw perpendiculars to QR at C and V 
meeting PQ at F and PR at E. CDEF is required square. 

_ . . . vil I L _ /i _ /t -1- /*■ I 


17. AX - 


[bcia + b + c)(b + c-_a) 1* 


22. a = i\/46, b 
24. 12 : 25. 


b + c 

3v/31, c 


]i ... [bc{a + b - c)(a - /»+<■)!_* 
* AY -^ b - c 

5v/10; cos- 1 -5/2\/310. 
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25. PQ = 2 QR - u ^ ? . 

30. 10cm.; 5A'=58/3cm., CA'=50/3cm. 

32. 160 feet. 

49. Circle through O. 

60. With any point B on AX draw a circle touching AY. Join AP meeting the 
circle in L and \1. Draw PS and PR parallel to BL and BM respectively. 
Then circles, centres R and 5, radii PR and PS, are the required circles. 

71. Radius = (k . AB)/(k 2 - 1). 

72. Straight line (radical axis). 

88 . 12/5. 

90. 6 cm. 

91. tan- 1 1 /y'2. 

95. ay/2. 

100. Ratios all 1 : 3, interior for AD and exterior for BD and CD. 



Index 


Abscissa, 51, 197 
Acceleration, 273, 299, 305, 341 
Acute angles, circular functions of, 110 
Addition and subtraction theorems, 
144, 437 

Altitudes of a triangle, 160 
Angle, 110 

between line and plane, 118 
between skew lines, 118 
between two lines, 207 
between two planes, 118 
of depression and elevation, 115 
Angles of a triangle, trigonometric 
formulae, 147, 164 
Annuities, 70 

Approximate integration, 343 
Approximations, binomial theorem,96 
Arc of circle, length of, 112 
Area, between two curves, 325 
of a triangle, 165, 199 
under a curve, 317 
Arithmetic means, 63 
Arithmetical progressions, 63 
Arithmetico-gcomctrical progressions, 
74 

Asymptotes, 11, 54, 259 
Auxiliary circle, ellipse, 250 
Average or mean value, 408 

Bankers discount, 69 
Bernoulli’s Law, 467 
Binomial theorem, 90 

properties of coefficients, 100 
Bisectors of angles of a triangle, 
lengths of, 173 

between two straight lines, 208 

Canonical equation, parabola, 231 
ellipse, 242 
hyperbola, 256 
Cardioid, 357 
Centro of conic, 231 
of ellipse, 243 
of gravity or centroid, 336 
Centroid of triangle, 160 

2K 


Circle, 230 
equation, 212 
equation of tangent, 214 
length of tangent, 216 
Circular functions, acute angles, 110 
general angles, 122 
Circumscribed circle of triangle, 160 
174 

of regular polygon, 184 
Coaxal circles, 364 
Cone, 230 

centre of gravity, 339 
development of, 112 
frustum, 327 
surface area, 328 
volume, 327 
Conic sections, 230 
Conical shell, centroid, 338 
Conjugate axis of hyperbola, 257 
Conjugate surd, 30, 277 
Constant of integration, 315 
Combinations, 83 
Common difference, 63 
Common ratio, 66 
Co-ordinates, 197 
Cosecant, 110 
Cosine, 110 
rule, 162 
Cotangent, 110 
Curvature, 383 

circle of, radius of, 384 
for parametric equations, 386 
Curves for experimental data, 54 

Depreciation, 71 
Depression, angle of, 115 
Derivative, first 272 

of algebraic functions, 275 
of exponentials, 294 
of Hyperbolic and Inverse Hyper¬ 
bolic Functions, 444 
of logarithms, 295 
of product, 286 
of quotient, 288 
of sum, 280 
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Derivative —continued 
second, third, 297 
Derived definition, 275 
Determinants, 368 
Differential calculus, 271 
Differential equations, 340, 422 
second order, 430 
variables separable from, 422 
Differential linear equations, 425 
Director circle, ellipse, 250 
hyperbola, 259 
Directrix, 231 
Discount, bankers’, 69 
true, 69 

Distance between two points, 197 
Distances, 115, 148, 186 
Division of a straight line, 97 

Ecentre of a triangle, 161, 176 
Eccentric angle, ellipse, 251 
Eccentricity of conic, 231 
Element of area, 317 
Elements of a determinant, 369 
Elevation, 113 
angle of, 115 
Ellipse, 241 

Equation of straight line, 200 
general, 201 
intercept, 201 
perpendicular form, 203 
slope, 201 

Equations, conditional, 41 
cubic, 2, 42 
equivalent, 5 
graphical solution of, 52 
independent, 15 
indicial, 34 

involving square roots, 12 
quadratic, 2 
quartic, 2, 42 
roots of, 2, 44 
simultaneous linear, 15 
simultaneous quadratic, 17 
trigonometric, 129, 141 
Escribed circle of a triangle, 161, 
176 

Exponential series, 294, 362 
Exponentials, 293 
Expressions, homogeneous, 17 
External point of division, 198 
Extrapolation, 53 

Face value, 69 
Factor theorem, 42 
Factorisation, 43 


First principles, 275 
Focal chord, parabola, 239 
Focus of conic, 231 
Formulae for a triangle, 161 
Frustum of cone, 327 
volume, 327 
surface area, 329 

Function of a function theorem, 283 
Function, rational integral algebrai¬ 
cal, 41 

Functions, 41 

General angle, circular functions of, 
122 

Geometric means, 66 
Geometrical progressions, 66 
Graphs, 52 

from experimental data, 54 
rough, 10 

standard curves, 53 
Graphical solution of equations, 52 
Greatest slope, line of, 118 

Harmonic progressions, 73 
Heights, 115, 148, 186 
Hemisphere, centre of gravity, 340 
Homogeneous expressions, 45 
Hyperbola, 256 

rectangular, 54, 260 
Hyperbolic functions, 433 
derivatives, 444 
inverse, 440 

Identities, 41, 50 
trigonometric, 111 
Image of point, 211 
Incentre of triangle, 161, 175 
Indices, theory of, 28 
Induction, method of, 91 
Inequalities, 9 
Infinity, 30 

Inflexion, points of, 54, 305 
Instalments, 73 
Integral, definite, 315, 317 
general, indefinite, 315 
Integrand, 315 
Integration, 315 
approximate, 343 
as summation, 321 
by parts, 415 
by substitution, 401 
of algebraic functions, 321 
of exponentials, 345 
of trigonometric functions, 322 
Inscribed circle of a triangle, 161, 175 
of regular polygon, 184 
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Intercept, 54, 201 

Interest, simple and compound, 69 
Internal point of division, 198 
Interpolation, 52 
Inverse hyperbolic functions, 440 
derivatives, 444 

Inverse trigonometric functions, 127, 
388 

derivatives, 388, 389, 390 

Latus rectum, conic, 231 
ellipse, 243 
hyperbola, 258 
Limiting values or limits, 268 
Limits of algebraic quotient, 9 
Logarithmic differentiation, 392 
series, 361 
Logarithms, 32 
common, 33 

natural or Napierian, 33, 293 
theory of, 33 

Lower limit of integral, 318 

Major axis, ellipse, 243 
Maxima and minima, 11, 54, 299 
of quadratic function, 8 
Mean centre, 409 
Means, arithmetic, 63 
geometric, 66 
harmonic, 74 

Medians of a triangle, 160 
length of, 181 
Minor axis, ellipse, 243 
Modulus, 93 

Napierian or natural logarithms, 293 
Natural numbers, 64 
sum of powers, 75 
Normal, any curve, 281 
ellipse, 246, 252 
hyperbola, 259 
parabola, 234, 240, 291 
Numbers, complex, 1 

irrational, rational, real, I, 30 
natural, 64, 75 

Ordinate, 51, 197 
Orthocentre, 160, 207 
Orthogonal circles, 366 
curves, 366 

Parabola, 53, 231 
Parametric equation, ellipse, 251 
hyperbola, 260 
parabola, 238, 291 


Partial fractions, 46 
integration by, 394 
Pedal triangle, 160 
Permutations, 83 
Perpendicular lines, 207 
Perpendicular on a straight line, 205 
Perpetuity, 70 
Plan, 118 

Plane area, projection of, 118 
Polar co-ordinates, 356 
Polar equation of curve, 356 
Polygons, regular, 184 
Polynomials, 41 
Points of inflexion, 54, 305 
Present value, 69 
Probability, 465 
Progressions, arithmetical, 63 
arithmetico-geometrical, 74 
geometrical, 66 
harmonic, 73 
Projections, 117 
Proportion, continued, 50 
Pyramid, 119, 335 

Quadrants, 123 
Quadratic expressions, 2, 7 
equations, 2 

with common root, 7 
special types, 11 
simultaneous, 17 


Radial stress, 298 
Radian measure, 1 11 
Radical axis, 364 
Rectangular hyperbola, 54, 260 
tangent, 261 

Reduction formulae, 454 
Remainder theorem, 42 
Rhombus, 212 

Roots of quadratic equation, 3 
extraneous, 12 
Rule of Sarrus, 370 


Scalar quantities, 272 
Secant of angle, 110 
Sector of circle, area, 1 12 
Simpson’s rule, 343 
Sine of angle, I 10 
Sine rule for triangle, 161 
Skew lines, 11 8 
Slope, chord, 274 

straight line, 54^, —' 
tangent, 274 ' , 

Solids of revolution. 326 
Solution of a triangle. 169 
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Sphere, surface area, 330 
volume, 328 

Sum, arithmetical progression, 64 
arithmetico-geometrical progres* 
sion, 74 

geometrical progression, 67 
powers of natural numbers, 75 
to infinity, 67 
Surds, 30 

conjugate, 30, 277 
square root of, 32 
Symmetrical expressions, 45 

Tangent of an angle, 110 
Tangent to any curve, 281 
circle, 214, 216 
ellipse, 244, 252 
hyperbola, 258 
rectangular hyperbola, 261 
Transcendental functions, 52 
Transverse axis of hyperbola, 

257 

Trapezoidal rule, 343 
Trigonometric equations, 129, 141 
functions, acute angle, 110 


compound angles, 131 
general angle, 122 
graphs of, 127 
multiple angles, 137 
submultiple angles, 137 
identities, 110, 123 

Trinomial expressions, 98 

True discount, 69 

Turning points, 299 

Undetermined coefficients, 75 

Upper limit of integral, 318 

Vectors, 272 

Velocity, 272, 299, 305, 341 

Vertex, parabola, 232 
pyramid, 119 

Volumes of revolution, 327 
centre of gravity of, 337 

Wallis’ formulae, 454 

Zone of sphere, volume, 328 
centroid, 339 
surface area, 329 




